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THEORY  AND  USE 


ASTRONOMICAL  INSTRUMENTS. 


CHAPTER  I. 

THE     TELESCOPE. 


1.  The  complete  theory  of  the  telescope  considered  simply  as 
an  optical  instrument  is  too  extensive  a  subject  to  be  condensed 
into  a  chapter  of  the  present  work :  it  must  be  sought  for  in  the 
larger  works  on  optics.*  I  shall,  therefore,  confine  myself  to 
such  points  as  appear  to  be  immediately  needed  by  the  observer 
for  the  intelligent  use  of  his  instruments.  The  following  expla- 
nations, at  once  elementary  and  practical,  some  of  which  are 
not  to  be  found  in  optical  works,  are   chiefly  derived  from 

SAWITSCH.f 

2.  The  simple  astronomical  telescope. — The  astronomical  telescope, 
in  its  simplest  form,  consists  of  two  bi-convex  lenses ;  the  larger. 


Fig.  1. 


s 
AB  (Fig.  1),  which  is  turned  towards  the  object,  is  called  the 

*  See  Hebschbl's  Treatise  on  Light;  Prechtel*s  Praetisehe  Dioptrik;  Biot's  An- 
tronomie  Physique^  Vols.  I.  and  II.;  Potter's  Optics',  Coddinqton's  Optics \  Lloyd's 
Treatise  on  Light  and  Vision;  Littrow's  Analytisehe  Dioptrik;  Pearson's  Practical 
Astronomy. 

t  Abriss  der  praetisehen  Astronomic,  von  Dr.  A.  Sawitsch,  aus  dem  Russischenubcrsetzi 
von  Dr.  W.  0.  Qcbtze.    Hamburg,  1860. 
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objective,  or,  more  commonly,  the  object  glass;  and  the  smaller,  gg\ 
through  which  the  observer  looks,  is  called  the  ocular,  or,  more 
commonly,  the  eye  glass  or  eye  piece.  The  two  surfaces  of  both 
these  lenses  are  segments  of  spherical  surfaces  of  different  radii. 
The  optical  axis  of  a  lens  is  the  straight  line  which  passes  through 
the  centres  of  the  two  spherical  surfaces  which  bound  the 
lens.  The  optical  axis  of  the  telescope  is  coincident  with  that 
of  the  object  glass.  When  the  telescope  is  well  constructed,  the 
optical  axis  of  the  ocular  should  always  be  parallel  to  that  of 
the  objective,  even  when  (as  is  usual  in  the  larger  instruments) 
the  ocular  is  movable,  this  motion  being  in  a  plane  at  right 
angles  to  the  axis  of  the  telescope.  Where  the  ocular  has  no 
motion,  its  axis  should  coincide  with  that  of  the  objective,  and, 
consequently,  with  that  of  the  telescope. 


3.  Let  us  now  suppose  that  our  telescope,  or  rather  its  optical 
axis,  is  directed  towards  a  star  S.  Then,  on  account  of  the  great 
distance  of  the  star,  we  can  assume  that  all  the  rays  from  it  to 
various  points  of  the  object  glass,  as  SA,  SC,  SB,  are  parallel  to 
each  other.  The  ray  SC,  which  passes  along  the  optical  axis 
itself,  suffers  no  deviation  from  the  refractive  power  of  the  lens, 
since  it  enters  and  leaves  the  lens  at  right  angles  to  the  refracting 
surfaces ;  but  all  other  rays,  as  SA  and  SB,  are  refracted  both 
when  entering  the  lens  and  when  leaving  it,  and,  when  the  lens 
is  small  in  proportion  to  the  radii  of  curvature  of  its  surfaces, 
these  rays  will  all  converge  to  a  common  point  F  in  the  axis  of 
the  telescope.  This  common  point  in  which  a  system  of  parallel 
rays  meet  is  the  principal  focus,  usually  called  simply  the  focus, 
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distanceB  from  the  lens,  and  these  distances  all  small)  are  pro- 
vided with  a  ready  means  of  adjusting  the  position  of  the  object- 
ive, by  sliding  the  part  of  the  telescope  tube  containing  it  out 
and  in :  so  that  the  actual  focus  may  always  occupy  the  same 
absolute  position  in  the  optical  axis,  and,  consequently,  always 
be  at  the  same  distance  from  the  ocular.  The  same  result  is 
also  obtained  by  giving  the  portion  of  the  tube  containing  the 
ocular  a  sliding  motion. 

4.  All  the  parallel  rays  from  a  distant  radiant  point,  as  a  star 
Sy  which  are  converged  to  the  focus  F,  form  an  image  of  the 
star  in  that  focus.  Conversely,  if  the  radiant  point  be  placed  at 
Fy  all  the  divergent  rays  SA,  SB,  &c.  will  emerge  from  the  lens 
in  parallel  lines  AS,  BSj  &c.  We  shall  hereafter  have  occasion 
to  make  several  important  applications  of  this  property  of  a  lens : 
here  we  shall  apply  it  at  once  to  show  how  a  distinct  view  of 
the  image  of  a  star  at  F  is  obtained.  The  eye  lens  gg',  being 
placed  in  the  line  C!F  produced,  at  a  distance  Fc  equal  to  its  own 
principal  focal  distance,  it  follows,  from  the  property  of  a  lens 
just  stated,  that  the  divergent  rays  Fg,  Fg*  will  emerge  in 
parallel  lines  gk^  g'k\  and  will,  consequently,  enter  the  eye  of  the 
observer  in  parallel  lines,  thus  giving  a  distinct  view  of  the  star; 
for  the  eye,  in  persons  who  are  neither  far-sighted  nor  near- 
sighted, is  naturally  adapted  for  distinct  vision  when  the  rays 
entering  it  are  parallel.  Without  the  telescope  we  should  see 
only  those  rays  from  the  star  which  fall  upon  the  pupil  of  the 
eye ;  but  when  we  look  at  the  image  of  the  star  at  the  focus  of 
a  telesoope,  we  see  it  with  greater  distinctness,  because  we  then 
receive  into  the  eye  all  the  rays  which  have  entered  the  object 
glass  and  have  been  united  at  the  focus.  In  this  consists  the 
first  great  advantage  in  the  use  of  the  telescope. 

6.  Let  a  very  fine  thread  be  stretched  in  the  focus  F  of  the 
telescope  at  right  angles  to  the  optical  axis.  This  thread  will 
be  visible  through  the  ocular  when  the  latter  is  so  placed  that 
its  focus  coincides  with  F:  consequently,  when  the  telescope 
is  directed  towards  a  star,  we  shall  have  distinct  vision  of 
both  the  star  and  this  thread  at  the  same  time.  If  two  threads 
wre  placed  at  the  focus  at  right  angles  to  each  other,  their  inter- 
section will  determine  a  fixed  point  in  the  field  of  view,  which 
by  moving  the  telescope  may  be  brought  upon  the  object  to  be 
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observed.  Bj  bringing  this  point  successively  upon  different 
e^rleetial  objects,  their  relative  positions  can  be  measured  with 
the  greatest  precision ;  and  in  this  consists  the  second  great  ad- 
vantage in  the  use  of  the  telescope.  Since  the  apparent  thick- 
ness of  these  threads  is  increased  by  the  magnifying  power  of 
the  ocular  it  is  necessary  to  use  a  verj'  fine  material :  the  spider's 
web  is  that  which  is  almost  universally  used. 

Tlie  line  of  sight  is  the  straight  line  drawn  from  the  thread 
through  the  optical  centre  of  the  objective ;  for  this  line  repre- 
sents the  direction  of  a  distant  point  (as  a  star),  when  the  tele- 
scope is  so  directed  that  an  image  of  the  point  is  formed  at  the 
thread.  This  line  is  also  called  the  line  of  coUimation ;  but  we 
shall  hereafter,  for  the  sake  of  brevity,  call  it  the  sight-line. 


6.  The  spider  lines,  or  threads,  are  usually  stretched  across  a 
ring,  or  diaphragm,  which  is  placed  in  a  tube  which  slides  in  the 
principal  tube  of  the  telescope.  The  ocular  also  slides  without 
affecting  the  threads:  so  that  by  means  of  these  two  motions  we 
can  bring  the  threads  exactly  into  the  common  focus  of  the  ob- 
jective and  ocular.  It  is  to  be  observed  that  the  motion  of 
the  ocular  is  necessary  merely  for  adaptation  to  the  eyes  of 
(liffcn;nt  observers.  The  threads,  being  once  accurately  placed 
in  tlic  focijH  of  the  objective,  must  not  be  disturbed;  but  the 
ociibir  nuiy  be  drawn  out  or  pushed  in  by  each  observer  until 
\\i*  obtains  a  distinct  view  of  the  threads.  To  ascertain  whether 
the  threads  are  accurately  placed  in  the  focus  of  the  objective, 
first  adjust  the  ocular  for  distinct  vision  of  the  threads,  then, 
hriiigiii;^^  a  thread  ui>ou  a  very  *liriiiu<ut  poitit^  us  ii  tsluw  tnovinij^ 
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distance  from  the  lens  is  equal  to  the  focal  length  of  the  lens.  There 
exists  then  at  the  point  d  a  distinct  image  of  the  point  D,     In  a 


Fig.  2. 


similar  manner  an  image  of  every  point  of  the  object  is  found  at 
the  same  distance  behind  the  object  glass :  so  that  there  will  exist 
at  the  focus  of  the  lens  a  complete,  though  very  small,  image  of  the 
object  This  image  will  be  inverted ;  for,  while  the  image  of  the 
upper  point  D  is  formed  at  d,  that  of  the  lowest  point  L  is  formed 
at  I,  the  axes  of  the  systems  of  rays  from  the  several  points  of  the 
object  crossing  at  the  middle  point  C  of  the  lens.  If  the  focus  of 
the  ocular  is  coincident  with  that  of  the  objective,  and,  con- 
sequently, also  with  the  image  dl,  the  rays  which  diverge  from 
a  point  d  of  the  image  and  fall  upon  the  ocular  gg'  will  emerge 
from  the  latter  in  lines  parallel  to  each  other  and  to  the  line 
dck  which  is  drawn  from  d  through  the  centre  of  the  ocular; 
and,  the  same  being  true  of  rays  from  everj^  point  of  the  image, 
those  from  the  extreme  point  I  emerge  in  lines  parallel  to  the 
line  len.  Hence  the  rays  from  the  two  extreme  points  d  and  I 
of  the  image  enter  the  eye  of  the  observer  at  an  angle  with  each 
other  equal  to  nek  or  led;  and  this  angle  is  the  apparent  angular 
magnitude  of  the  image  to  the  eye.  But  w^ithout  the  telescope 
the  apparent  angular  magnitude  of  the  object,  the  eye  being  at 
C,  would  be  DCL  =  dCl;  which  angle  may  be  assumed  to  be 
the  same  as  that  under  which 
the  object  is  seen  from  the 
actual  position  of  the  eye  be- 
hind the  ocular,  the  length 
of  the  telescope  being  in- 
considerable in  relation  to 
the  distance  of  the  object. 
Now,  the  apparent  linear 
magnitudes  of  the  object 
and  its  image  seen  thus  under  different  angles  can  be  com- 
pared by  referring  them  to  the  same  absolute  distance.  Thus, 
referring  the  image  dl  (Fig.  3)  to  the  actual  distance  of  the 


Fig.  3. 
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object  DLy  by  the  lines  Edd',  EW  drawn  from  the  eye  at  E^  we 
have 

dTiDL  =  d'MzDM=  tan  M^:  tan  iDEL 

Hence,  denoting  the  magnifying  power  by  Gy  we  have 

'^  DL  ^  iAuiJDEL  ^^^ 

whence  the  proposition,  (A),  The  magnifying  power  of  the  telescope 
is  eqical  to  the  tangent  of  half  the  apparent  angvlar  magnitude  of  the 
image  seen  through  the  ocular^  divided  hy  the  tangent  of  half  the  ap- 
parent angular  viagnitude  of  the  object  seen  without  the  telescope. 

Referring  again  to  Fig.  2,  we  have  the  apparent  magnitude  of 
the  image  as  seen  through  the  ocular  =  fcrf,  and  that  of  the 
object  as  seen  by  the  naked  eye  =  ICd^  and 

tan}iccZ:tan  HCd  =  —  \—pz  =  mCimc 
mc   mC 


or 


G  = 


tan  ilcd 


mC 
mc 


(2) 


ianilCd 

whence  the  proposition,  (B),  The  magnifying  poxoer  of  the  telescope 
is  equal  to  the  quotient  of  the  focal  length  of  the  objective  divided  by  the 
focal  length  of  the  ocular. 

This  principle  serves  for  the  calculation  of  the  magnifying 
power  when  the  focal  lengths  of  the  glasses  are  known,  at  least 
for  the  simple  astronomical  telescope  here  considered.  A  mode 
of  obtaining  the  magnifying  power  of  any  telescope  by  direct 
observation  will  be  given  below. 

We  see  then  that  with  the  same  objective  we  can  have  various 
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of  a  diameter  ^^'  of  the  ocular ;  and  consequently  it  depends  upon 
the  magnitude  of  the  ocular  and  its  distance  from  the  objective. 
Most  telescopes  have  diaphragniSy  or  opaque  rings,  placed  within 
the  tube  to  cut  otf  rays  from  the  extreme  edges  of  the  objective, 
as  well  as  stray  light  falling  down  the  tube.  K  the  inner  edge 
of  any  diaphragm  trenches  upon  the  lines  C^,  C^',  the  magni- 
tude of  the  field  will  be  diminished,  and  will  then  depend  upon 
the  free  aperture  of  the  diaphragm,  or  upon  that  portion  of  the 
ocular  upon  which  rays  from  the  centre  of  the  objective  can  fall. 
As  it  is  difficult  to  construct  large  eye  pieces  which  shall  give 
as  perfect  images  near  their  edges  as  in  the  centre,  it  is  usual  to 
obtain  a  large  field  with  a  small  eye  piece  by  giving  the  latter 
a  sliding  motion  at  right  angles  to  the  axis  of  the  telescope.  In 
this  case  the  whole  available  field  depends  also  upon  the  quantity 
of  motion  possessed  by  the  eye  piece.  Usually  this  motion  can 
be  given  only  in  one  direction,  in  which  case  the  whole  available 
field  is  oblong,  its  breadth  being  limited  by  the  dimensions  of 
the  eye  piece,  and  its  length  by  the  quantity  of  motion.  Some- 
times, how^ever,  two  motions  are  provided,  at  right  angles  to  each 
other,  and  then  the  whole  of  the  free  circular  aperture  of  the 
diaphragm  becomes  available  for  the  field. 

9.  Brightness  of  images  produced  by  the  telescope^  and  the  intensity 
of  their  light  The  image  which  the  telescope  gives  of  an  object 
must  possess  a  sufficient  degree  of  brightness  to  make  an  impres- 
sion upon  our  eye.  Let  us  suppose  two  telescopes,  the  object 
glasses  of  which  are  of  different  diameters,  to  have  the  same  mag- 
nifying power.  Then  the  brightness  of  the  two  images  formed 
will  be  proportional  to  the  quantity  of  light  which  falls  on  the 
surface  of  the  two  objectives  respectively;  but  these  surfaces  are 
proportional  to  the  squares  of  the  diameters  of  the  objectives, 
and  hence  the  brightness  of  the  images  is  proportional  to  the 
square  of  these  diameters.  On  the  other  hand,  let  us  suppose 
two  telescopes,  with  object  glasses  of  equal  diameters,  to  have 
difterent  magnifying  powers ;  then  one  and  the  same  quantity  of 
light  is  distributed  over  the  larger  and  over  the  smaller  image, 
and,  consequently,  in  this  case  the  brightness  of  the  image  is 
inversely  proportional  to  the  square  of  the  magnifying  powers. 

It  is  to  be  observed,  however,  that  not  all  the  rays  which  fall 
upon  the  object  glass  reach  the  eye,  partly  on  account  of  the 
want  of  absolute  transparency  of  Uie  glass,  and  still  more  on 
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account  of  the  reflection  of  a  number  of  rays  from  the  surfaces 

of  the   UuiH.      Some  light  l*  also  lost  occasionally,  when  the 

brea4lth  of  the  eye  gla»B  is  not  sufficient  to  embrace  all  the  rays 

whicli  pnH'eed  in  a  cone  fn>m  the  image  of  a  radiant  point  formed 

at  the  focuH,  or  when  the  pupil  of  the  eye  is  not  large  enough  to 

roceivi*  ttie  wtiole  cylinder  which  these  rays  form  at\er  passing 

throuich  tlie  eye  glass.    Thus,  in  Fig.  1,  let  SABShe  the  cylinder 

of  rays  from  u  very  distant  i>oint,  falling  upon  the  free  opening 

of  the  olijtH-t  glass;  /k^kt/,  the  cylinder  of  light  which  emerges 

ft-oni  the  eye  glass ;  Fthe  common  focus  of  the  two  glasses.     On 

WM'ouiit  of  tlio  similarity  of  the  triangles  ABF  and  ff'gFy  we 

have 

ABii/ij       CFiFc 

CF 
Hut  the  niaguitying  jKnver  (r  is  (Art.  7)  equal  to      -,  consequently, 

AB 


a 


yy 


Now,  alt  the  ruys  which  fall  upi>n  the  object  glass  will  enter  the 
pupil  (»r  our  eye  cuily  wlien  y'i/  i>»  either  equal  to  the  diameter  d 
of  the  pupil,  or  U  less  tliuu  (/.     In  the  tirst  case  we  shall  have 

1  li  i  ft  A  K 

(i        ',   ;    Ih   the  socomU  (/  ^  \  •       But  if  G  <  -r-*  we  must 

hiivo  //r/'  .  (/,  or  the  iliumeter  of  the  cylinder  of  light  emerging 
from  the  ev«»  gluMs  greater  than  the  diameter  of  the  pupil:  in 
Ihiit  rn«n,  therefore,  some  i»f  the  light  must  be  lost  to  the  eye. 

HliM  e  eviM\v  point  i>f  an  i>hject  seen  thrv>ugh  a  telescope  must 
Wjipeur  M«  II  point,  whatever  uuiy  he  the  nuignifyiiig  power  of  the 
tele«ro|.e»  It   follows  that  the  inkuMty  of  the  illumination  of  the 
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glass,  d  that  of  the  pupil  of  the  eye,  G  the  magnifying  power 
of  the  telescope,  and  1 :  m  the  ratio  in  which  the  light  is  dimin- 
ished by  its  passage  through  all  the  glasses  of  the  telescope ; 
then  we  have 

Now,  so  long  as  G^  <  — »  which,  however,  occurs  only  in  tele- 

scopes  of  large  objective  apertures  and  low  magnifying  power, 
the  quantity  B  must  remain  constant  and  =  m;  for,  if  G^  is  less 

than  —  the  diameter  of  the  cylinder  of  emergent  rays  from  the 

ocular  will  be  greater  than  can  be  received  by  the  pupil ;  the 
eye  then  receives  no  more  of  the  light  than  it  would  if  the  ob- 
jective had  the  diameter  Gd.  Hence,  the  greatest  value  of  B  is 
m,  and  can  never  be  greater  in  the  telescope.  Since  in  the  best 
achromatic  telescopes  m  =  0.85,  we  see  that  the  brightness  of 
an  object  is  always  greatest  with  the  naked  eye.    As  soon  as  G 

is  greater  t^^n  — » the  brightness  rapidly  diminishes  as  the  square 

of  G. 

"  On  the  other  hand,  J,  or  the  intensity  of  the  light,  is  constant 

as  soon  as  G^  =  or  >  -ji  provided  that  the  field  of  view  always 

includes  the  whole  of  the  magnified  object.  I  can  therefore 
become  very  great  when  D  is  great ;  and  this  is  the  reason  why 
exceedingly  faint  stars  can  be  seen  through  a  telescope  with  a 
large  objective.  The  diameter  d  of  the  pupil  (which  may  be 
assumed  to  be  about  0.2  of  an  inch)  is  not  only  different  in 
different  observers,  but  also  varies  with  the  absolute  intensity  of 
the  light  of  the  object  viewed, — e.g.  it  is  less  when  we  view  the 
moon,  greater  when  we  view  Saturn;  less  when  we  view  the 
moon  through  a  telescope  of  five  inches  aperture  than  through 
one  of  two  inches  aperture. 

"The  sky,  or  Aground  of  the  heavens,'  has  a  certain  degree 
of  brightness,  not  only  in  daytime,  in  twilight  and  moonlight, 
but  even  at  night  in  the  absence  of  the  moon.     This  brightness 

of  the  sky  also  diminishes  in  the  telescope  asm.^^,»  and  therefore 

the  ratio  of  the  brightness  of  an  observed  object  to  the  bright- 
ness of  the  sky  remains  constant  for  all  magnifying  powers. 
This  is  the  reason  why  for  considerable  magnifying  powers  we 

Vol.  IL— a 
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do  not  observe  a  eorrespondin^y  gr^^  decrease  of  brightne 
But,  if  we  call  this  bri^tness  of  the  sky  6,  although  the  ratio 
B:  b  remains  constant,  our  eye  can,  neyertheleasy  no  longer  dis- 
tinguish the  difference  B  —  6  of  the  brightness  of  the  object  and 
the  sky  when  &is  difference  is  very  smalL  Hence^  faint  nebnlte, 
tails  of  comets,  &c.  become  invisible  under  high  magnifying 
powers.  The  intensity  of  the  light  of  the  portion  of  the  sky 
which  we  see  in  the  telescope  varies  inversely  as  (?*,  nearly.* 
This  intensity  of  the  light  of  the  field  may  be  so  great  as 
wholly  to  prevent  our  seeing  objects  of  feeble  intensity.  This 
is  the  reason  why  with  the  comet-seeker  (a  telescope  of  large 
aperture  and  small  magnifying  power)  we  cannot  see  stars,  even 
of  the  first  magnitude,  in  the  daytime,  when  we  can  see  tiiem 
without  difficulty  with  telescopes  of  much  smaller  apertures  and 
greater  magnifying  powers.  This  also  explains  why  with  high 
magnifying  powers  we  oflen  discover  very  faint  stars  which  are 
wholly  invisible  in  the  same  telescope  with  lower  powers." 

The  more  perfect  the  telescope  is,  the  more  nearly  will  the 
image  of  a  star  resemble  a  bright  point;  and,  acc<yrding  to  the 
above,  we  may  without  hesitation  always  employ  for  the  obser- 
vation of  fixed  stars  the  highest  magnifying  powers. 

10.  Spherical  and  Chromatic  Aberration. — A  telescope  of  the 
simple  construction  above  described  would  possess  serious  defects. 
All  the  parallel  rays  from  an  object  which  fall  upon  a  simple 
spherical  lens  cannot  be  brought  exactly  to  a  common  point  in 
any  case ;  and  not  even  approximately  unless  the  lens  is  small 
or  of  relatively  great  focal  length.     The  image  of  a  fixed  star 
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firom  the  different  degrees  of  refrangibility  of  the  different  colors. 
The  deviation  of  the  rays  of  different  colors  from  a  common  focus 
is  called  the  ekromaiic  aberraiUnL 

With  regard  to  the  means  by  which  the  telescope  is  rendered 
almost  wholly  free  both  from  spherical  and  from  chromatic 
aberration,  that  is,  rendered  both  apUmaiio  and  achromatic,  it 
mast  here  suffice  to  state,  in  general  terms,  that  the  result  is 
obtained  by  substituting  for  the  simple  lens  a  compound  one  of 
which  the  component  lenses  are  made  of  glass  of  different  degrees 
of  refractive  and  dispersive  powers.  There  are  generally  two 
component  lenses,  as  in  Fig.  5;  one  of  which,  AB,  is  a  biconvex 

Fig.  6. 


lens  of  crown  glass,  and  is  that  which  is  turned  towards  the  object ; 
the  other,  AA'BB\  is  a  meniscus  or  concavo-convex  lens  oi  flint 
glass.  The  latter  kind  of  glass  usually  contains  at  least  88  per 
cent,  of  oxyde  of  lead,  from  which  crown  glass  is  wholly  free ; 
and  both  its  refractive  and  its  dispersive  powers  exceed  those  of 
crown  glass.  By  giving  the  four  spherical  surfaces  of  the  com- 
ponent lenses  suitable  curvatures,  both  the  spherical  and  the 
chromatic  aberrations  produced  by  the  crown  glass  lens  are  very 
nearly  corrected  by  the  flint  glass  lens. 

Even  in  the  best  telescopes  an  absolutely  perfect  compensation 
of  the  errors  has  not  been  reached.  Some  idea  of  the  relative 
excellence  of  the  instrument  may  readily  be  obtained  as  follows. 
The  correction  for  spherical  aberration  is  well  made  when  the 
image  of  a  star,  in  fevorable  states  of  the  atmosphere,  ia-a  very 
small,  well  defined,  round  disc.  Having  adjusted  the  eye  piece, 
by  sliding  it  out  or  in,  until  this  disc  is  reduced  to  its  least  dimen- 
sions and  most  perfectly  defined,  the  slightest  motion  of  the  eye 
piece  from  this  position,  either  out  or  in,  should  disturb  the  per- 
fection of  the  image :  a  telescope  in  which  the  character  of  the 
image  remains  sensibly  the  same  during  a  considerable  motion 
of  the  eye  piece  is  imperfectly  corrected  for  the  spherical  aber- 
ration.    The  correctness  of  the  general  figure  of  the  lens  is 
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judged  ot  by  sliding  the  eye  piece  in  beyond  the  perfect  focus, 
whereby  the  image  becomes  enlarged;  but  if  the  lens  is  s}an- 
metrical  throughout,  the  image  will  remain  circular,  and  in  very 
perfect  telescopes  will  present  a  number  of  complete  concentric 
circular  rings  of  light ;  a  similar  result  should  follow  when  the 
eye  piece  is  drawn  out  An  imperfect,  unsymmetrical  lens,  with 
the  eye  piece  out  of  focus,  will  give  an  image  composed  of  incom- 
plete and  distorted  rings,  or  only  a  confused  and  irregular  mass 
of  variously  colored  light.  If  the  glass  of  which  the  lens  is  com- 
posed is  not  perfectly  homogeneous  (one  portion  having  greater 
refractive  power  than  another),  the  images  of  bright  stars  of  the 
first  or  second  magnitudes  will  have  what  opticians  call  a  wing  on 
one  side,  which  no  perfection  of  figure  or  of  adjustment  can  re- 
move. But  the  defective  portion  of  the  glass  may  be  discovered 
by  covering  up  successively  difiTerent  parts  of  the  lens  by  means 
of  caps  of  variable  apertures  in  various  positions;  and  some  im- 
provement in  the  performance  of  the  lens  may  be  obtained  by 
excluding  this  defective  portion,  at  the  expense  of  light. 

The  achromatism  is  judged  of  by  pointing  the  telescope  to 
some  bright  object,  as  the  moon  or  Jupiter,  and  alternately  push- 
ing in  and  drawing  out  the  eye  piece  ifrom  the  place  of  most  per- 
fect vision  :  in  the  former  case,  if  the  lens  is  good,  a  ring  of  purple 
will  appear  round  the  edge  of  the  image,  in  the  latter,  a  ring  of 
pale  green  (which  is  the  central  color  of  the  prismatic  spectrum) ; 
for  these  appearances  show  that  the  extreme  colors  of  the  spec- 
trum, red  and  violet,  are  corrected. 
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A  and  B,  The  focal  length  of  the  lens  -B  being  made  equal  to 
BF'y  the  image  formed  at  F'  is  distinctly  visible  to  an  eye  be- 
hind B.  Since  this  eye  piece  is  adapted  to  rays  already  converg- 
ing, instead  of  diverging  rays,  it  is  commonly  called  the  negative 
eye  piece. 

The  Bamsden  eye  piece  is  shown  in  connection  with  the  tele- 
scope  in  Fig.  5.  It  also  consists  of  two  plano-convex  lenses ; 
but  the  plane  surface  of  the  lens  nearest  the  object  is  turned 
towards  the  object.  The  diverging  rays  firom  an  image  i^are 
rendered  less  divergent  by  the  first  lens,  and  finally  parallel  by 
the  second  lens ;  after  emerging  from  the  latter,  therefore,  they 
are  adapted  for  distinct  vision  to  an  eye  placed  behind  it.  This 
eye  piece  being  adapted  for  diverging  rays,  like  the  simple  double 
convex  lens,  is  called  the  positive  eye  piece.  It  is  universally 
used  wherever  spider  threads  are  placed  in  the  focus  of  the  object 
glass  for  the  purposes  of  measurement,  as  in  the  transit  instrument, 
Ac. ;  for  the  permanency  of  the  position  of  these  threads  is  of 
the  first  importance,  and  this  could  not  be  insured  unless  the 
threads  were  so  placed  as  to  be  independent  of  any  motion  of 
the  eye  piece.  Threads  are,  however,  often  placed  in  the  focus 
of  a  Huygenian  eye  piece  merely  to  mark  the  centre  of  the  field, 
as  in  the  eye  pieces  of  the  telescopes  of  a  sextant. 

The  optical  qualities  of  the  Huygenian  eye  piece  are,  however, 
superior  to  those  of  the  Bamsden^  the  spherical  aberration  being 
more  perfectly  corrected ;  and  it  is,  therefore,  preferred  for  the 
mere  examination  of  celestial  objects  when  no  measurements 
are  to  be  made. 

Neither  of  these  eye  pieces  changes  the  apparent  position  of 
the  image,  which  therefore  remains  inverted.  Achromatic  eye 
pieces  designed  to  show  objects  in  their  erect  positions  usually 
consist  of  four  lenses.  They  are  used  chiefly  for  land  objects,  and 
only  in  small  telescopes.  The  great  loss  of  light  from  the  addi- 
tional lenses  is  an  insuperable  objection  to  them  for  astronomical 
purposes. 

The  lenses  composing  the  eye  piece  are  fixed,  at  the  proper 
distance  from  each  other,  in  a  separate  tube,  which  has  a  sliding 
motion  in  another  tube  fixed  to  the  telescope,  so  that  it  can  be 
pushed  in  or  drawn  out  and  thus  adapted  for  diflferent  eyes. 
For  near-sighted  persons  it  must  be  pushed  in ;  for  far-sighted 
persons,  drawn  out. 
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Fig.  7. 


12-  Diagomd  eye  pieces, — ^When  a  telescope  is  directed  towards 
an  object  near  the  zenith,  it  is  always  inconvenient,  and  often, 
with  small  instruments,  impossible,  for  the  observ^er  to  bring 
his  eye  directly  under  the  telescope.  The  inconvenience  is 
obviated  by  employing  an  eye  piece  wliieh  bends  the  rays  at 
right  angles  to  the  optical  tixis  of  the  telescope^ 
as  in  Fig.  7,  where  the  lens  A  receives  the  ray» 
in  the  direction  of  the  axis  of  the  telescope  and 
partially  refracts  them ;  they  are  then  reflected 
by  the  piano  surface  M  (placed  at  an  angle  of 
45^  with  the  axis)  to  the  lens  B,  by  which  they 
are  rendered  parallel  and  adapted  for  distinct  vision  to  the  eye 
at  J3  looking  in  the  direction  B3L  The  surface  M  may  be  either 
a  plane  metallic  raiiTor,  or  the  interior  face  of  a  riglit  prism  of 
glass,  the  section  of  which  is  shown  in  the  figure  by  tlie  dotted 
lines.  The  prism  is  usually  pretended,  as  less  light  is  lost  by 
reflection  from  its  interior  face  than  from  a  metallic  speculum. 


13.  7b  measure  (he  magnifybig  power  of  a  idescr^pe, — I\rsi  Method, — 
The  magnifying  power  depends  upon  the  focal  lengths  of  the 
olvject  glass  and  eye  piece  (Art^  7),  and  hence  for  the  same  tele- 
scope different  eye  pieces  will  give  dLMerent  magnitying  fjowera. 
We  suppose,  then,  that  the  eye  piece  whoso  magnifying  power 
is  to  he  found  is  placed  upon  the  telescope  and  very  carefully 
adjuHted  for  distinct  vision  of  very  distimt  objects.  If  we  then 
direct  the  telescope  in  daytime  towards  the  open  sky,  we  nhall 
Bee  near  the  eye  piece,  and  a  little  way  beyund  it^  a  small  illunii*- 
nated  circle^  which  is  nothing  more  than  the  image  of  the 
abjective  opening  of  the  telescope.  Let  the  diameter  of  this 
circle  bo  measured  by  a  very  minutely  divided  scale  of  equal 
part« ;  then  the  maffniftpvg  power  is  equal  to  the  ffuotfent  armngfrom 
diMmff  (hfi  (iiametKr  of  (he  object  glass  by  the  diameter  of  ihut  illumi^ 
nated  cireU*    For  example,  let  the  diameter  of  the  abject  glaaa 


*  Tli#  d«Bioiittnitioii  of  Uut  fuU  it  fiol  vtvatl/  gtwen  in  out-  optic*!  worki.     Lit 

AyB,  f»it,  S,  be  Uie  objMitm;  ClUo 
^'**  ®'  ocuUr<  which  w«  emn  refinl  mi  in  effect 

m  tiofle  lens;  iVthe  mlUUIe  of  the  ob* 
jeotiT«;  m  the  ini4Jl<»  of  the  aniAlt  il- 

*Y  I  ^^^f^^^Zj^    lamitiaivd  oirel«  awA,  which  U I h«  im^fo 

of  tb«  o1\jeQtiir«  opcniiiK  fonnv^l  b^jotid 
iba  oculftr.     If  we  rvmoTe  the  objcoi 
glma*  fhkm  the  teltecope  (abe,  Uie  imm|«  9nh  of  the  opfning  vlU  etlll  ftm»i&  lh«  tAiiie 
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be  4  inches,  that  of  the  small  illuminated  circle  ^  of  an  inch ; 
the  magnifying  power  is  4  -^  J^  =  80. 

The  chief  difficulty  in  this  n^ethod  lies  in  the  exact  measure- 
ment of  the  diameter  of  the  small  illuminated  circle.  Various 
methods  have  been  contrived  for  this  purpose;  but  the  most 
effective  is  by  means  of  the  instrument  known  as  RamsderCs 
Dynamder. 

Second  Method  (proposed  by  Qaitss). — ^If  we  reverse  the  tele- 
scope and  direct  the  ocular  towards  any  distant  object,  we  shall, 
when  looking  through  the  objective,  see  the  image  of  the  object 
as  many  times  diminished  as  we  see  it  magnified  when  looking 
through  the  ocular.  Select,  therefore,  two  well  defined  points, 
lyinff  in  a  horizontal  line,  and  direct  the  telescope  so  that,  look- 
ing into  the  objective,  these  points  may  appear  to  lie  at  about 
equal  distances  on  each  side  of  the  optical  axis.  Then  place  a 
theodolite  in  front  of  the  objective,  level  the  horizontal  circle, 
and  bring  the  optical  axis  of  its  telescope  nearly  into  coincidence 
with  that  of  the  larger  telescope,  so  that  looking  into  the  object- 
ive of  the  latter,  through  the  telescope  of  the  theodolite,  the 
selected  points  may  be  distinctly  seen.  Measure  the  apparent 
angular  distance  of  the  images  of  the  points  with  the  theodolite, 
by  bringing  the  vertical  thread  successively  upon  these  images 
and  taking  the  difierence  a  of  the  two  readings  of  the  horizontal 
circle.  Remove  the  larger  telescope,  and  measure  in  the  same 
manner  with  the  theodolite  the  angular  distance  A  of  the  points 
themselves.  Then  the  magnifying  power  G  is  given  by  the 
formula 

ts  wben  the  gUu  is  in  its  plsee.  Now,  it  is  known,  from  the  elements  of  optics,  th«i 
if  s  is  the  distance  of  a  bright  object  f^m  »  oonTCz  lens,  v  the  distance  of  the 
JBSgi)  front  the  lens, /the  focal  length  of  the  lens,  we  haTC  the  equation 

1+1  =  1 
»       «     / 

Lei  ^be  the  focal  length  of  the  objectiTc,/  that  of  the  ocular,  u  the  distance  between 
them;  then  we  haTC  NC=zu  z=F-\-f;  On  =  v;  and,  consequently, 

11  ^     _       ^ 

i""/       F-^-f-fiF+f) 
Also^ 

AB  _yCF-{'/F 

_  A  fi 

Bul,byArt«,-expTeeste  the  magnifying  power  of  the  telescope:  hence,  also, --^ 

I  the  magidiying  power,  as  in  the  method  of  the  text. 
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o  = 


taniA 


(4) 


taD  ia 

A 
or,  if  the  angles  A  and  a  are  very  small,  Cr  =  —. 

Kthe  observed  points  are  not  very  distant,  we  should  in  strict- 
ness measure  the  angle  A  by  placing  the  theodolite  at  the  point 
first  occupied  by  the  ocular ;  for  A  is  the  angle  contained  by  the 
rays  from  the  two  points  to  the  ocular,  and  a  the  angle  contained 
by  these  rays  after  they  have  passed  through  the  ocular  and  have 
been  refracted  by  it 

If  the  telescope  cannot  be  removed  conveniently,  the  angle  A 
may  be  obtained  by  measuring  the  linear  distance  D  of  the  middle 
point  between  the  two  observed  points  from  the  ocular,  and  the 
horizontal  linear  distance  d  between  the  points ;  then  • 


tanM  =  - 


(5) 


When  the  latter  method  is  practised,  however,  it  is  necessary  to 
observe  that  if  the  telescope  of  the  theodolite,  in  measuring  the 
angle  a,  is  inclined  to  the  horizon  by  the  angle  J,  we  must  employ 
instead  of  a  the  angle  a'  given  by  the  formula 

sin  io'  =  sin  i  a  cos  7 

or,  with  sufficient  precision, 

tan  }  a'  ==  tan  }  a  cos  I 


a  reduction  which  was  unnecessary  where  both  A  and  a  were 
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eye  piece,  and  were  -A  =  5°  10'  3(K',  a  =  3'  10".     We  have, 
therefore,  for  this  eye  piece, 

^_tan^o_35^.^ 
tan  0^  V  35" 

Example  2. — ^For  verification  of  the  preceding  measure,  the 
angle  A  was  also  obtained  without  the  theodolite,  for  which  pur- 
pose there  was  measured  the  distance  of  the  observed  points 
from  the  ocular,  D  =  303.2  feet,  and  the  distance  between  the 
points,  d  =  26.98  feet  The  inclination  of  the  telescope  of  the 
theodolite  was  here  observed  to  be  1=  10°  40',  and  as  before  by 
direct  measure  a  =  3'  10".    We  have  first, 

*      X  A       26.98 

tan  }  A  = 

'  606.4 

and  hence 

0  =  ___J^ =  98  30 

606.4  tan  r  36"  cos  10^  40' 

The  horizontal  distance  D  was  here  298  feet,  with  which,  by  the 
last  formula  above  given,  we  have 

G=        ^^'^^       =98.29 
298  sin  3' 10" 

The  magnifying  power  of  this  eye  piece  may  therefore  be  taken 
at  98.2,  or  simply  98. 

Third  Method  (proposed  by  H.  B.  Valz,  in  the  Astronomische 
Nackrichtertj  Vol.  vii).  This  very  convenient  method  consists  in 
directing  the  telescope  towards  any  object  of  known  angular 
diameter,  and  measuring  the  angle  formed  by  rays  from  the 
extremities  of  a  diameter  after  these  rays  have  emerged  from  the 
eye  piece.  The  sun,  the  angular  diameter  of  which  is  always 
known,  is  especially  adapted  for  the  purpose.  The  image  of  the 
sun  may  be  received  upon  a  screen  placed  in  the  prolongation 
of  the  axis  of  the  telescope  with  its  flat  surface  carefully  adjusted 
at  right  angles  to  that  axis.  The  telescope  is  to  remain  fixed, 
being  properly  directed  so  that  the  sun  shall  pass  over  the  centre 
of  its  field ;  and  as  the  image  passes  over  the  screen  its  linear 
diameter  d  is  to  be  measured.  Also  the  perpendicular  distance 
D  from  the  middle  of  the  eye  piece  to  the  screen.     Then,  if  a  is 
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the  true  angular  diameter  of  the  sun,  A  the  angular  diameter  of 
the  image  on  the  screen,  subtended  at  the  eye  piece,  we  have 

tanM  =  g 

and  the  magnifying  power  Gy  as  before,  is 

g^tanM^         d 

tan  la        2i) tan  la  ^  ^ 

Fourth  Method. — ^For  small  instruments,  and  where  great  accu- 
racy is  not  required,  the  following  process  will  answer.  Let  a 
staff,  which  is  very  boldly  divided  into  equal  parts  by  heavy  lines, 
be  placed  vertically  at  any  convenient  distance  from  the  telescope, 
for  example,  fifty  yards.  While  one  eye  is  directed  towards  the 
staff  through  the  telescope,  the  other  eye  may  observe  the  staff  by 
looking  along  the  outside  of  the  tube.  One  division  of  the  staff 
will  be  seen  by  the  eye  at  the  eye  piece  to  be  magnified,  so  as  to 
cover  a  number  of  divisions  of  the  staff,  and  this  number,  which 
is  the  magnifying  power  required,  may  be  observed  by  the  other 
eye  looking  along  the  tube.  The  staff  here  not  being  very  distant, 
the  focal  adjustment  of  the  telescope  is  not  the  same  as  for  stars; 
the  focal  length  is,  in  fact,  somewhat  greater  than  the  "principar* 
focal  length  (Art.  8),  and  the  magnifying  power  obtained  is  pro- 
portionally greater  than  that  which  applies  to  very  distant  or 
celestial  objects,  the  rays  from  which  are  sensibly  parallel.  If  we 
call  the  magnifying  power  obtained  from  the  terrestrial  object  6?', 
that  lor  a  LLic:itiuI  object  6^^  F*  tlic  Ibeal  IcDgth  uiapjoyed,  f  the 
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Instead  of  using  the  divisions  of  a  staff,  which  may  not  be  suffi- 
ciently distinct,  a  disc  of  white  paper  may  be  placed  against  a 
black  ground,  and  the  size  of  the  magnified  image  may  be  marked 
on  the  same  ground  by  an  assistant  from  signals  made  by  the 
observer  at  the  telescope. 

14.  It  was  shown  in  Art.  7  that  the  magnifying  power  is  equal 

F 

to  -T»  i^  being  the  focal  length  of  the  objective,  and/ that  of  the 

ocular.  To  apply  this  rule  when  the  eye  piecg  is  composed  of 
two  lenses,  it  is  necessary  to  find  the  focal  length,/,  of  a  single 
lens  which  is  equivalent  to  the  two  lenses.  This  is  effected  by 
the  formula  of  optics 


r^r-d 


in  which/',/"  are  the  focal  lengths  of  the  component  lenses, 
and  d  the  distance  between  them.  This  formula,  however,  is  but 
approximative  (it  gives  /  somewhat  loo  great) :  it  is  better  to 
measure  the  magnifying  power  directfy  by  one  of  the  methods, 
above  given. 

15.  Beflecting  telescopes. — ^As  these  are  rarely  used  for  the  pur- 
poses of  measurement^  we  shall  content  ourselves  with  merely 
stating  the  forms  of  the  two  kinds  which  have  been  in  most 
common  use.  The  simplest,  and  now  most  commonfy  used,  is 
the  Herschelian  telescope,  introduced  by  Sir  William  Herschel. 
A  polished  concave  speculum,  a6,  Fig.  9,  is  placed  at  the  bottom 

Fig. ». 


of  a  tube,  ABCD.  It  is  ground  to  the  form  of  a  paraboloid,  the 
focus  of  which  is  near  the  mouth  of  the  tube ;  it  is  slightly  in- 
clined, so  that  the  focus  falls  near  one  side  of  the  tube,  as  at  -D, 
where  the  reflected  rays  from  the  speculum  form  an  image  which 
is  viewed  through  an  eye  piece,  E^  of  the  usual  form.  The  head 
of  the  observer  may  intercept  a  small  portion  of  the  rays  from 
a  celestial  object  to  the  speculum ;  but  this  is  of  little  conse- 
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quence,  as  the  speculum  is  usually  very  large.     In  Lord  Rosse's 
Herschelian,  the  diameter  of  the  speculum  is  six  feet* 

The  reflecting  telescope  next  in  most  common  use  is  the  Kcw- 
toniaHy  which  (lifters  from  the  Herschelian  only  in  receiving  the 
reflected  rays  from  the  speculum  upon  a  small  plane  mirror,  c, 
Fig.  10,  placed  in  the  middle  of  the  tube  near  its  mouth,  which 
reflects  these  rays  at  right  angles  to  the  axis  of  the  tube  to  an 


eye  piece  at  E.  In  this  form,  the  small  plane  mirror  intercepte 
a  portion  of  the  light  from  the  object;,  moreover,  light  is  lost  in 
the  double  reflection  ;  but  a  slight  advantage  is  gained  in  having 
the  axis  of  the  speculum  coincide  in  direction  with  the  axis  of 
the  tube.  The  reflected  rays  reach  the  mirror  c  before  they  are 
brought  to  a  focus :  they  converge  after  reflection  to  the  point/, 
where  is  produced  the  image  which  is  examined  through  an  eye 
piece  by  the  eye  at  £. 

16.  Fielding  tekscopes. — A  telescope  of  great  focal  length  and 
high  magnifying  power  has  a  very  small  field,  in  consequence 
of  which  it  becomes  very  difficult  to  find  a  small  object  in  the 
eky.  This  inconvenience  i^  ob%'iated  by  attaching  to  the  outside 
of  the  tube  a  smaller  telescope,  called  vl  finder^  of  low  magnifying 
jiower  and  large  field,  with  xXa  axis  adjusted  parallel  to  that  of 
the  larger  telescope.  The  search  for  the  object  is  made  with 
the  finder  (both  telescopes  having  a  common  motion),  and, 
when  found,  it  is  brought  to  the  middle  of  the  field  of  the 
finder;  it  is  then  somewhere  in  the  field  of  the  larger  telescope. 
The  middle  of  the  field  of  the  finder  is  indicated  by  the  inter, 
nection  of  two  coarse  threads  in  the  focus;  or,  still  better,  by 
four  threads  forming  a  small  square,  the  middle  point  of  which 
is  the  centre  of  the  field. 


G&ADUATSD  CIBCLE8.  < 
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CHAPTER  n. 

OF  THE   MEASUREMENT  OF  ANGLES  OR  ARCS  IN  GENERAL — 
CIRCLES — ^MICROMETERS — ^LEYEL. 


17.  Graduated  Circles. — The  most  obvious  mode  in  which  an 
angle  may  be  measured  is  that  in  which  we  employ  a  circle,  or 
portion  of  a  circle  (constructed  of  metal  or  other  durable  material), 
the  limb  of  which  is  mechanically  divided  into  equal  parts,  as 
degrees,  minutes,  &c.  The  centre  of  the  circle  being  placed  at 
the  vertex  of  the  angle  to  be  measured,  the  arc  of  the  circum- 
ference intercepted  between  the  two  radii  which  coincide  in 
direction  with  the  sides  of  the  angle  is  the  required  measure.* 
To  give  this  mode  precision  when  the  angle  is  found  by  lines 
drawn  to  two  distant  points,  the  aid  of  the  telescope  is  invoked. 
This  is  connected  witii  the  circle  in  various  ways,  according  to 
the  nature  of  the  instru- 
ment of  which  it  forms  ^^^'  ^^' 
a  part;  but,  in  general, 
we  may  conceive  it  to  be 
essentially  as  follows. 
To  the  tube  of  the  tele- 
scope, AB^  Fig.  11,  is 
attached  a  pivot,  C,  at 
right  angles  to  the  op- 
tical axis,  which  turns 
in  a  circular  hole  in  the 
centre  of  the  graduated 
circle  JUN,  An  arm  a (76,  extending  from  the  centre  Cto  the 
graduations  on  the  limb,  is  permanently  attached  to  the  telescope, 
and  revolves  with  it.  To  measure  an  angle  subtended  by  two 
distant  objects  at  the  point  C,  the  circle  is  to  be  brought  into  the 
plane  of  the  objects  and  firmly  fixed.     Then  the  telescope  is 

*  In  the  sextant  and  other  instruments  of  "double  reflection,**  the  vertex  of  the 
angle  to  be  measured  is  not  in  the  centre  of  the  arc  used  to  measure  it.  See  article 
"Sextant.** 
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directed  successively  upon  the  two  objects,  and  in  each  cage 
tbe  number  of  degrees  indicated  bj  a  mark  on  either  extremity 
of  tbe  arm  ab  is  to  be  read  oft';  the  difterence  of  tlie  two  readingg, 
which  is  the  number  of  degrees  passed  over  by  the  arm,  and, 
consequently,  also  by  the  telescope,  will  be  the  required  measure 
of  tlie  angle.  The  same  result  is  reached  by  permanently  con- 
necting tbe  circle  and  telescope,  Tivhich  then  revolve  together, 
wliile  a  fixed  mark  near  the  limb  of  the  circle  ser^^es  to  indicate 
the  number  of  degrees  through  which  the  telescope  revolves. 

In  order  to  point  tbe  telescope  wnth  ease  and  accuracy  upon 
an  object,  a  clamp  and  tangent  screw  are  commonly  employed. 
This  contrivance,  which  may  be  seen  u|>on  almost  every  astro- 
nomical instrument,  takes  a  great  variety  of  forms,  but  in  all  cases 
the  operation  of  it  is  as  follows:  when  the  telescope  is  approxi^ 
maklt/  pointed  upon  tbe  object  by  hand,  it  is  clamped  in  its  posi- 
tion by  a  slight  motion  of  the  clamp  screw,  after  which  tbe 
telea(;opo  admits  of  no  motion  except  that  which  is  common  to 
it  and  the  clamp :  hence,  by  a  fine  screw  which  moves  the  clamp 
a  slow  delicate  motion  can  be  given  to  the  telescope,  whereby  the 
sight-line  marked  by  a  thread  in  the  focus  is  brought  accurately 
upon  the  object 

The  great  increase  of  accuracy  in  pointing  a  telescope  which  is 
obtained  by  the  introduction  of  the  spider  threads  in  its  focut 
briugt*  with  it  the  necessity  of  a  corresponding  increase  of  accu* 
racy  in  rtaiUng  off  tbe  number  of  degrees  and  fractions  of  a  degree 
on  the  divided  limb  of  the  circle.  A  single  reference  mark  upon 
the  extremity  of  an  arm,  as  in  Fig.  11,  enables  us  to  determine 
only  the  number  o( entire  divisions  of  the  limb  passed  over;  but, 
as  this  mark  will  generally  be  found  between  two  divisions, 
some  additional  means  are  required  for  measuring  the  fraction 
of  a  division*  Two  methods  are  now  exclusively  employed. 
The  first  of  these,  in  the  order  of  invention,  is 

THB  VKHNIKa.* 

18,  Let  MN^  Fig.  12,  bo  a  portion  of  the  divided  limb  of  a 
clrelo;  CD  the  anu  which  revolves  with  the  telescoi>e  about 
tlie  centre  of  the  circle.     The  extremity  of  this  arm  is  expanded 


*  So  «AUed  %ReT  Om  inrenlor,  Pcrift  TtRXtKE,  of  Pmiee,  who  Uvod  tihimi  ISM. 
Bjr  iome  it  i»  c^le4  a  rummt,  aAor  I  he  Portuguese  Ni'iics  or  Kaxiv*;  t>ttt  t^o  ior 
▼cation  of  Uio  l»U«r  («ho  dioil  in  1577)  w«t  f^alto  diffcr«ai. 
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into  an  arc  aby  which  is  con- 
centric with  the  circle  and  is 
graduated  into  a  number  of 
divisions  n  which  occupy  the 
q>ace  of  »  —  1  divisions  of 
the  limb.  Thus  graduated, 
this  small  arc  receives  the 
name  of  a  vernier.  The  first 
stroke  a  is  the  zero  of  the 
vernier,  and  the  reading  is  al- 
ways to  be  determined  by  the 
position  of  this  zero  on  the 
limb.    Let  us  put 


Fig.  12. 

o 


d  =  the  value  of  a  division  of  the  limb, 
d'  =  the  value  of  a  division  of  the  vernier, 


then  we  have 
whence 


(n  —  l)d  =  nd' 


and 


d-^d'^^d 
n 


(7) 


The  difference  rf  — •  rf'  is  called  the  least  count  of  the  vernier,  which 

is,  therefore,  — th  of  a  circle  division.     K  now  the  zero  a  falls 

between  the  two  circle  graduations  P  and  P  +  1,  the  whole 
reading  is  Pd  phis  the  fraction  from  P  to  a.  To  measure  this 
fraction,  we  observe  that  if  the  mth  division  of  the  vernier  is  in 
coincidence  with  a  division  of  the  limb,  the  fraction  \amX{d — d!) 

or  —rf.    For  example,  if,  as  in  our  figure,  the  vernier  is  divided 

into  10  equal  parts,  occupying  the  space  of  9  divisions  of  the 
limb,  and  if  the  4th  division  is  in  coincidence,  the  whole  reading 

is  Pd  +  -^d;  and  if  d  =  W  and  P  corresponds  to  20°  20' 

(P  being  the  122d  division  from  the  zero  of  the  limb),  then  the 

whole  reading  is  20°  20'  +  —  X  10'  =  20°  24'.   In  this  case  the 

least  count  is  1'.  In  practice,  no  calculation  is  necessary  to 
obtain  the  fraction,  for  this  is  indicated  by  proper  numbers 
against  the  graduations  of  the  vernier  itself. 
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If  the  least  count  ia  given,  to  find  n,  we  have 

d 


""-d-d' 

d  and  d  —  d'  being,  of  course,  expressed  in  the  same  nnit  For 
example,  if  the  limb  is  divided  to  10',  and  the  least  count  is  to 
be  10'',  we  have 

rf  =  600" 
d  — d'=   10" 
whence 

n=60 

and  we  must  make  60  divisions  of  the  vernier  equal  to  59  divi« 
sions  of  the  limb. 

When  a  large  number  of  divisions  are  made  on  the  vernier, 
and  the  least  count  is  very  small,  the  graduations  must  be 
exceedingly  delicate;  otherwise,  several  consecutive  divisions 
of  the  vernier  may  appear  to  be  in  coincidence  with  divisions  of 
the  limb.  The  reading  is  then  to  be  assisted  by  a  microscope,  or 
reading  glass,  placed  over  the  vernier  and  having  a  lateral  motion, 
whereby  its  optical  axis  can  be  brought  immediately  over  that 
division  of  the  vernier  which  is  in  coincidence. 

To  increase  the  accuracy  of  a  reading  still  more,  two  or  more 
arms,  each  carrying  a  vernier,  are  employed,  and  the  mean  of 
the  indications  of  all  is  taken.  The  eftect  of  reading  off  a  circle 
at  various  points,  in  eliminating  errors  of  the  circle,  will  be 
treated  of  hereafter. 

The  arm  carrying  a  vernier,  or  the  frame  bearing  several 
Tcrinuifi,   ii:^  oUeii   ctiUed   the   alkimk*     Sometimes   the   sever 
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The  only  difference  will  be,  that  when  the  graduations  of  the 
limb  proceed  from  right  to  left,  those  of  the  vernier  must  pro- 
ceed from  left  to  right ;  that  is,  the  zero  of  the  vernier  must  be 
the  extreme  left-hand  stroke. 

20.  In  case  a  vernier  has  been  used  which  is  found  to  be  too 
long  or  too  short,  the  reading  may  be  corrected  as  follows.  Let 
the  error  in  its  length  be  denoted  by  a:,  then  (in  the  verniers  of 
the  ordinary  form)  we  have  (Art  18) 

whence 

d  — d'=i4  +  -  (8) 

Hence  a  reading  in  which  the  fraction  was  ?n  (rf  —  d')  becomes 
~  rf  +  m  •  —    The  correction  of  the  reading  is,  therefore,  +  m  •  — 

when  the  vernier  is  too  short  by  z;  and  — -  m-—  when  it  is  too 

long  by  X.  For  example,  if  the  limb  is  divided  to  10'  and  the 
vernier  gives  10"  (in  which  case  n  =  60),  and  we  find  that  the 

vernier  is  too  short  by  x  =  +  5",  then  we  must  add  to  every 

5" 
reading  the  correction  +  m-  — ;  or,  since  every  6th  graduation 

of  the  vernier  gives  one  minute,  we  must  add  0".5  for  every 
minute  read  on  the  vernier. 

The  actual  length  of  the  vernier  is  found  by  bringing  its  zero 
into  coincidence  with  a  division  of  the  limb  and  observing  where 
the  next  coincidence  occurs.  If  this  second  coincidence  occurs 
at  the  last  division  of  the  vernier,  its  length  is  correct ;  but  if  the 
coincidence  occurs  at  ±  p  divisions  from  the  last,  it  is  too  short 
or  too  long  by  p  times  the  least  count.  This  should  be  done 
at  various  points  of  the  limb,  and  the  mean  of  all  the  results 
taken,  in  order  to  eliminate  the  effect  of  accidental  errors  in  the 
graduations  of  the  limb. 

The  vernier  is  now  used  chiefly  on  small  circles  and  portable 
instruments ;  but  when  the  highest  degree  of  accuracy  is  sought 
for  in  reading  off  a  circle,  we  have  recourse  to 

THE   READIKG   MICROSCOPE. 

21.  Let  us  conceive  the  arm  which  carried  the  vernier,  instead 
of  lying  close  to  the  plane  of  the  circle,  to  be  raised  at  some 
distance  from  it,  and  in  place  of  the  vernier  let  the  extremity  of 

Vol.  IL— 3 


84 


MEASUREMENT   OF   ANGLES. 


the  arm  carry  a  microscope  -^C  (Plate  11.  Fig.  1),  the  optical  axis 
of  which  is  perpendicular  to  the  plane  of  the  circle  ilfZVand 
intersects  the  divisions  on  the  limb.  The  telescope  and  circle 
are  to  be  supposed  to  revolve  together,  while  the  microscope 
remains  fixed.  An  image  of  the  divisions  is  formed  at  the  focus 
D  of  the  object  lens  (7.  Two  lenses,  B  and  -4,  constitute  a  posi- 
tive eye  piece  through  which  this  image  is  viewed.  HG  is  a 
micrometer,  the  interior  of  which  is  shown,  enlarged,  in  Plate  11. 
Fig.  2.  A  fine  screw,  cc,  with  a  large  graduated  head,  EFj 
carries  the  sliding  frame  cuij  across  which  are  stretched  two  inter- 
secting spider  threads.  These  threads  lie  exactly  in  the  focus 
of  the  microscope,  and  are  consequently  visible  at  the  same  time 
with  the  image  of  the  divisions  of  the  limb.  On  one  side  of  the 
field  is  a  notched  scale  of  teeth  (which  does  not  move  with  the 
cross-threads),  the  distance  between  the  teeth  being  the  same  as 
that  between  the  threads  of  the  screw.  The  middle  notch  is 
distinguished  by  a  hole  opposite  to  it,  and  every  fijpth  notch  is 
cut  deeper  than  the  rest.  At  i  (Fig.  1)  is  an  index  to  which  the 
divisions  of  the  micrometer  head  arc  referred.  Since  one  com- 
plete revolution  of  the  micrometer  head  must  carry  the  cross- 
threads  a  distance  equal  to  the  thickness  of  the  thread  of  the 
screw,  if  the  head  is  graduated  into  100  parts  we  have  the  means 

of  measuring  a  space  equal  to  V/wrth  of  the  thickness  of  the  thread 

of  the  screw.  Either  by  making  the  screw  very  fine,  or  increasing 
the  number  of  graduations  on  the  head,  or  by  both,  and  at  the 
same  time  increasing  the  optical  power  of  the  microscope,  we 
can  carry  this  subdivision  of  space  to  almost  an  unlimited  extent. 
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micrometer  head.  If  more  than  one  revolution  of  the  screw  is 
required,  the  whole  number  of  revolutions  will  be  shown  by  the 
number  of  notches  in  the  field  passed  over  by  the  cross-threads, 
and  the  fraction  of  a  revolution  by  the  micrometer  head.  Then, 
knowing  the  relation  between  a  division  of  the  micrometer  head 
and  one  of  the  circle,  the  value  of  the  required  fraction  is  at 
once  found.  For  example,  suppose  a  division  of  the  circle  is 
equal  to  5',  and  that  five  revolutions  of  the  micrometer  screw 
just  carry  the  cross-threads  from  one  circle  graduation  to  the 
next ;  and,  further,  that  the  micrometer  head  is  divided  into  60 
equal  parts ;  then  each  revolution  of  the  screw  represents  1',  and 
each  division  of  the  micrometer  head  represents  V.  If  then  we 
have  made  three  whole  revolutions,  and  the  micrometer  head 
reads  25.3,  the  required  fraction  is  3'  25".3.  If  the  graduation 
P  waa  289°  35',  the  whole  reading  is  289°  38'  25".3. 

The  coincidence  of  the  point  of  intersection  of  the  threads 
with  a  graduation  of  the  limb  is  made  in  the  manner  shown  in 
Fig.  2,  In  many  of  the  German  instruments,  instead  of  a  cross- 
thread,  two  very  close  parallel  threads  are  used,  the  middle 
point  between  which  is  the  point  of  reference,  and  a  coincidence 
is  made  by  bringing  the  circle  division  to  bisect  the  space 
between  them.  This  bisection  is,  of  course,  estimated ;  but  it 
may  be  effected  with  very  great  accuracy  where  the  threads  are 
very  close.  Their  distance  should  be  very  little  greater  than 
the  breadth  of  the  graduations  of  the  limb.  Bessel  preferred 
the  parallel  threads ;  but  it  is,  perhaps,  doubtful  whether  they 
afford  any  advantage  in  the  hands  of  most  observers. 

The  spiral  springs  bb  serve  to  make  the  screw  bear  always  on 
the  same  side  of  the  thread,  so  that  in  reverse  motions  of  the 
screw  there  is  no  lost  or  dead  motion,  that  is,  revolution  of  the 
screw  without  a  corresponding  movement  of  the  cross-threads. 
But,  to  guard  against  the  possible  existence  of  lost  motion,  the 
coincidence  of  the  cross-threads  with  a  circle  division  should 
always  be  produced  by  a  motion  of  the  micrometer  head  in  one 
and  the  same  direction. 

22.  Error  of  Buns. — ^When  a  reading  microscope  is  in  perfect 
adjustment,  a  whole  number  of  the  revolutions  of  the  screw  is 
equal  to  the  distance  of  two  consecutive  graduations  of  the  circle. 
To  effect  this,  provision  is  made  for  lengthening  or  shortening 
the  microscope  tube,  and  also  for  moving  the  whole  microscope 
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farther  from  or  nearer  to  the  circle.  In  thb  way,  the  magnlttide 
of  the  image  of  a  di\nsion  ae  seen  in  the  field  can  l»e  changed 
until  it  correspoud^  exactly  to  a  whole  number  of  revolutions  of 
the  eerew.  For  example,  if  a  whole  number  of  revolutions  is 
greater  than  the  image  of  a  circle  division,  the  objective  lens 
must  be  brought  nearer  to  the  ocular,  and  at  the  ^ame  time  the 
whole  microscope  brought  nearer  to  the  circle. 

But,  as  changes  of  temperature  and  other  causes  are  found  to 
produce  changed  in  the  value  of  a  division  of  the  microscope,  and 
it  IB  not  expedient  to  be  always  changing  the  adjustment,  it  is 
UHual,  after  making  one  very  exact  adjustment,  to  let  it  stand,  and 
tlieu  detennine  from  time  to  time  the  con-ection  of  a  reading  for 
any  cliange  of  value  which  may  appear.  The  excess  of  a  circ*le 
division  above  a  whole  number  of  revolutions  is  called  (he  error 
o/run.%  and  a  proportional  part  of  this  excess  must  be  allowed 
on  all  readings*  This  en^or  is  to  be  found  by  measuring  several 
divisions  in  different  parts  of  the  circle  and  taking  the  mean  of 
iill  the  results,  in  order  to  eliminate  the  effect  of  errors  in  the 
circle  graduations  themfielves.  For  example,  if  a  J i vision  exceeds 
five  revolutions  of  the  screw  by  +  2",2,  then  for  each  minute  in 
the  fraction  of  a  division  obtained  by  the  micrometer  we  must 

apply  to  the  reading  the  correction —,  or  —  0".44-     The 

error  of  runs  will  take  the  negative  sign,  and  the  correction  for 
it  the  positive  sign,  when  a  circle  division  falls  short  of  a  whole 
number  of  revolutions  of  the  screw. 


2S,  To  increase  the  accuracy  of  a  reading,  several  microscopof 
are  used,  having  a  fixed  position  relatively  to  each  other,  by 
wliich  the  fraction  of  a  division  in  the  reading  is  measured  at 
diticrent  points  of  the  circle  aiul  the  mean  of  the  dltierent  mea» 
Murc*s  is  taken*  Two  miciv^scopefl  are  jihucd  so  as  to  read  at 
opposite  points  of  the  circle,  that  is,  the  angular  distance  of  the 
microscopea  is  180°,  or  ditici's  but  little  from  180° ;  tliree  micro- 
ncopes  are  placed  at  120^,  four  at  1*0°,  &c, ;  or,  in  general,  what- 
ever the  immbcr  of  microscope,  they  are  placed  so  as  to  divide 
the  circle  into  equal  portions.  The  whole  degrees  and  minutes 
are  read  uidy  at  one  of  the  niicn>scopes.  In  large  iustrumcntii^ 
where  tlie  field  of  the  microscope  takes  in  but  a  part  of  a  degree, 
the  number  of  degrees  and  minutes  of  the  nearest  circle  division 
is  read  off  by  means  of  an  index  outside  the  microscope^  or. 
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indeed,  wholly  separate  from   it,   the  microscope  being  used 
exclusively  to  measure  the  fraction  of  a  division. 

24.  The  probable  error  of  a  reading  of  one  microscope  being  e, 
that  of  the  mean  of  m  microscopes  e^,  we  have  (Appendix, 
Method  of  Least  Squares) 


that  is,  the  probable  error  of  the  mean  varies  inversely  as  the 
square  root  of  the  number  of  microscopes.  For  example,  if  the 
probable  error  of  reading  of  one  microscope  is  1'',  that  of  the 

meanof  two  willbe  -^  =  0".71 ;  that  of  four,  -^  =  0".5 ;  that  of 

1/2  |/4 

six,  —  =  0".41,  &c. ;  and  the  error  will  decrease  but  slowly  as 

the  number  of  microscopes  increases.  It  would  require  sixteen 
microscopes  to  reduce  the  error  to  0''.25.  On  this  account,  the 
advantages  of  increasing  the  number  of  microscopes  beyond 
four,  except  in  instruments  of  the  largest  class,  are  usually 
regarded  as  outweighed  by  the  greater  liability  of  the  apparatus 
to  derangement. 

The  use  of  a  number  of  microscopes  or  verniers  is,  however, 
pot  solely  to  increase  the  accuracy  of  reading,  but  also  to  elimi- 
nate the  errors  of  the  circle  itself,  as  will  be  seen  in  the  following 
articles. 

ECCENTRICITY   OF  GRADUATED   CIRCLES. 

25.  The  centre  of  the  alidade  is  seldom,  if  ever,  even  in  the 
best  instruments,  exactly  coincident  with  the  p.   ^3 

centre  of  the  graduated  arc.    To  investigate  ~~ 

the  effect  of  such  eccentricity,  let  (7 (Fig.  13) 
be  the  centre  of  the  alidade,  C"  that  of  the 
circle ;  CA  a  straight  line  joining  Cand  the 
centre  of  one  of  the  reading  microscopes ; 
C'A'  a  parallel  to  CA.  When  the  micro- 
scope reading  is  at  A,  the  true  reading  is  at 
A\  Let  the  diameter  drawn  through  C  and  C  intersect  the 
graduation  at  -&,  and  let  0  be  the  zero  of  the  graduation,  which 
we  will  suppose  is  numbered  from  0  towards  A.    Put 

z  =  the  microscope  reading, 

2f  =  the  true  reading, 

e  =  the  eccentricity  OC. 
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It  is  to  be  assumed  that  such  care  has  been  bestowed  upon  the 
centring  of  the  instrument  that  e  is  very  small,  and,  therefore, 
that  the  arc  AA'  =  ^'  —  z  may  be  regarded  as  equal  to  the  per- 
pendicular CP:  so  that  we  have,  since  the  angle  EC  A'  =  z'  -\-Ej 


li  —  -?  =  c  sin  (2'  +  J^) 


(») 


in  which  e  must  be  expressed  in  arc.     In  the  factor  sin  (z'  +  E) 
we  may  substitute  z  for  z'  without  sensible  error. 

When  z'+  E=  ±  90°,  we  have  z*  —  z  =  ±e:  so  that  e  is  the 
maximum  error  of  a  reading,  and  this  maximum  occurs  when 
the  reading  is  90°  from  E. 

26.  Now,  let  AC  and  A'C  be  produced  to  meet  the  gradua- 
tion again  at  the  opposite  points  B  and  B'^  and  let  the  alidade 
carry  a  second  microscope  at  B.  The  degrees  and  minutes  may 
be  supposed  to  be  obtained  from  the  microscope  Aj  while  B  is 
used  only  to  give  the  seconds.    Put 

z  =  the  division  of  the  circle  under  A, 
A  and  B  =  the  readings  of  the  microscopes, 

/  =  the  true  reading  corresponding  to  A, 

Then  the  whole  reading  given  hy  Ah  z  +  Ay  and  by  (9)  we  have 

z'^z  +  A  +  eBin(z  +  E) 

and  the  microscope  B  gives 

180*»  +  /=  180^  +Z  +  B  +  e  8in(180°  +  z  +  E) 
or 
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120°  +  Z  +  B,  240°  +  2  +  C  are  the   readings  of  the    three 
microscopes,  the  true  reading  corresponding  to  A  will  be 

s^  =  z  ~\-A  —  esin(z  +E) 

sf  =  z  +B—  e  sinll20''  +  z  +  E) 

z'  =  z  +  C—  e  sin  (240°  +  z  +  JE) 

and  since,  by  PL  Trig.,  we  have 

sin  (120^  +  2r  +  ^)  +  sin  (240^  +  z  +  E)  = —  sm^z  +  E) 

the  mean  of  these  three  equations  is 

s^  =  z  +  i(A  +  B+C) 

Indeed,  it  will  readily  be  inferred  from  the  discussion  in  Arts. 
81  and  82  that  the  eccentricity  will  be  eliminated  by  taking  the 
mean  of  any  number  whatever  of  equidistant  microscopes. 

28.  To  find  the  eccmiriciiy. — The  two  opposite  microscopes  may 
not  be  perfectly  adjusted  at  the  distance  of  180°,  and  hence  we 
shall  here  put 

180°  -f  a  =  the  angular  distance  of  the  microscope  B  from  A; 

and  then,  if  we  put,  as  before, 

z  =  the  division  under  the  microscope  A^ 
A  and  B  =  the  readings  of  the  two  microscopes, 


}    (10) 


the  true  readings  will  be 

;f  =  z  +  A  +  e  mi{z  '\-  E) 
180<>  +  a  +  y=  180°  +  ^r  +  ^  +  e  sin(180°  +  ^  -f  JE) 

for  the  second  of  which  we  take 

;f  =  z  +  B  —  fk  —  e  fAn(z  '\-  E) 

If,  therefore,  we  put 

B-'Az^n 

the  d^erence  of  the  two  equations  gives  the  equation  of  condition 

n  =  a  +  2e  sin  (^  +  JE)  (11) 

in  which  a,  e,  and  N  are  unknown.    Let  the  values  of  n  be 
obtained  from  the  readings  of  both  microscopes  at  four  equidistant 
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points  of  the  circle,  namely,  z^  ^o  +  ^0°>  ^o  +  180,®  and2:o+2TO®, 
and  denote  these  values  by  n^ny^n^n^  respectively :  then,  by 
putting 


we  have 


whence 


n^  =  a  +  2e  Bin P  =  a  4"  2«  sin  P 

nj  =  a  + 2esin(P+  90^)=  a  +  2e  cosP 
n,  =  a  +  26  sin  (P -f  180®)  =  a  —  26  sin  P 
n,  =  a  +  26  sin (P  +  270®)  =  a  —  26  cosP 

46  sin  P==n,  —  n, 
46COsP  =  n,  —  n. 


}   (12) 


which  determine  both  6  and  P,  after  which  we  have  E=^  P—z^ 
The  value  of  a  is  evidently  the  mean  of  the  values  of  n. 

Example. 

The  readings  of  a  pair  of  opposite  microscopes  of  the  Repsold 
Meridian  Circle  of  the  U.  S.  Naval  Academy  were  as  follows : 


» 

A 

B 

Values  of  n  =  J5 — A 

0» 

+  4".0 

—    6".7 

n.  =  -  10".7 

90 

+  6  .9 

—  18  .6 

n,  =  —  20  .5 

180 

+  5  .3 

—  16  .5 

n,  =  —  21  .8 

270 

—  1  .2 

—    1  .2 

n,  =        0  .0 

From  these  we  obtain 
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29.  With  three  nearly  equidistant  microscopes  the  eccentricitj 
can  be  found  from  two  complete  readings  at  points  180°  apart 
Let  the  angular  distances  of  the  microscopes  B  and  (7  from  A  be 
denoted  by  ^  and  y ;  and,  z  being  the  division  under  -4,  put 
P  =  z  +  JE;  then  we  have,  for  the  true  reading  at  -4, 

z'zz^z  +  A  +  esinP 

2f  =  z  +  B-^fi  +  e  sin(P  +  120°) 

Subtracting  the  first  equation  from  the  mean  of  the  other  two, 
and  putting 

iliB+C)^A  =  n 
we  find 

n  =  i(r  +  «  +  Je8inP 

and  subtracting  the  second  from  the  third,  and  putting 

we  find 

d  =  i  (r  —  ^5)  +  J  i/3  6  cos  P 

If  we  read  a  second  time  with  the  microscope  A  over  the  division 
z  +  180°,  and  obtain  the  readings  J.',  JB',  C",  we  shall  have 

i(J?'+(7')  — A'    =n' 
i((7'-J?')  =  ^' 

and  since  we  shall  have  180  +  P  instead  of  P,  we  shall  obtain 

n'=i(r  +  fi)'-ieBmP 

d'=  i  (r  —  ^5)  — i  >/3  «  cosP 
Hence 

eB\nP=  l(n  —  n') 

ecoBP=ii/S(d---d') 
which  determine  e  and  P.    "We  find  also 

fi  =  UB^A  +  B'--A) 

r  =  ^{C^A+  c  — A') 

80.  In  order  to  determine  the  eccentricity  with  greater  accu- 
racy, and  to  eliminate,  as  far  as  possible,  errors  in  reading  and 
accidental  errors  of  graduation,  the  circle  maybe  read  at  a  great 
number  of  equidistant  points.  Each  reading  of  a  pair  of  oppo- 
site verniers  or  microscopes  furnishes  an  equation  of  condition 
of  the  form  (11),  and  from  all  these  equations  the  most  probable 
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vkhjfc  of  the  eccentricity  will  be  deduced  by  tbe  method  of  least 
k^inan^ti.  The  computation  according  to  thi8  method  is  rendered 
extriiUiiily  nimple  by  the  application  of  some  theorems  relating 
t//  \>(:r\odic  functions,  which,  on  account  of  their  utility  in  this 
hud  Miriiilar  investigations,  will  be  here  demonstrated. 

31.  Periodic  Functions. — The  circumference  of  a  circle  being 
denoted  by  2.t,  any  commensurable  fractional  portion  of  it  may  be 

irxpressed  by  2;r  X  -  =  -^  p  and  q  being  whole  numbers ;  and 

the  successive  multiples  of  this  fractional  portion  by  m-  -^  by 

Hupposing  m  to  take  successively  the  values  0,  1,  2,  3,  &c.  If 
now  we  consider  only  the  multiples  from  m  =  0,  to  w  =  g  —  1, 
we  shall  have  the  following  theorems : 


Theorem  L — Whenp  is  not  a  multiple  of  j, 

2p^ 


Z  sm  m 


Jcosm- 


ipx 


=  0 


but,  when  p  is  a  multiple  of  q. 


9 
Jcosm--^—  =  a 


(13) 

(15) 
(16) 


where  the  summation  sign  -T  is  used  to  denote  the  sum  of  all 
the  quantities  of  the  given  form  between  the  given  limits^  namely, 
from  m  =  0  to  m  ~  y  —  1. 
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and,  consequently,  7^  —  1  =  0.  The  second  member  of  the 
above  formula,  therefore,  becomes  zero,  unless  the  denominator 
T—  1  is  zero,  that  is,  unless  T=l.  Now,  we  can  have  T  =  l  only 

when  sin  —  =  0  and  cos  -^  =  1,  that  is,  only  when  p  is  a  mul- 
tiple of  q.    In  all  other  cases  we  have,  therefore, 

rco8m.-^  +  l/— ir8inm.^  =  0 

and,  since  the  real  and  the  imaginary  terms  must  here  be  sepa- 
rately equal  to  zero,  the  first  part  of  our  theorem  is  established. 

When  T==  1,  the  second  member  of  (17)  becomes  ^f  but  is  not 

really  indeterminate ;  for,  going  back  to  the  geometric  progres- 
sion of  which  this  is  the  sum,  we  have 

Y5r=2^+  ^'+  ^'+ +  T''"  =  q 

and  hence,  when  pis  a  multiple  of  q^  we  have 

£  cos  m.  -^  4-  i/  —  1  S  sin  m-  -^  =  a 

which  establishes  the  second  part  of  the  theorem. 
Theorem  n. —  When  2p  is  not  a  multiple  ofq^ 

r|8inm.?|^)[  =  Jjr  (18) 

2:/co8m.?^V=lj  (19) 

hat^  when  2pis  a  multiple  of  q, 

Wsiiim.?^y=0  (20) 

r/co8m.?£?V=j  (21) 

For  we  have,  for  any  angle  x, 

sin*  X  =  ^  —  ^  cos  2  x 
and,  therefore, 

=  \q  —  \£ cos m .  -^i— 
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Trluch,  by  Theorem  L,  gives  either  (18)  or  (20).    Again 

-(—•'f)"=^['-(-»-^)"] 

=  ^  — -(sinm.-^j' 
which  gives  either  (19)  or  (21). 

Theorem  III. — For  all  integral  values  of  p  and  q  we  havCy  from 
m  =  0tom  =  5'  —  1, 


2pr  2t 


(22) 


ilBium.^^zO 


iBinm-  -^—  COS  m .  -^—  =  0 

tor  this  is  the  same  as  the  quantity 

4pTr 

T" 

32.  Now,  let  the  circle  be  read  off  by  a  pair  of  opposite  micro- 
scopes, A  and  -B,  at  any  number  of  equidistant  points.  The  circle 

18  thus  divided  into  a  number  of  equal  parts,  each  of  which  may 

2jr 
be  denoted  by  — ^-    If  the  first  reading  corresponds  to  the  divi- 
9  2ir 

sion  Zqj  the  subsequent   readings  will  correspond  to  ^^H , 

2n  27:  2r  ^ 

z^+  2 »  z^+S'—^f  &c.  to  z^+  {q  —  1)  — ^-    Each  reading  fur^ 

nishes  an  equation  of  condition  of  the  form  (11),  giving,  therefore, 
the  following  system,  where  P=  Zq+  E: 


rij  =  a  +  2  e  Bin  P 


ECCENTRICITY  OF  OBADUATED   CIRCLES. 
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In  this  form,  the  three  unknown  quantities  are  a,  e  sin  P,  and 
€  cos  P.  The  final  equation  in  each  unknown  quantity,  according 
to  the  method  of  least  squares,  is  to  be  found  by  multiplying 
each  equation  of  condition  by  the  coefficient  of  the  unknown 
quantity  in  that  equation,  and  adding  together  the  products. 
This  process  gives,  by  the  aid  of  the  theorems  of  the  preceding 
article  (observing  that  here  p  =  1), 


qe  Bin  P=  II  n^cos j 

qe  cos  P=  II  n^sm j 


(23) 


These  formulse  embrace,  as  a  particular  case,  the  solution  already 
given  in  Art.  28  for  j  =  4. 

Example. 
The  following  values  of  n  =  5  —  A  were  obtained  from  the 
readings  of  two  opposite  microscopes  of  the  meridian  circle  of 
the  U.  S.  Naval  Academy: 


s 

n 

t 

n 

a 

n 

2 

n 

0" 

— 10".7 

90» 

—  20".6 

180° 

—  21".8 

270» 

_  0".0 

10 

11  .6 

100 

20  .7 

190 

18  .3 

280 

1  .8 

20 

12  .8 

110 

21  .0 

200 

16  .4 

290 

2.4 

30 

14  .7 

120 

21  .2 

210 

11  .8 

300 

4  .5 

40 

16.3 

130 

22  .8 

220 

7  .8 

310 

5  .1 

60 

17  .3 

140 

24.7 

230 

4  .3 

320 

7  .4 

60 

18  .5 

150 

23  .4 

240 

1  .9 

330 

9  .4 

70 

18  .1 

160 

22  .5 

250 

—  2  .0 

340 

11  .7 

80 

19.7 

170 

22  .3 

260 

+  0  .3 

350 

11  .6 

2n 


We  have  here  q  =  36,  and  —  =  10° 


so  that IS  successively 

0°,  10°,  20°,  &c.    We  find,  first,  by  taking  the  sum  of  all  the 
values  of  w, 

36  a  =  —  476".2  a  =  —  13".23 

and  hence  the  distance  of   the   microscope  B  from  A  was 
179°  69'  46".77. 

To  find  qe  sin  P,  we  multiply  each  n  by  the  cosine  of  the  angle 
to  which  it  belongs,  and  add  the  products.    In  like  manner, 
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qe  COS  P  is  found  by  multiplyiDg  each  n  by  the  sine  of  the  angle 

to  which  it  belongs,  and  adding  the  products.*     We  thus  form 

the    following    table,    in   which,    for    brevity,    we   put  ncos^ 

and  nmiiz  for  the  quantities  denoted  in  our  formulse  (23)  by 
2viit       ,        .    2m- 


n,co8 

'  ,    - 

aa  71 

«811 

^-T 

s 

n  COS  t 

» 

1  Bin  t 

0" 

— 10".70 



0".00 

10 

-n 

.42 

— 

2  .01 

20 

—  12 

.03 



4  .38 

30 

—  12 

.78 



7  .35 

40 

—  12 

.49 



10  .48 

60 

—  u 

.12 



13  .26 

60 

—  9 

.26 

■ 

16  .02 

70 

—  6 

.19 



17  .01 

80 

-  3 

.42 



19  .40 

90 

0 

.00 

— 

20  .50 

100 

+  8 

.59 

^ 

20  .39 

110 

+  7 

.18 

^ 

19  .73 

120 

+  10 

.60 



18  .36 

180 

+  14 

.66 

,^ 

17  .47 

140 

+  18 

.92 

— 

15  .88 

150 

+  20 

.26 



11  .70 

160 

+  21 

.14 

-^ 

7  .70 

170 

+  21 

.96 

__ 

3  .S7 

t 

n  «ot  t 

n  lin  * 

ISO" 

+  21" 

.80 

+ 

0".00 

190 

+  18 

.02  ' 

+ 

3  .18 

200 

+  16 

.41 

+ 

5.61 

210 

+  10 

.22 

+ 

5  .00 

220 

+  8 

.98 

+ 

6.01 

230 

+  2 

.76  . 

+ 

3  .29 

240 

+  0 

.95 

+ 

1  .65 

250 

+  0 

.68 

+ 

1  .88 

260 

—  0 

.05 

— 

0  .30 

270 

0 

.00 

0.00 

280 

—  0 

.23 

+ 

1  .28 

290 

-  0 

.82 

+ 

2  .26 

300 

—  2 

.25 

+ 

3  .90 

810 

—  3 

.28 

+ 

8  .91 

820 

—  5 

.67 

+ 

4  .76 

330 

—  8 

.14 

+ 

4  .70 

340 

—  10 

.99 

+ 

4  .00 

350 

—  11 

.42 

O- 

2  .01 
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ELLIPTICITY   OF  THE   PIVOT   OF   THE  ALIDADE. 

88.  If  the  pivot  of  the  alidade  is  the  horizontal  axis  of  a 
vertical  circle,  as  in  the  case  of  some  meridian  circles,  or  if,  as 
in  other  cases,  the  alidade  is  fixed  to  a  pier  while  the  pivot  of 
the  horizontal  axis  of  the  circle  revolves  in  a  V,  then  any  defect 
in  the  pivot,  which  renders  a  section  at  right  angles  to  its  axis 
other  than  a  circle,  will  cause  the  centre  of  the  alidade  to  vary 
its  distance  from  the  centre  of  the  graduated  circle  during  a 
revolution  of  the  instrument.  K  the  section  of  the  pivot  is  any 
regular  figure,  the  variations  in  the  readings  of  a  single  micro- 
scope may  be  regarded  as  a  function  of  the  division  {z)  which  is 
under  the  microscope,  and  the  correction  of  this  reading  may  be 
denoted  by  (p  {z).  The  correction  of  the  reading  of  the  opposite 
microscope  must  be  —  y  {z).  In  order  to  investigate  the  form  of 
the  pivot  without  involving  the  errors  of  eccentricity  or  of  gradua- 
tion, let  us  denote  the  correction  of  the  division  z  for  both  these 
errors  by  i^  W,  and  that  of  the  division  180°  +  2,  which  is  under 
the  opposite  microscope,  by  1^(180°  +  z).  Then,  A  and  B  being 
the  readings  of  the  microscopes,  and  180°  +  a  their  constant 
distance  from  each  other,  wq  have 

/  =  z  +  X       +       ^{z)  +  ^{z) 
2^  =  z  +  B  —  c^   — ^(;r)4-4,  (180°  +  z) 
whence 

0  =  J?  —  A— a  —  2^(2:)  —  ^(^r)^-^  (180°  +  z) 

Now,  let  the  division  180°  +  -^  be  brought  under  the  microscope 
j1,  and  let  A'  and  B'  be  the  microscope  readings ;  then  we  have 
the  true  reading  2"  by  the  equations 

r"  =:  180°  +  -?  +  A'  +  sp(180°  +  r)  +  4  (180°  +  z) 

y'=180    +2  + J?'_a  — sp(180°+^)+4'('^) 

whence 

0  =  jB'  —  A'  —  a  —  2  ^(180°  +  -?)  +  4  (2r)  —4(180°  +  z) 

therefore,  if  we  put 

y^(^B  —  A'{-B'^A')  =  W 
we  have 

n'=a  +  ^(2)+  sp(180°.f  2:)  (25) 

the  errors  of  eccentricity  and  of  graduation  being  wholly  elimi- 
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nated.  The  form  of  the  function  tp  is  yet  to  be  determined ; 
since,  however,  it  necessarily  returns  to  the  same  value  after  one 
complete  revolution,  we  may  assume  for  it  a  general  periodic 
series,  namely : 

if  (^)  =/'  sin  {z  +  J")  +  /"  sin  (22r  +  J?"')  +  /'"  8in  (3^  +  J?"")  +  4c. 

in  which/',  F\S",  -F",/'",  F'",  &c.  are  constants.  Hence  also 

f(180<>+z)===— /'8in(^+i?'0+/''sin(2xf+i?''0— /''8in(3z+i?''^^^ 

and 

f(2:)  +  ^(180«  +  z)=2/"sin(22r+J'")  +  2/'"sin(424-J?'»^)+&c.  (26) 

The  combination  of  two  readings  180*^  apart  gives,  therefore, 
the  equation  of  condition 

n'  =^  a  +  2/"  sin  (2^  +  J?"')  +  2/«^ sin  (4-j  +  F'^  +  &c.      (27) 

K  we  have  read  the  circle  at  2q  equidistant  points,  so  that  the 
number  of  such  equations  is  j,  then  the  values  of  z  are  success- 

ivelyO,!^,?!^, ^^^=^ 

^     'q    q  q 

of  condition  is 


and  the  general  form  of  the  equation 


n'^==a+2/''8in/m.  — +  J?''')  +  2/«^sin/m.— +  J?'»^W&c.    (28) 

m  being  taken  from  0  to  q'  —  1.    K  we  treat  these  equations  by 

the  method  of  least  squares^  we  shall  readily  find,  by  the  aid  uf 


bllipticity  op  pivot. 
Example. 
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To  investigate  the  form  of  the  alidade  pivot  of  the  meridian 
circle,  in  the  example  of  Art.  32,  the  readings  there  given  are 
combined  as  follows : 


» 

B-A 

B'—A' 

n' 

X 

B  —  A 

B'  —  A' 

n' 

0» 

— 10".7 

—  21".8 

— 16".25 

90» 

-20".5 

—  0".0 

— 10".25 

10 

11  .6 

18  .3 

14  .95 

100 

20  .7 

1  .3 

11  .00 

20 

12  .8 

16  .4 

14.60 

110 

21  .0 

2  .4 

11  .70 

30 

14.7 

11  .8 

13  .25 

120 

21  .2 

4.5 

12  .85 

40 

16  .8 

7  .8 

12.05 

130 

22  .8 

5  .1 

13  .95 

50 

17  .3 

4  .3 

10.80 

140 

24  .7 

7  .4 

16.05 

60 

18  .5 

1  .9 

10  .20 

150 

23  .4 

9  .4 

16.40 

70 

18  .1 

—  2  .0 

10.05 

160 

22  .5 

11  .7 

17  .10 

1  80 

19  .7 

+  0  .3 

9.70 

170 

22  .3 

11  .6 

16  .95 

Since  here  q  =  18,  the  sum  of  the  values  of  n'  gives 


18a  =  — 238'MO 


a  =  — 13".23 


Then,  with  the  aid  of  a  traverse  table,  we  find  the  values  of 
n'  cos  2z  and  n'  sin  22:,  as  below : 


f 

n'eos2« 

n' sin  22 

2 

n' COS  22 

n' sin  2a 

0» 

— 16".25 

—  0".00 

90O 

+  10".25 

+    0".00 

10 

—  14  .05 

—  5  .12 

100 

+ 10  .34 

+    3  .76 

20 

— 11  .18 

—  9  .38 

110 

+   8  .96 

+    7  .52 

30 

—  6  .63 

— 11  .48 

120 

+   6  .43 

+ 11  .18 

40 

—   2  .09 

— 11  .87 

130 

+   2  .42 

+ 13  .74 

50 

+   1  .88 

—  10  .64 

140 

—  2  .79 

+ 15  .81 

60 

+   5.10 

—   8  .83 

150 

—  8  .20 

+ 14  .20 

70 

+   7  .70 

—  6  .46 

160 

—  13  .10 

+ 10  .99 

80 
Sams 

+   9  .12 

—  3  .32 

170 

—  15  .93 

+   5  .80 

—  26  .40 

—  67  .10 

—  1  .62 

+  82  .95 

18 /"sin  J"' =—    28".02 

18 /"cos  J"' =+    15  .85 

F"=      299"  30* 

/"=  1".79 

Vobn.— 4 


log  nl.4475 

log    1.2000 

log  tan  F"  nO.2475 

log  18/"    1.5078 
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in  the  same  manner,  we  find,  from  the  sums  of  the  products 
n'  cos  ^z  and  n'  sin  4e, 

18/»^8in  J'»'=:  +  0'M5 

18/»^cosjF"^=  +  2".00 

F''^^      4°  17' 

Hence  we  have 


f  {z)-^ip (180*^+  2)=3".68  sin  (2  2:+299<>  30')+0".22 sin  (4 ^+4°  17')  (30) 

The  term  in  \z  is  so  small  that  we  may  suppose  that  it  proceeds 
from  the  accidental  errors  of  reading,  and  irregularities  of  the 
pivot,  and  we  may,  therefore,  disregard  it,  as  well  as  the  subse- 
quent terms  in  6^,  &c. 

Bessel  has  shown*  that  if  the  section  of  a  pivot  which  rests  in 
a  V  iri  an  ellipse,  the  centre  of  this  ellipse  will,  as  the  instrument 
revolves,  move  in  the  arc  of  a  circle  the  centre  of  which  is  the 
angular  point  of  theV;  that  during  a  complete  revolution  the 
centre  of  the  ellipse  describes  this  are  four  times, — ^twice  fonvards 
and  twice  backwards ;  and  that  the  effect  of  this  motion  upon 
the  reading  of  a  single  microscope  is  expressed  by  a  term  de- 
pending upon  2z, 

Hence,  the  last  term  of  (30)  being  neglected,  the  remaining 
term  may  be  regarded  as  the  effect  of  ellipticity  of  the  pivot,  and, 
43ince  we  must  then  have  f  (<?)  ^=  f  (180°  -\-z  ),  it  follows  that 


^  (z)  =  r.79  sin  (2;r  +  299°  30') 


(31) 


ERRORS  OF  QRADUATION. 
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i ' 

0 

C 

« 

w 

1 

0» 

— 16".26 

— 16".36 

-f  0".10 

0.0100 

10 

14  .95 

16  .65 

-1-0  .60 

.3600 

20 

14  .60 

14  .48 

—  0  .12 

.0144 

80 

18  .26 

18  .26 

+  0  .01 

.0001 

40 

12  .06 

12  .08 

-  0  .02 

.0004 

60 

10  .80 

10  .95 

-f  0  .15 

.0225 

60 

10  .20 

10  .15 

—  0  .05 

.0025 

70 

10  .06 

9  .71 

—  0  .34 

.1166 

jSO 

9  .70 

9  .70 

0  .00 

.0000 

» 

0 

C 

V 

vv 

90« 

— 10".25 

-  lO'Ml 

—  0".14 

0.0196 

100 

11  .00 

10  .91 

—  0  .09 

.0081 

110 

11  .70 

11  .98 

+  0  .28 

.0784 

120 

12  .85 

18  .20 

4-0.85 

.1225 

180 

18  .95 

14  .48 

4-0  .48 

.2804 

140 

16  .05 

15  .61 

—  0  .54 

.2916 

160 

16  .40 

16  .81 

—  0  .09 

.0081 

160 

17  .10 

16  .76 

— 0  .85 

.1225 

170 

16  .95 

16  .76 

—  0  .19 

.0861 

If  we  denote  the  mean  error  of  a  single  observed  value  of  n' 
by  €,  we  have  (Appendix,  Method  of  Least  Squares),  q  being  the 
number  of  observations, 

ll^(w)\         /1.4428 


17 


=  0".29 


and  this  quantity  also  expresses  the  mean  error  of  a  single 
reading  of  one  microscope  of  this  instrument.  This  mean  error 
of  a  reading  was  also  found  by  comparing  a  number  of  successive 
readings  of  the  same  microscope  on  the  same  division,  which 
gave  0".36 :  so  that  the  agreement  of  the  above  computed  and 
observed  values  of  n'  is  even  closer  than  is  necessary  to  sustain 
the  hypothesis  of  an  elliptical  form  of  the  pivot.  It  is  also  evi- 
dent that  the  addition  of  the  term  0".22  &\n{4z  +  4°  17')  of  (30) 
would  but  slightly  reduce  the  mean  error  of  n'. 

34.  The  error  introduced  by  the  ellipticity  of  the  pivot,  like 
that  produced  by  the  eccentricity  of  the  circle,  is  fully  eliminated 
by  taking  the  mean  of  the  readings  of  a  pair  of  opposite  micro- 
scopes. If,  however,  the  arms  of  the  alidade,  carrying  the 
microscopes,  do  not  preserve  a  constant  inclination  to  the  horizon 
during  a  revolution  of  the  instrument,  the  readings  of  both 
microscopes  will  be  increased  or  diminished  by  the  whole 
amount  of  the  change  of  inclination,  and,  consequently,  their 
mean  will  involve  the  same  error.  A  level  placed  on  the  alidade 
is  usually  employed  to  determine  these  changes  of  inclination, 
and  the  readings  are  finally  corrected  according  to  its  indications. 

ERRORS   OF   GRADUATION. 

35.  Errors  of  graduation  of  a  divided  circle  may  be  either 
rcffular  or  accidental. 
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The  regular  or  periodic  errors  are  those  which  recur  at  regular 
intervals  according  to  some  law,  and  which  may,  therefore, 
be  expressed  as  functions  of  the  reading  itself.  Even  the  error 
of  eccentricity,  above  considered,  may  bo  treated  as  such  a 
periodic  error  of  graduation,  since  its  effect  upon  the  reading 
(z)  is  the  same  as  if  the  graduation  everywhere  required  the 
correction  e  sin  {z  +  E),  The  sum  of  all  the  corrections  for  such 
periodic  errors,  regarded  as  a  function  of  the  reading  (r),  and 
denoted  by  i//  (e),  must  have  the  general  form 

4  (J)  =  v!  sin  (2  +  U')  +  tt"sin  (2  ^  +  ^^'0+  W"  sin  (3 2r  +  W")  +  &c.   (32) 

in  which  w',  Z7',  w",  ?7",  &c.  are  constants.  The  shorter  the 
period  of  any  error,  the  higher  is  the  multiple  of  z  in  the  term 
representing  it. 

Now,  let  the  circle  be  read  by  q  microscopes  at  q  equidistant 
points,  namely,  at  all  the  points  expressed  by 

2:r 

m  being  taken  successively  0,  1,  2,  3 (17  —  1),  and  z  being 

tlie  reading  of  the  first  microscope ;  then  we  shall  liave,  for  the 
correction  of  any  one  of  these  microscopes,  the  general  expression 

4(zj  =  u'8in/-r+  ^'+m.— Ww"Bin/2j+  c;'"+ m •  -  \  +  Ac. 

The  discussion  of  this  series  will  be  abridged  if  we  express  it 
under  the  following  general  form : 
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But  we  have  (Art.  81),  from  wi  =  0  to  m  =  q  —  ly  Jsinm-^  —  O 
in  all  cases ;  and  also  I  cos  m  •  -^—  =  0,  except  when  p  is  a  mul- 
tiple of  q,  OT  p  =  rqy  in  which  case  this  latter  sum  is  equal  to  q. 
Hence  all  the  terms  of  the  above  expression  which  do  not  vanish 
are  expressed  by  the  formula 

-  Y^''^  (O  =  -nr  ^^''^  ^^^  (j^^^  +  ^^""0  (33) 

r  being  successively  the  integers  1,  2,  3 ;  whence  the  fol- 
lowing important  theorem:  The  terms  of  the  periodic  series  not 
eliraifiated  by  taking  the  mean  of  q  equidistant  microscopes  are  those 
only  which  invoice  the  multiples  of  qz. 

Thus,  the  mean  of  two  microscopes  requires  a  correction  of 
the  form 

u"  sin  (2^  +  Z7")  +  w*^  sin  (Az  +  U^^)  +  &c. ; 

the  mean  of  three  microscopes,  the  correction 

I/'"  sin  (32  +  W)  +  u^  sin  (6z  +  V)  +  Ac.  j 

the  mean  of  four  microscopes,  the  correction 

tt»^  sin  (42  +  i7»0  +  ti^"  sin  (82  +  U"""')  +  &c. 
&c.  &c. 

36.  The  values  of  the  terms  of  the  periodic  series  which  are 
eliminated  by  means  of  a  number  of  microscopes  may  be  found 
from  the  readings  of  these  microscopes  themselves.  Thus,  for 
two  microscopes,  the  readings  of  which  at  the  divisions  z  and 
z  +  180°  are  A  and  -B,  and  whose  angular  distance  is  180°  +  a, 
we  have 

2f=z  +  A  +4(^)  +9{z) 

y=2  +  ^—  a  +  4(2  +  180°)  —  f  (Z) 

in  which  f  (z)  is  the  correction  for  the  form  of  the  pivolf  (Art.  33). 
Hence,  putting  JB  ~  J.  ^  n,  we  have 

n  =  a  +  4(2)-  4(-^  +  180°)+  2^(2) 

But  we  have 

4  (2)  =  u'  sin  (2  +  U')  +  u"  sin  (22  +  V")  +  tt'"sin  (82  +  XT'")  +  &c. 
and  hence,  substituting  z  +  180°  for  2, 
4(2+180°)=— u'sin(2+  tr')+M"  sin  (22+  CT")- M'"sin(32  +  ?7")+&c. 
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For  tp  (z)  we  have  already  found  the  form /"sin  (22:  +  1^"),  and 
therefore  the  value  of  n  becomes 

n=a+2  u'8in(^+  l7')+2/"8in  (2  z  +i^")+2  W"  sin  (3  z-\-  Cr"0+  &c.  (34) 

The  readings  being  made  for  successive  values  of  z  expressed 

generally  by 

2r 

2r_  =  m 

we  have  q  equations  of  condition  of  the  form 

n^  =  a  +  2M'8m(m.  — 4-l7')+2/"sin(m.— +  J?'")  +  &c.  (35) 

m  being  taken  equal  to  0,  1,  2,  3 ....  g  —  1,  successively.     The 
solution  of  these  equations  by  the  method  of  least  squares  gives 

qo,  =  In^ 
qu'  sin  V  =  Jl  n^cos  w- —  i=  ^(n^cos   z^ 

qu'  cos  U'  =  ri  n^  sin  m .  —  I  =  I*  (n^  sin    zj 


qf  sin  -P"  =  j/  n^ cos  m .  —  j  =  J  (n^  cos  2zJ 
qf  cos  JP"  =  j/  n^  sin  m .  —  j  =  2"  (n, sin  2zJ 

^'"=^(^.cosm.^)=2'(n^co830 


^u'"  sm 
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of  which  the  terms  in  z  and  2^  of  course  agree  with  those  before 
found  for  the  eccentricity  and  for  the  ellipticity  of  the  pivot  of 
the  alidade. 

K  now  we  compute  the  values  of  n  by  this  formula  for  every 
10*^,  we  shall  find  that  they  agree  with  the  observed  values  given 
on  page  45  within  quantities  which  in  almost  every  instance 
are  less  than  1''.  From  this  agreement  we  may  presume  that 
this  circle  is  very  accurately  graduated  throughout. 

37.  In  a  similar  manner,  the  terms  of  the  periodic  series  which 
do  not  involve  the  multiples  of  4z  can  be  found  from  the  read- 
ings of  four  microscopes.  K  J.,  C,  -B,  D  are  these  readings  at 
the  divisions  z,z-\-  90°,  z  +  180°,  z  +  270°  respectively,  and  if 
180°  +  a  is  the  distance  of  the  microscope  B  from  A^  while 
180°  +  ^^  is  that  of  D  from  C,  then  the  mean  of  the  readings  of 
A  and  B  ^ves 

y  =  2r  +  K^  +  ^)-  i»  +  i[4W+  4(^  +  180°)] 
=  2  +  J  (A  +  ^)  —  i  a  +  w"  sin  (2^:  +  ?/")  +  tt*^sin  (4-2:  +  J7»^)+&c. 

and,  consequently  (exchanging  ^  for  ^  +  90°),  the  mean  of  the 
readings  of  C  and  D  gives 

2'  =  ^  +  }((7+2))  — Jr  — «"8in(22:^-?7")+w»-sin(4^  +  ?7»0— Ac. 

Taking  the  difference  of  these  equations,  and  putting 

n  =  \iC^jy)-^\{A^B) 

we  have  the  equation  of  condition 

n  =  /9  +  2m"  sin  (22:  +U")  +  2u^Bm(6z  +  U^)  +  &c.      (36) 

and  from  the  q  equations  of  this  form  we  derive  j9,  w",  CT",  &c. 
by  the  process  already  employed. 

The  terms  in  z  and  Sz  may  be  found  from  either  pair  of  micro- 
scopes as  in  the  preceding  article. 

38.  The  accidental  errors  of  graduation  are  those  which  follow 
no  regular  law,  and  may  with  equal  probability  occur  at  any 
given  division  with  either  the  positive  or  the  negative  sign.  An 
error  of  this  kind  in  any  division  is  to  be  regarded  as  peculiar  to 
that  division,  and,  therefore,  as  having  no  analytical  connection 
with  other  errors  of  the  same  kind.     The  use  of  a  number  of 
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microscopes  tends  to  reduce  the  eflFect  of  such  errors,  without 
entirely  eliminating  them ;  for  (as  in  Art.  24)  if  e  is  the  probable 
accidental  error  of  a  division,  the  probable  accidental  error  in 

the  mean  of  m  microscopes  will  be  -— — 

ym 

The  general  character  of  the  graduation,  as  to  its  freedom 
from  accidental  errors,  may  be  judged  of  by  comparing  the 
values  of  the  n  of  the  preceding  articles,  computed  from  the 
terms  of  the  periodic  series,  with  their  observed  values.  The 
differences  will  be  composed  of  both  errors  of  reading  and  acci- 
dental errors,  which  may  be  separated  by  employing  an  inde- 
pendent determination  of  the  probable  error  of  reading.  Thus, 
if  we  have  n  =  £  —  A,  and  have  found  the  probable  error  of  an 
observed  value  of  n  to  be  e,  and  then,  if  we  put 

Cj  =  the  probable  error  of  a  single  reading, 
c,=   "  ''  '*         «    division, 

the  probable  error  of  either  A  or  B  will  be  i/(€i'  +  t/)y  and  that 
of  -B  —  A  will  be  |/2  {e^^  +  t^),  whence 

which  will  determine  e,  when  e  and  t^  have  been  found. 

89.  The  accidental  error  of  any  division  of  the  circle  may  be 
directly  found  by  means  of  an  additional  microscope  which  can 
be  set  and  securely  clamped  at  any  given  distance  from  the 
regular  or  fixed  microscopes.  Let  us  denote  this  movable 
microflcope  by  3f,  and  let  it  be  proposed  to  determine  the  error 


ERRORS   OP   GRADUATION.  57 

be  regarded  as  in  error,  this  will  be  the  difference  of  the  correc- 
tions of  the  graduations  0  and  z^  and  we  may  write 

9(z)-9(fy)==t^-{M-A)  (37) 

in  which  (p  (^)  denotes  the  total  correction  of  a  division  for  both 
periodic  and  accidental  errors.  The  periodic  errors  being  known 
from  previous  investigation,  the  accidental  error  maybe  separated. 
Now,  to  find  the  constant  distance  /Xy  we  resort  to  the  well 
known  method  of  repetition.  First,  bring  any  arbitrarily  selected 
division  Z  under  the  microscope  A,  then  Z  -{-  z  will  be  under 
M;  let  the  readings  of  the  two  microscopes  be  A'  and  M'  re- 
spectively. Then  bring  the  division  Z  -{-  z  under  A^  and,  con- 
sequently, the  division  Z  +  2z  under  J!f,  and  let  the  readings  be 
A^'  and  Jf.  In  this  way,  let  m  repetitions  be  made,  the  micro- 
scope A  being  successively  placed  upon  the  divisions  Z^  Z  -\-  z, 

Z  +  2^, Z  +  (m  —  l)z,  and  M  successively  upon  Z  +  Zj 

Z+  2z,  Z+  SZy Z+  mz;  then  we  have,  as  in  (37), 

<p{Z+z  )-9(i^  =fi^(M^  -A') 

9{Z  +  ^z)—9{Z  J^2z)  =  ix  — (3f'"  — ^'") 


f  (^  +  m^)—  f  (Z  +  (m  —  1)  2r)  =  /i  —  (Jlf  <«>  —  ^<«>) 
The  mean  of  all  these  equations  is 

l[s.(^+m^)-^(^]=,.-lj(Jlf-^) 

If  the  number  m  is  large,  the  rwth  part  of  the  difference  of  the 
accidental  errors  of  the  extreme  divisions  Z  and  Z  +  'niz  may  be 
regarded  as  evanescent,  and  then,  if  we  regard  the  first  member 
as  composed  only  of  the  periodic  errors  already  found,  we  shall 
have 

M  =  ^  ^(^-  ^)  +  ^  [4(^+  m-j)~4(^]  (38) 

where  the  function  '^  denotes  a  periodic  error,  as  in  Art.  35.  If 
this  process  be  repeated  a  number  of  times,  each  time  commencing 
at  a  different  division,  the  mean  of  all  the  values  of  fi  may  be 
regarded  as  entirely  free  from  the  effect  of  the  accidental  errors 
of  the  first  and  last  divisions.  Thus,  /i  being  found,  the  correc- 
tion of  the  division  (z)  becomes  known  by  (37). 

If  2:  is  an  aliquot  part  of  the  circumference  =  — »  we  shall  have 
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f{Z+  mz)  =  ip  {Z),  since  we  have  returned  to  the  same  division ; 
and  the  value  of  fi  is  then  rigorously 


Thus,  the  fixed  microscopes  themselves,  whose  distance  is  — » 

may  be  at  once  employed  in  this  manner  (without  an  additional 
microscope)   to   determine   the    errors  of  the   divisions  whose 

mutual  distance  is  — ^-    K  then  we  have  four  fixed  microscopes 

and  one  movable  one  3/ placed  at  the  distance  z  from  A^  we  shall 
be  able  to  find :  Ist,  the  errors  of  the  four  cardinal  divisions  0*^, 
90°,  180°,  and  270°,  by  the  fixed  microscopes ;  2d,  the  errors  of 
the  divisions  z,  90°  +  z,  180°  +  z,  270°  +  z,  by  placing  the  micro- 
scope  A  successfully  upon  0°,  90°,  180°,  and  270°,  and  reading  M; 
Sd,  the  errors  of  the  divisions  90°— z,  180°  — ^,  270°  — r,  and 
860°— z,  by  placing  3/ successively  upon  90°,  180°,  270°,  and 
860°,  and  reading  A.  Thus,  after  the  errors  of  the  four  cardinal 
divisions  are  known,  the  operation  just  described  gives  the  errors 
of  eight  divisions.  A  second  operation  with  the  microscope  H 
at  the  distance  z^  from  A  gives  in  like  manner  the  errors  of  eight 
more  divisions,  ±  z^,  90°  ±  z,,  180°  ±:  z^,  270°  it  z^\  and,  more- 
over,  the  errors  of  the  divisions  ±  z  d:  2^1,  90°  ±:  z  ±:  z^,  180°  ±l  z 
±1  ^p  270°  dz  z  di  2'i,  by  placing  the  microscope  A  over  ±z  z, 
90°  ±1  z,  &c.  successively  while  M  is  over  ±1  z  -\-  2,,  90°  d=  z  +  z^, 
&c.,  or  placing  3/ over  d=  2,  90°  ±  z,  &c.  successively  while  A  is 
over  ±  z  —  2p  90°  ±  z  —  2,,  &c.  By  judiciously  combining  all 
i\n^  kintL  the  curnH/tiuii?^  kA  cmli  *lrirri/e  uf 
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1st.  Observations  on  the  eight  divisions, 

2d.    Eepetition  Beries  forwardSf 

3d.    Observations  on  the  eight  divisions, 

4th.  Eepetition  series  backwards, 

6th.  Observations  on  the  eight  divisions. 

By  this  symmetrical  arrangement,  the  mean  of  the  three  deter- 
minations of  the  errors  of  the  eight  divisions  corresponds  to  the 
mean  state  of  the  apparatus  as  found  from  the  mean  of  the  two 
repetition  series.* 

THE   FILAR   MICROMETER. 

40.  For  the  measurement  of  small  angles,  not  greater  than 
the  angular  breadth  of  the  field  of  the  telescope,  graduated  cir- 
cles may  be  wholly  dispensed  with,  and  a  micrometer  attached 
to  the  eye  end  of  the  telescope  may  be  substituted  with  great 
advantage  both  in  respect  of  accuracy  and  facility  of  manipula- 
tion. Indeed,  for  many  purposes  to  which  the  micrometer  is 
adapted,  divided  circles  are  entirely  out  of  the  question;  for 
example,  the  measurement  of  the  angular  distance  between  the 
two  components  of  a  double  star. 

Micrometers,  however,  are  very  frequently  used  in  combina- 
tion with  graduated  circles ;  as  in  the  meridian  circle. 

41.  Thejilar  micrometer  is  the  same  in  principle  as  the  micro- 
meter employed  in  the  reading  microscope  (Art.  21),  only  more 
elaborate  and  complete  when  intended  to  be  used  at  the  focus 
of  a  large  telescope.  It  is  variously  constructed,  according  to 
the  instrument  with  which  it  is  to  be  connected.  A  very  com- 
mon form  which  involves  the  essential  features  of  all  the  others 
is  sketched  in  Plate  II.  Fig.  3,  where  the  outside  plate  and  the 
eye  piece  are  removed  and  the  field  of  view  exhibited.  The 
plate  aa  is  permanently  attached  to  the  eye  end  of  the  telescope 
tube  at  right  angles  to  the  optical  axis.  The  plate  66,  carrying 
the  thread  mm^  slides  upon  «a,  and  is  moved  by  the  screw  B. 
The  plate  a»,  carrying  the  thread  wn,  slides  upon  66,  and  is 
moved  by  the  screw  C.     The  threads  are  at  right  angles  to  the 

*  This  process,  which  is  due  to  Bessel,  will  be  found  more  fully  discussed  in  the 
Konigtberg  Ohtervationa^  Vol.  VII.,  and  in  the  Astron.  Naeh.y  Nos.  481  and  482.  See 
also  C.  A.  F.  Pktkbs,  Unter»uchung  der  TheUungtfehler  des  ErteUchen  Verticalkreises 
der  Pulkowaer  Sternwarte  (St.  Petersburg,  1848);  and  Hansen  in  the  Atfron.  Xaeh., 
No.  888. 
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direction  of  the  motion  prodaced  by  the  Rcrcwg.  Tlieir  clifl- 
tance  apart  is  changed  only  by  the  screw  C,  which  carries  a  large 
graduated  head,  by  nicatis  of  which  this  distance  is  measured. 
The  screw  B  merely  shifts  the  whole  apparatus  W,  bo  that  the 
threudrf  may  be  carried  to  any  part  of  the  iiekl  of  view,  A 
notched  scale  in  the  tieid  of  view,  the  notches  of  which  are  at 
the  Bame  distance  apart  as  the  threads  of  the  screw  Q  is  at- 
tached either  to  the  plate  W,  or  to  the  plate  cc  (in  the  fignre,  to 
the  hitter);  in  either  case  tlie  number  of  notches  between  the 
threads  indicates  tlie  whole  number  of  revolutions  of  the  screw 
by  which  the  threads  are  separated,  while  tlie  gnidnated  head 
of  C  indicates  the  fraction  of  a  revolution.  Finally,  at  lea^t 
one  tliread  is  stretched  across  the  middle  of  the  field  at  right 
angles  to  the  micrometer  ttireads:  sometimes  three  or  more 
equidistant  and  parallel  threads;  these  are  usually  attached  to 
the  plate  bb.  In  micrometer  measures  the  tliread  mm  usually 
remains  fixed  while  nn  moves :  the  foi'mer  is  therefore  usually 
calked  the  Jixed  thread,  and  the  latter  the  movable  thread.  The 
threads  at  right  angles  to  these  are  called  (ransvtrse  threads; 
sometimes  tratisU  threads. 

That  poition  of  the  telescope  to  which  the  micrometer  is  im- 
mediately attached  is  a  tube  which  both  slides  and  revolves 
\Kithin  the  main  tube  of  the  telescope,  so  that  (by  sliding)  the 
{ilfine  of  the  threads  may  be  accurately  placed  in  the  focus  of 
the  object  glass^  and  (by  revolving)  the  threads  may  be  nnide  to 
take  any  required  direction. 

To  measure  directly  the  angular  distance  between  two  objects 
whose  images  are  seen  in  the  field,  we  have  first  to  revolve  the 
whole  nkicrometer  nntil  the  middle  transverse  thread  pusses 
through  the  two  objects  ;  then,  bringing  the  fixed  thread  upon 
one  of  the  objects  and  the  movable  tbrea<I  upon  tbc  utlu^rj  the 
iUstance  is  at  once  obtained  in  revolutions  and  parts  of  a  revolu* 
lioit  of  the  micrometer  screw.  This  measure  is  then  to  be  re» 
duced  to  second?*  of  arc,  for  wliich  purpose  the  angular  value 
of  a  ri^vnltiJiou  of  the  screw  must  be  knouni. 


42,  7u  find  the  anffuhr  vahic  of  a  rftolution  of  (he  mierometrr 
tcrcw. — This  value  evidently  depends  not  only  upon  the  distance 
of  the  threads  of  the  screw,  but  also  upon  the  foc4d  length  of 
the  teles<.^ope,  since  the  greatc^r  the  focal  lengthy  tlie  larger  will 
be  the  image  of  any  given  object. 
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A  FIRST  METHOD  of  finding  the  value  of  the  screw  is,  there- 
fore, to  measure  the  focal  length,  F^  of  the  object  glass,  and  the 
distance,  m,  between  the  threads  of  the  screw  (which  is  done  bj; 
counting  the  number  of  threads  to  an  inch) ;  then,  if  jR  denotes 
the  angular  value  of  a  revolution,  we  have 

tan}i2=^  or  R=      ^  (39) 

as  is  evident  from  Fig.  2,  p.  18,  where  we  may  suppose  d?,  at 
the  focus  of  the  lens  AB^  to  be  the  space  through  which  the 
micrometer  thread  is  moved  by  a  revolution  of  the  screw,  and 
the  angular  breadth  of  the  object  Di,  of  which  dl  is  the  image, 
to  be  DCL  =  ICd,  and  Gm  =  F,dl  =  m. 

43.  Second  Method. — Measure  with  the  micrometer  any  pre- 
viously known  angle  A^  and  let  M  be  the  number  of  revolutions 
of  the  screw  in  the  measure ;  then,  assuming  that  the  middle 
point  of  A  is  observed  in  the  middle  of  the  field, 

tani2=^-^55_l£  or,  nearly,  i?  =  ^  (40) 

M  M 

The  sun's  apparent  horizontal  diameter  (see  Vol.  I.  Art.  134) 
may  be  used  for  the  angle  Ay  if  the  field  is  sufficiently  large  to 
embrace  the  whole  image  of  the  sun,  which,  however,  is  the 
case  only  with  small  instruments,  or  with  low  magnifying  powers. 

The  constellation  of  the  Pleiades  furnishes  pairs  of  stars  at 
various  distances,  suited  to  instruments  of  various  capacities : 
and  Bessel  determined  their  distances  with  very  great  accuracy 
with  a  view  to  this  as  well  as  other  applications.* 

The  angle  A  in  (40)  is  the  apparent  angular  distance  measured, 
so  that,  when  two  stars  are  employed,  their  apparent  distance 
must  be  computed  by  subtracting  the  correction  for  refraction, 
for  which  see  Chapter  X. 

44.  Third  Method. — ^Point  the  telescope  at  a  star,  and  let  the 
micrometer  be  revolved  so  that  the  transverse  thread  will  coin- 
cide with  the  apparent  path  of  the  star  in  its  diurnal  movement, 
and  the  fixed  micrometer  thread  will  represent  a  declination 
circle.   Place  the  movable  thread  at  any  number  M  of  revolutions 

*  Bbssel's  Attronomiacht  Unterwchungen,  Vol.  I.  p.  209. 
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from  the  fixed  thread,  and  note  the  times  of  transit  of  the  star 
over  these  threads  by  the  sidereal  clock,  the  telescope  remaining 
fixed  during  the  whole  observation.  Denote  the  sidereal  in- 
ter\'al  between  these  times  by  /,  the  declination  of  the  star  by 
3,  the  true  angular  interval  of  the  threads  by  i;  then  (as  will  be 
proved  in  the  theory  of  the  transit  instrument)  we  shall  find  i  by 
the  formula 


sin  t  =  sin  I  cos  d 
or,  when  the  star  is  not  within  10°  of  the  pole, 

i  =  I  cos  d 


(^1) 


(41*) 


after  which  the  value  of  a  revolution  of  the  screw  in  seconds  of 
arc  is  found  by  the  formula 


„       15t       15  7 cos  5 


(42) 


For  extreme  precision,  the  correction  for  refraction  should  bo 
ajiplied  to  i;  but  if  the  observations  are  made  near  the  meridian 
the  correction  will  rarely  be  appreciable. 

We  may  in  this  process  dispense  with  the  use  of  the  fixed 
thread  by  setting  the  movable  thread  successively  at  different 
points  in  the  field,  and  noting  the  times  of  transit  of  the  star 
over  it  together  with  the  number  of  revolutions  of  the  screw 
between  the  successive  positions.  In  this  way  the  regularity  of 
the  screw  may  be  tested  throughout  its  whole  length.  If  the 
star  is  very  near  the  pok-,  t-acli  ubser\*iition  ehuulil  be  uuniiiared 
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45.  If  the  micrometer  is  attached  to  an  instrument  designed 
only  for  the  measurement  of  zenith  distances,  or  differences  of 
zenith  distance  (as  in  the  case  of  the  Zenith  Telescope),  the 
movable  threads  being  always  perpendicular  to  a  vertical  circle, 
we  can  still  employ  this  method  of  transits,  by  observing  the 
pole  star,  or  any  star  near  the  pole,  at  the  time  of  its  greatest 
elongatioiu  At  this  time  the  vertical  circle  of  the  star  is  tangent 
to  its  diurnal  circle,  and,  consequently,  the  micrometer  thread 
will  coincide  in  direction  with  this  declination  circle,  as  required 
in  the  preceding  method.  If  the  instrument  is  not  moved  in 
azimuth  during  the  star's  transit  through  the  field,  the  formula 
for  computing  the  interv^al  i  from  the  sidereal  interval  /  is  still, 
as  in  the  transit  instrument,  sini  =  sin  /  cos  ^;  but  it  must  be 
observed  that  this  formula  here  applies  strictly  only  to  the  case 
where  the  thread  is  at  one  time  at  the  point  of  greatest  elonga- 
tion, and  therefore  each  observation  should  be  compared  with 
that  taken  nearest  the  computed  time  of  elongation.  To  find 
this  time,  we  first  find  the  hour  angle  t  of  the  star  by  the  for- 
mula (Vol.  I.  Art.  18) 

cos  t  =  cot  d  tan  ^ 

in  which  tp  is  the  latitude  of  the  place   of   observation;    and 
then,  a  being  the  star's  right  ascension,  we  have 

Sid.  T.  of  gr.  elongation  =z  a  ±:t 

the  lower  sign  for  the  eastern  elongation. 

If  the  instrument  is  slowly  moved  in  azimuth  as  the  star 
crosses  the  field,  so  as  to  make  each  observation  of  a  transit  in 
the  middle  of  the  field,  the  vertical  distances  between  the  diflfer- 
ent  positions  of  the  movable  thread  are,  rigorously,  differences 
of  zenith  distance,  and  the  formula  for  the  transit  instrument  is 
no  longer  strictly  applicable.  I  shall  show,  however,  that  it  is 
practically  sufficiently  exact.  Let  the  zenith  distance,  hour 
angle,  and  azimuth  of  the  star  at  the  elongation  be  denoted  by 
z^  t^,  and  Aq  respectively ;  those  for  any  observation  by  z,  t,  A ; 
and  let  A^  and  A  be  reckoned  from  the  elevated  pole.  At  the 
time  of  the  observation,  the  star,  the  zenith,  and  the  pole  form 
an  oblique  spherical  triangle,  and  we  have  the  general  relations 

cos  ^  cos  ^  =  cos  q>  COS  z  —  sin  ^  sin  z  cosA 
cos  5  sin  f  =  sin  z  sin  A 
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At  the  elongation  the  triangle  becomes  right  angled  at  the  star, 
and  we  have 


cos  t^  =  cos  z^  sin  A^ 

.    .        sin^r.       cos  ^0  cos  A, 

Bin  L= fi  = ^ -2 

•       cos  ^  sin  ^ 

From  these  we  deduce 

cos  d  sin  f^cos  t  =  sin  r^cos  z  —  cos  -sr^sin  z  cos^^^^^ 
cos  <J  cos  t^  sin  t  =  cos  z^  sin  z  sin  A^  sin  A 

the  diflFerence  of  which  gives 

cos  d  sin  (t  —  fo)  =  —  s^°  ^0  ^^^  ^  +  cos  z^  sin  z  cos  (A^ — A) 
=  sin  (2r  —  ^o)  ""  2  cos  ^^  sin  ^  sin» }  (^^  ---^) 

where,  if  we  neglect  the  last  term  and  denote  t  —  t^  by  /,  and 
z  —  Zq  by  ij  we  have  the  formula  for  the  transit  instrument.  To 
obtain  an  expression  for  this  last  term,  we  take  the  relations 

sin  z  cos-4  =  cos  ^  sin  ^  —  sin  tp  cos  d  cost 
sin  ^  sin  ^  =  cos  d  sin  t 


and  combine  them  with 


whence 


cos  ^^  =  sin  ^  sin  t^ 

cos  d       sin^  C08f„ 

sin  A^=  -         =  — . 2 

®      cos  ip  Bin  ip 
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For  either  method  of  observation,  therefore,  we  can  regard 
the  formula  sin  i  =  sin  /cos  3  as  entirely  rigorous. 

But  in  either  method  we  must  correct  the  computed  interval  i 
for  refraction.  This  computed  interval  is  the  difterence  of  the 
true  zenith  distances  at  the  two  instants  of  transit,  and  the 
micrometer  interval  M  represents  the  difference  of  the  apparent 
zenith  distances  at  these  instants ;  hence,  if  r  and  Vq  are  the  re- 
fractions for  the  zenith  distances  z  and  z^j  we  shall  have 

ff  ^ »  — (r  ~  r,)  ^  2r  ~  g,  — (r  —  rj 
M  M 

If  we  put 

Ar  =  the  difference  of  refraction  for  1'  of  zenith  distance, 

we  shall  have 

r  — ro  =  (2r  — r,)Ar 


or,  very  nearly, 
and,  consequently, 


r  —  r^=MEAr 

B  =  l.-^B.Ar  (44) 


M 


The  value  of  at  may  be  taken  from  the  refraction  table  for  the 
zenith  distance  at  the  elongation,  which  will  be  found  by  the 

formula 

sin  0 
*      sm  d 

An  example  of  this  method  will  be  given  in  the  chapter  on 
the  Zenith  Telescope. 

46.  Fourth  Method. — The  angular  distance  of  two  threads  in 
the  focus  of  a  telescope  may  be  directly  measured  with  a  theodo- 
lite. We  have  seen  (Art.  4)  that  the  rays  which  diverge  from 
the  focus  and  fall  upon  the  object  glass  emerge  from  this  glass 
in  parallel  lines.  If  then  these  emerging  rays  be  received  by 
the  lens  of  another  telescope,  they  will  be  converged  by  the 
latter  lens  to  its  principal  focus,  where  they  will  form  an  image 
of  the  point  from  which  they  diverged.  Hence,  if  two  telescopes 
are  placed  with  their  optical  axes  in  the  same  straight  line  and 
with  their  objectives  turned  towards  each  other,  we  may  in 
either  telescope  see  the  images  of  threads  at  the  principal  focus 
of  the  other.    If  our  second  telescope  is  connected  with  a 

Vol.  EL— 5 
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vertical  or  horizontal  circle,  as  In  the  theodolUc,  the  circle  may 
be  used  to  measure  the  augiikir  distance  of  the  threads  in  the 
first. 

J^rsL—I£  the  micrometer  threads  are  horizotital^  that  is,  per- 
pendicular to  the  vertical  plane  (an  in  the  meridian  circle  when 
the  micrometer  is  arranged  to  measure  differences  of  zenith 
distance  or  of  declination),  the  telescopes  may  have  any  inclina- 
tion to  tlie  horizon,  and  the  angular  distance  of  two  threads  will 
be  directly  measured  by  moving  the  theodolite  telescope  in  the 
vertical  plane  and  bringing  its  cross-thread  successively  into 
coincidence  with  the  images  of  the  two  micrometer  threads. 
Denoting  the  difference  of  readings  of  the  vertical  circle  in  tho 

two  positions  by  A^  and  the  number  of  revolutions  of  the  micro- 

2  tan  )  A 
meter  screw  between  the  threads  by  Jf,  we  have  tan  J?= 

or,  very  nearly,  Ji  —  -r^- 

Sccondb/, — If  the  micrometer  threads  are  parnllel  to  a  vertical 
plane  (as  in  the  meridian  circle  when  the  micrometer  is  arranged 
to  measure  differences  of  right  ascension),  the  theodolite  is  placed 
lis  before,  and  the  angular  distance  of  the  threads  is  measured 
with  the  horizontal  circle.  But,  in  this  case,  if  the  telescopes 
are  inclined  to  the  horizon  by  the  angle  j  (which  is  obtained 
from  the  vertical  circ*le  of  the  theodolite),  the  angular  distance  A^ 
read  on  the  horizontal  circle,  will  exceed  that  of  the  tlireads  in 
the  ratio  lieosj^  (see  the  theoiy  of  tlie  altitude  and  azimuth 

instrument) :  so  that  we  shall  tlien  have  R  =^  --        * 

This  ingenious  method  was  suggested  by  Gauss.* 


M 


47.  FinrH  Method. — When  the  telescope  is  connected  witii  a 
graduated  vertical  circle  and  its  micrometer  is  arranged  to  mea* 
«ure  differences  of  zenith  distance,  the  value  of  the  screw  may 
be  found  hy  means  of  this  vertical  circle  as  follows.  Let  the  tele- 
scope  be  directed  towards  the  nadir  and  h>oking  into  a  basin  of 
mercury  immediately  under  it.  The  rays  whicli  diverge  from  a 
thread  in  the  focus  of  a  telescope  emerge  from  the  objective  in 
parallel  lines;  they  are  therefore  reflected  by  the  mercury  in 


«  Is  IS23,  .ijf^oji.  .VtfcA.,  Vol.  II  p-  STl*  RirrwiuoiTJii  li«4  preTiouslj  (Ia  1716) 
f9tat*d  out  th«  pr»el{e«billijr  of  ob««rtiiig  I  lit  iUri>»iU  of  on*  lelvsoope  throygk 
■aolbw  directed  towtnb  r|i«  ot^ecUTO  of  the  lint,  in  the  Trm$ati¥fn*  o/  <Ac  Awttri^tm 
\S^€itty,  Vot  II.  p.  181. 
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parallel  lines,  so  that  they  must  be  converged  by  the  objective 
again  to  the  focus,  where  they  form  an  image  of  the  thread.  It 
is  evident  that  the  diistance  of  the  reflected  images  of 
two  micrometer  threads  will  be  the  same  as  that  of 
the  threads  themselves.  Let  then  EO^  Fig.  14,  be  a 
vertical  line  drawn  through  the  centre  0  of  the  ob- 
jective, and  suppose  the  fixed  and  movable  threads  n 
and  m  to  be  at  the  same  angular  distance  from  EO^ 
on  opposite  sides  of  it,  or  EOn  =  EOm.  Then  the 
rays  from  n^  after  passing  through  the  objective,  form 
a  system  of  raj'^s  parallel  to  nO,  and,  after  reflection 
from  the  mercury  (the  surface  of  which  is  perpen- 
dicular to  EO)j  form  a  system  of  rays  parallel  to  Ow, 
and  therefore  the  reflected  image  of  n  is  seen  at  m. 
For  the  same  reason,  the  reflected  image  of  m  is  seen  at  n.  Now 
let  the  telescope  be  revolved  through  an  angle  equal  to  EOn,  so 
as  to  make  the  line  nO  a  vertical  line ;  then  the  image  of  n  will 
be  found  in  the  vertical  line,  and  will,  consequently,  be  seen  in 
coincidence  with  n  itself.  And  if  the  telescope  is  revolved  in  the 
opposite  direction  through  an  angle  equal  to  EOm,  the  image  of  m 
will  be  brought  into  coincidence  with  itself.  Hence  the  whole 
angular  motion  {A)  of  the  telescope,  as  measured  by  the  vertical 
circle,  between  the  two  positions  in  which  n  and  m  are  seen  in 
coincidence  with  their  own  reflected  images,  respectively,  is  the 
required  angular  distance  of  the  threads ;  and,  the  number  of 
revolutions  of  the  micrometer  screw  between  them  being  My  we 

have,  as  in  other  cases,  ^  =  j^ 

We  may,  however,  dispense  with  the  use  of  the  fixed  thread 
in  this  process.  Let  the  movable  thread  be  placed  in  any  part 
of  the  field,  bring  it  into  coincidence  with  its  reflected  image  by 
revolving  the  telescope,  and  read  the  circle.  Then  place  it  in 
any  other  part  of  the  field,  bring  it  into  coincidence  with  its 
reflected  image,  and  read  the  circle.  The  thread  having  been 
moved  through  Jlf  revolutions,  and  the  difference  of  the  circle 
readings  being  Ay  we  find  B  as  before. 

Li  order  that  the  reflected  images  of  the  threads  may  be 
visible,  it  is  found  necessary  to  throw  light  dovm  the  tube,  that 
is,  from  the  ocular.  For  this  purpose,  one  of  the  eye  pieces 
(called  a  colUmating  or  nadir  eye  piece)  is  furnished  with  a  reflector, 
placed  at  an  angle  of  45°  with  the  optical  axis,  which  receives 
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light  from  a  lamp  held  on  one  side  and  reflects  it  down  the  tube* 
Thi8  reflector  h  somctimee  placed  within  the  eye  piece,  between 
tlie  two  lenses;  the  light  is  then  received  through  an  aperture 
in  the  Bide  of  the  eye  tnbe,  and  the  reHector,  if  made  of  metal, 
is  perforated  in  the  centre  in  order  that  the  field  may  be  visible. 
A  better  plan  is  to  place  a  stnall  piece  of  very  thin  mica  outside 
the  eye  piece,  between  the  outer  lens  and  the  eye,  and  at  an 
angle  of  45*^  with  the  axis,  Tlie  mica,  being  trani*parent,  does 
not  interfei*e  with  the  view  of  the  field,  and  is  at  the  same  time 
a  very  perfect  reflector.  This  plan  has  the  advantage  that  the 
mica  reflector  may  be  temporarily  applied  to  any  of  the  eye  pieces 
in  actual  use. 

A  mercury  reflector  used,  a^  m  this  case,  to  give  reflected 
images  of  the  threads,  we  shall  hereafter  designate  as  a  niereurtf 
collimator.^ 


48.  Mfftct  of  temperature  upon  the  value  of  a  revolution  of  the 
micrometer  strew. — Changes  of  temi»eruture  afleet  the  angular 
value  of  a  revolution  of  the  screw  in  two  ways  ijir^t^  by  changing 
the  absolute  length  of  the  screw  itself;  sevoudty^  by  changing  the 
figure  of  tlie  i»bjcrtive,  and  thereby  alno  the  fociil  length.  Per- 
haps we  should  add,  alr*o,  the  almost  cvaiiescent  change  in  the 
focal  length  resulting  fmm  a  change  in  the  refractive  power  of 
the  glass*  The  whnle  effect,  however,  is  very  snmlK  uiul  may  be 
assumed  to  be  proportional  to  the  change  of  temperature:  so 
that,  if  R^  is  the  value  of  a  revolution  of  the  screw  for  an 
wsHumed  temperature  r^,  R  the  value  for  any  given  temperature 
T,  we  have 


n,^  }l+Il{T  -  T.)X  =Rll+  (r^T,)x} 


(45) 


hi  which  X  is  to  he  detenuiued  so  as  to  sati??fy  the  observed  values 
of  Ji  at  different  temperatures  as  nearly  as  p<>s.sili]<\  which  is 
done  by  the  method  of  least  squares. 

Example. — Suppose  the  following  value:?   of  Ji  have   been 
obj*er%^ed : 

Ji  :^  20".557,       2C".533,       26".629,       2a".50O,        20",4DS, 
lbrr=    10*  30*  40*  G2*  75*  (Fahr.) 


*  Tbe  UM)  of  tiie  mercurj  eolUeiattir  in  c<jnn»etluii  with  the  p*dir  oye  ptte*  ^ 
Ititroaiicca  by  Boax<3iPt»oia  m  1926:  t.  Atttvn,  XacL,  Vol  IV,  p.  327. 
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and  it  is  proposed  to  determine  B^  for  Tq=  50°.    We  shall  have 
the  equations 

iZ,=  26".667(l— 40x) 

J?o=26.632(l— 20j:) 

B^=2e  .629(l-.10x) 

J?o=26.600(l  +  12x) 

J?o=26  .498(1  + 25  x) 

Let  us  assume  JRi,=  26.5  +  y;  these  equations  become 

1062  a: +  y  —  0".057  =  0 
531x  +  y  — 0  .032  =  0 
265a: +  y  —  0  .029  =  0 

—  318x  +  y +  0.000  =  0 

—  662x  +  y +  0  .002  =  0 

Hence,  by  the  usual  process  in  the  method  of  least  squares,  we 
find  the  normal  equations 

2019398  a:  +  878y  —  86".535  =  0 
878a:  +      5y  —    0  .116  =  0 
whence 

a:  =  +  0.0000355  y  =  +  0".017 

and,  consequently,  JR;,  =  26''.517,  and 

26".517 


J2  = 


1  +  0.0000355  (T  —  50<>) 
As  the  coefficient  of  r  —  50*^  is  so  small,  we  may  take 

R  =  26".517  [1  —  0.0000355  (r  —  50^)] 
=  26".517  +  0".000941  (50^  —  t) 

This  gives  for  the  values  of  jR  at  the  observed  temperatures, 

B  =  26".555,        26".536,        26".526,        26".504,        26".493 
forT=     W  30^  40^  62^  75^ 

which  agree  with  the  observed  values  within  the  probable  errors 
of  such  determinations. 

49.  The  position  Jilar  micrometer. — ^When  a  filar  micrometer  is 
attached  to  an  equatorially  mounted  telescope,  there  is  usually 
combined  with  it  a  small  graduated  circle,  the  plane  of  which  is 
parallel  to  that  of  the  micrometer  threads,  by^  means  of  which 
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the  angle  which  these  threads,  or  tlie  transverse  threads,  make 
with  a  decliuatioQ  circle  naay  be  ascertained-  The  micrometer 
then  serves  to  meagui*e  not  only  the  distance  between  two  stai^, 
but  also  their  angle  of  position  ;  that  is,  the  angle  which  the  artJ 
joining  the  two  stars  makes  ^vith  a  decUuation  circle. 

The  index  error  of  the  circle,  or  its  reading  for  the  position 
angle  zero,  is  best  obtained  witli  the  telescope  in  the  meridian. 
Let  the  micrometer  be  revolved  until  the  movable  thread  is  per- 
pendicular to  the  meridian,  which  will  be  the  ease  when  a  star 
of  small  declination  remains  upon  the  thread  throughout  ita 
passage  across  the  field.  The  transverse  tliread  will  then  repre- 
sent  the  meridian^  and  in  all  other  positions  of  the  telescope,  if 
the  equatorial  adjustment  is  good,  will  represent  a  declimition 
circle,*  If  the  reading  of  the  position  circle  is  then  P^  and 
the  micrometer  is  aftenvards  revolved  so  that  its  transverse 
thread  passes  through  two  stars  in  the  field,  and  the  reading 
becomes  P,  the  apparent  position  angle  of  the  stars  Is 


p  =  P^P, 


(40) 


All  position  angles  should  he  read  from  0  to  360**  in  the  same 
direction.  I  shall  always  suppose  them  to  be  reckoned  from  the 
north  through  the  east. 

60.  I  shall  briefly  notice  some  other  micrometers  hereafter 
(Chapter  X.).  What  has  been  given  in  relation  to  the  filar  micro- 
meter  was  necessary  in  this  place  on  account  of  the  connection 
of  this  instrument  with  nearly  every  form  of  telescope. 

THE   LEVEL. 

51.  The  spirit  level  may  here  be  classed  among  the  instra* 
ments  for  measuring  small  angles,  inasmuch  as  its  use  in  astro* 
nomy  is  not  so  much  to  make  a  given  line  absolutely  level  as  ta 
measure  the  small  inchiuition  of  the  line  to  the  horizon.  It 
consists  of  a  glass  tube,  ground  on  the  interior  to  u  curve  of 
large  radius,  and  nearly  filled  with  alcohol  or  sulplmric  ether, 
(Water  would  freeze  and  burst  the  tube).  The  bubble  of  air 
occupying  thd  apaoe  left  by  the  fluid  will  always  stand  at  the 
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highest  point  of  the  curve  of  the  tube;  and  therefore  any 
change  of  the  relative  elevation  of  the  two  ends  of  the  tube 
must  be  followed  by  a  corresponding  change  in  the  position  of 
the  bubble.  This  position  of  the  bubble,  therefore,  which  is 
read  off  by  means  of  a  scale,  or  by  graduations  marked  on  the 
tube  itself,  serves  to  measure  all  changes  of  inclination  within 
the  extreme  ranges  of  the  arc  of  the  curve  employed.  The 
larger  the  radius  of  the  curve,  the  more  sensitive  will  the  level 
be.  There  is,  however,  obviously  a  practical  limit  to  the  radius, 
which  is  determined  by  the  kind  of  instrument  to  which  the 
level  is  to  be  applied  and  the  degree  of  accuracy  aimed  at. 

In  order  to  apply  the  level  to  the  horizontal  axis  of  an  instru- 
ment, it  is  either  mounted  upon  two  legs,  the  distance  apart  of 
which  is  nearly  equal  to  the  length  of  the  axis ;  and  these  legs 
terminate  in  Vs,  so  that  the  level  bears  only  at  two  points  of  the 
cylindrical  pivots  of  the  axis,  in  which  clEise  it  is  called  a  striding 
level :  or  it  hangs  from  the  axis  by  arms,  which  are  recurved 
and  terminate  in  inverted  Vs;  and  it  is  then  called  a  hanging 
level. 

Plate  n..  Fig.  4,  represents  a  common  form  of  the  striding 
level,  and  Fig.  5  is  an  end  view  of  the  legs.  The  tube  ef  is  in 
this  level  covered  by  a  larger  glass  tube  abed,  to  protect  the  fluid 
from  sudden  changes  of  temperature.  These  are  secured  to  a 
bar  ABj  usually  a  hollow  brass  cylinder,  which  is  connected 
with  the  legs  by  screws  $  and  /,  which  serve  to  adjust  the  rela- 
tion of  the  level  tube  to  the  line  of  bearing  of  the  Vs  of  the 
feet,  as  will  be  explained  hereafter. 

62.  In  order  to  investigate  the  method  of  using  the  level,  let 
us  first  suppose  JEW^  Fig.  15,  to  be 
a  truly  horizontal  line  on  which 
the  level  AB  rests.  Let  0  be  the 
zero  of  the  graduations ;  e  and  w 
the  ends  of  the  bubble.  Let  the 
length  of  the  bubble  be  21.  If 
the  legs  AH  and  B  W  were  "per- 
fectly equal,  and  0  were  in  the 
middle  of  ABj  the  readings  of  w  and  e  from  0  would  be  exactly 
the  same,  and  each  equal  to  I.  But,  if  JB  TT  is  the  longer  leg, 
the  bubble  will  stand  nearer  to  JB  by  a  number  x  of  divisions ; 
and  if  at  the  same  time  the  zero  0  stands  nearer  to  A  than  to  JB, 
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at  a  distance  of  y  divisions  from  the  middle,  then  the  readings 

will  be 

at  w,  iJ^x-\-y^ 

at  6,  I  —  X  —  y. 

K  now  TTis  raised  so  that  -EW  becomes  inclined  to  the  horizon 
by  the  angle  6,  the  bubble  will  stand  nearer  to  the  end  J?  by  a 
number  z  of  divisions,  so  that  the  whole  readings  at  \d  and  e 
will  be 

e  =  I'-x  —  y  -—z 


(47) 


To  eliminate  the  errors  z  and  y,  let  the  level  now  be  reversed, 
so  that  the  end  A  stands  over  W  and  B  over  E.  The  errors  z 
and  y  will  both  change  sign ;  but,  the  line  EW  being  inclined 
as  before,  the  readings  of  the  ends  of  the  bubble  towards  Wand 
JEj  respectively,  will  be 


u/=  I  —  X  —  y  +  z 

e=l  +  X  +  y  —  z 

Prom  the  equations  (47)  and  (48)  we  deduce 


whence 


or 


}      («) 

}      (49) 
(60) 
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«  +  y  =  ^^ —i^ (52) 

If  the  errors  of  the  level  could  be  regarded  as  constant,  the 
value  of  X  +  y  thus  found  would  enable  us  to  dispense  with  the 
reversal  of  the  level,  since  either  of  the  equations  (49)  would 
then  determine  z;  but  such  constancy  is  never  to  be  assumed. 

54.  For  greater  accuracy,  the  level  may  be  read  a  number  of 
times  in  each  position,  taldng  care  to  lift  it  up  after  each  read- 
ing, so  that  each  observation  may  be  independent  of  the  others. 
The  sums  of  all  the  readings  at  each  end  of  the  bubble  are  to  be 
formed,  and  the  difference  of  these  sums  divided  by  the  whole 
number  of  readings.  The  number  of  readings  in  the  two  posi- 
tions must  be  equal. 

Example  1. 

^nt  was  read  as 


A  level 

on  the 

axis 

of  a 

transit  instr 

followB : 

w. 

JB. 

« — « 

Ist  Position 

29.1 

81.2 

—    2.1 

2d        « 

85.4 

24.9 

+  10.5 

64.5 

56.1 

4)  — 12.6 

56.1 

X 

+  y 

=  —   8.11 

4)   8.4 

z=   2.1 
The  value  of  a  division  was  d=  1''.25 ;  and  hence 

b  =  dz  =  2".68 
which  is  the  elevation  of  the  west  end  of  the  axis. 

Example  2. 
The  following  readings  were  obtained  with  the  same  instru- 
ment: 


r. 

S. 

let  Position 

29.0 

81.8 

2d       « 

85.4 

24.9 

2d       « 

85.6 

24.6 

l8t        « 

29.2 

81.0 

129.2 

111.8 

111.8 

8)  17.4 

r=     2.18  6  =  2".72 
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By  taking  the  first  arid  la8t  obseri'atioiis  in  the  same  position 
of  the  leyei,  as  in  this  example,  any  small  change  in  the  level 
itself,  occnring  daring  tlie  observations,  is  eliminated. 

55.  The  zero  of  the  level  is,  however,  not  always  placed  near 
the  middle  of  the  tube;  it  may  be  at  one  end  and  the  divisions 
numbered  consecutively  tliroiigh  the  whole  length  of  the  tube. 
In  thiB  case,  we  have  only  to  tind  the  reading  correj»ponding  to 
the  middle  of  the  bubble  in  each  position  of  the  level :  the  half 
difference  of  these  readings  will  evidently  be  the  required  incli- 
nation.  It  will  be  necessarj^  in  the  record  of  the  observation^ 
to  note  the  poeitiou  of  the  ends  of  the  level,  or  to  indicate  in 
some  manner  the  direction  in  which  the  divisions  increase,  which 
is  usually  efl*ected  moat  readily  by  a  conventional  use  of  the 
algebraic  sign,  ad  in  the  following 

Example. 

A  level  which  is  graduated  from  the  end  A  towards  the  end  B 
reads  as  follows  when  placed  on  the  axis  of  a  transit  Instrumeai: 


or  tbtws 


w. 

£• 

Reading  of 
middle  «f 
bubble. 

+  64.0 
—  lO.l 

+  13.5 

—  00.7 

+  88.76 
—  35.40 

z 

2) +  8.85 

=  +1.675 

+  n.8 

^  70.8 


4)  +6J 


Since  in  the  ease  of  a  transit  instrument  we  xdsh  t^  find  tfia ; 
deration  of  the  west  end  (a  negative  elevation  being  interpreted  u 
a  depression),  we  here  mark  the  level  readings  with  the  posilivo 
sign  when  tliey  increase  towanls  the  west,  and  with  the  negativo 
sign, when  they  increase  towards  the  cast  The  value  of  z  will 
then  be  obtained,  with  its  proper  sign,  by  simply  taking  tho 
mean  of  all  the  readings,  as  in  the  last  column  above. 

66,  In  the  above  examples,  the  diameters  of  the  two  pivots  of 
the  axis  on  which  the  level  rests  are  assumed  to  be  the  same. 
When  this  is  not  the  cAse,  a  correction  becomes  necessary^  which 
will  be  considered  in  its  place  under  ''Transit  Instrument," 
Chapter  V. 
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57.  Tojind  the  value  of  a  dimmn  of  the  level. — This  is  most  readily 
done  by  means  of  a  simple  instrument  called  a  level-trier.  A 
horizontal  bar  is  supported  by  two  feet  at  one  end  and  by  a 
single  foot-screw  at  the  other.  The  level  is  placed  on  the  bar, 
and  the  number  of  turns  of  the  foot-screw  necessary  to  carry  the 
bubble  over  any  given  number  of  divisions  is  observed.  The 
angular  value  of  a  turn  of  the  foot-screw  is  known  from  the 
distance  of  its  threads  and  the  length  of  the  bar.  The  head  of 
the  screw  is  graduated  so  that  a  fraction  of  a  turn  may  be  noted. 

We  can  also  determine  the  value  of  a  division  by  attaching 
the  level  tube  to  a  vertical  circle  and  noting  the  number  of 
seconds  on  the  circle  corresponding  to  a  motion  (of  the  circle 
and  level  together)  which  carries  the  bubble  over  a  given  number 
of  divisions.  Thus,  suppose  we  read  the  ends  A  and  5  of  a  level 
thus  attached  to  a  circle,  and  also  read  the  circle  itself,  as  follows: 

A  B  Circle. 

5.0  40.2  0^0^40". 

41.3  3.8  0    1  25  .3 

86.3  36.4  45  .8 

(mean)  36.35  (i  =  45".3 
rf=    r.246 

"When  the  level  is  applied  to  a  telescope  which  is  provided 
with  a  micrometer,  the  value  of  the  divisions  of  the  level  may 
be  found  from  those  of  the  micrometer.  An  example  of  this 
method  will  bie  given  in  connection  with  the  Zenith  Telescope, 
Chapter  Vm. 

58.  To  find  the  radius  of  curvature  of  a  ferei.— Let  n  be  the  length 
of  a  division  in  linear  units,  d  the  value  of  a  division  in  arc, 
found  as  above ;  then  the  radius  will  be 


r  = 


d  Bin  1" 


Suppose  that  in  the  level  of  the  preceding  article  we  have 
n  =  0.103  inch,  then  we  find,  for  this  level,  r  =  17051  inches,  or 
1421  feet. 

59.  The  value  of  a  division  of  a  level  may  be  affected  by  changes  of 
temperature. — This  will  be  discovered  by  taking  observations  for 
detemrining  this  value  at  two  temperatures  as  different  as  pos- 
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fiiblc*     The  proper  value  to  be  used  for  any  intermediate  tem- 
perature will  then  be  found  by  intei-polation. 

60,  It  13  also  possible  (hai  the  radiums  of  curvature  of  different  jyor- 
Horn  of  the  tube  may  be  differail, — This,  of  course,  is  a  radical  defect 
in  the  construction  of  the  instrument :  its  effect  is  to  give  dif- 
ferent angular  values  to  divisions  of  equal  absolute  length  in 
different  portions  of  the  tube.  The  existence  of  such  a  defect 
will  be  discovered  by  determining  the  value  of  a  division  inde- 
pendently at  various  points;  and  it  is  proper  to  examine  all  our 
levels  in  tliis  manner.  A  level  thus  defective  should  be  rejected 
as  unfit  for  any  refined  observation  ;  but,  if  no  other  can  be  had, 
a  careful  investigation  might  determine  a  system  of  correctionsi 
to  be  applied  to  the  different  readings. 

61,  It  remains  to  be  shown  how  to  effect  the  mechanical  adjust- 
ment of  the  level.     Ist  The  bubble  sliould  stand  nearbf  in  the 
middle  of  the  tube  when  the  level  stands  upon  any  horizontal 
line.     This  is  quickly  brought  about  by  finding  the  error  of  the 
level  —  j:  +  y,  (as  in  Example  1,  Art.  54)  and  then  turning  tho_ 
screws  /,  (',  Plate  II,  Fig,  5,  until  the  bubble  has  moved  through' 
this  quantity  in  the  proper  direction*     2d,  The  axis  of  the  tube 
should  be  parallel  to  the  line  joining  the  angle  of  the  Vs  of  the  ^ 
feet,  and,  consequently,  parallel  to  the  axis  of  an  instrument  on 
which  it  rests.     This  is  tested  by  slightly  revolving  or  rocking 
the  level  on  the  axis  of  the  instrument,  so  that  the  legs  are 
thrown  out  of  a  perpendicular  on  eithar  side*     If  the  axis  of  the 
level  tube  is  not  parallel  to  the  line  joining  the  feet^  but  Heal 
cross-wise  with  respect  to  that  line,  tliis  revolution  wll  cause  the 
bubble  to  change  its  position,  and  it  will  be  easy  to  see  in  what 
direction  the  correction  must  be  made.   The  adjustment  is  made 
by  the  screwa  «,  y. 


CHRONOMSTSBS.  77 


CHAPTER  III. 

IKSTRHMENTS  FOR  MEASURING  TIME. 

62.  Chronometers. — The  chronometer  is  merely  a  veiy  perfect 
watch,  in  which  the  balance  wheel  is  so  constructed  that  changes 
of  temperature  have  the  least  possible  effect  upon  the  time  of  its 
oscillation.  Such  a  balance  is  called  a  compensation  balance.  A 
chronometer  may  be  well  compensated  for  temperature  and  yet 
its  rate  may  be  gaining  or  losing  on  the  time  it  is  intended  to 
keep :  the  compensation  is  good  when  changes  of  temperature  do 
not  affect  the  rate.  It  is  not  necessary  that  a  chronometer's  rate 
should  be  zero  (or  even  very  small,  except  that  a  small  rate  is 
practically  convenient) ;  it  is  sufficient  if  the  rate,  whatever  it  is, 
remains  constant.  The  indications  of  a  chronometer  at  any 
instant  require  a  correction  for  the  whole  accumulated  error  up 
to  that  instant.  If  the  correction  is  known  for  any  given  time, 
together  with  the  rate,  the  correction  for  any  subsequent  time  is 
known.  The  methods  of  finding  these  quantities  are  given  in 
Vol- 1.,  Chapter  V. 

63.  Winding. — ^Most  chronometers  are  now  made  to  run  either 
eight  days  or  two  days.  The  former  are  wound  every  seventh 
day,  the  latter  daily,  so  that  in  case  the  winding  should  be  for- 
gotten for  twenty-four  hours  the  chronometers  will  still  be  found 
running.  But  it  is  of  importance  that  they  should  be  wound  regu- 
larly at  stated  intervals ;  otherwise  an  unused  part  of  the  spring 
comes  into  action,  and  an  irregularity  in  the  rate  may  result. 

Chronometers  are  wound  with  a  given  number  of  half  turns  of 
the  key.  It  is  well  to  know  this  number,  and  to  count  in  winding, 
in  order  to  avoid  a  sudden  jerk  at  the  last  turn:  still  the  chro- 
nometer should  always  be  wound  as  far  as  it  will  go,  that  is,  until 
it  resists  further  winding.  This  resistance  is  produced  not  by 
the  end  of  the  chain,  but  by  a  catch  provided  to  act  at  the  proper 
time  and  thus  protect  the  chain. 
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"Wlien  a  clironomcter  has  stopped,  it  does  not  again  start 
iraniediatcly  atlter  being  wound  iip.  It  is  necessary  to  pve  the 
whole  instrument  a  quick  rotatory  movement,  by  which  the 
balance  wheel  is  set  in  motion.  This  must  be  done  with  care,  j 
however,  and  with  little  more  force  than  is  necessary  to  produce 
the  result;  afterwards  the  chronometer  must  be  guarded  from  all 
sudden  motions. 

The  hands  of  a  chronometer  can  be  moved  without  injury  to 
the  instrument,  so  that  it  may  be  set  proximately  to  the  true 
time.     It  is,  however,  not  advisable  to  do  this  often. 


64,   TVansj^orimy, — Chronometers   transported   on   board  ship' 
sliould  be  placed  as  near  the  centre  of  motion  as  possible,  and' 
allowed  to  swing  freely  in  their  gimbals,  so  that  they  may  pre* 
een'e  a  horizontal  position.     Tliey  should  also  be  kept  as  nearly 
as  possible  in  a  uniform  temperature, 

"VVTicn  transported  by  land,  the  chronometer  should  no  longer 
be  allowed  to  swing  in  its  gimbals,  but  is  to  be  fastened  by  i^, 
clamp  provided  for  the  purpose;  for  the  sudden  motions  which 
it  is  then  liable  to  receive  would  set  it  lu  violent  oflcillation 
in  the  gimbals,  and  produce  more  effect  than  if  allowed  to  act 
directly. 

Pocket  chronometers  should  be  kept  at  all  times  in  the  same 
position:  consequently,  if  actually  carried  in  the  pocket  during 
the  day,  they  should  be  suspended  vertically  at  night. 

It  has  been  found  that  the  rates  of  chronometers  have  been 
nffected  liy  masses  of  iron  in  their  vicinity,  indicating  a  magnetic 
polarity  of  their  balances.  Such  polarity  may  exist  in  the  balance 
when  it  first  comes  from  tlie  liands  of  the  maker,  or  it  may  bo 
acquired  by  the  chronometer  standing  a  long  time  in  the  same 
position  with  respect  to  the  magnetic  meridian.  In  order  to 
avoid  any  error  that  might  result  from  this  polarity  (whether 
known  or  unknown),  it  will  be  well  to  keep  the  chronometers 
always  in  the  same  position.  Hence,  they  should  not  be  removed  . 
from  the  ship  to  be  rated;  but  their  rates  should  be  found  after  j 
they  are  placed  in  the  position  they  are  to  occupy. 

The  rate  of  a  chronometer  when  transported  is  seldom  tlie 
same  as  when  at  rest.  The  travelling  rate  is  found  by  comparing 
the  observations  taken  at  the  same  place  before  and  after  the 
journey,  or  from  obsor%'ations  at  two  places  whose  ditterence  of 
longitude  is  perfectly  %vell  known.     A  list  of  well  determined 
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"differences  of  longitude"  is  given  in  Baper's  Practice  of  Navi- 
gation, for  the  use  of  navigators  in  finding  the  sea  rates  of  their 
chronometers.    (See  Vol.  I.  Art  258). 

65.  Correction  for  temperature. — ^An  absolutely  perfect  compensa- 
tion for  temperature  in  chronometers  is  hardly  to  be  expected. 
It  has  been  found*  that  the  average  temperature  compensation 
of  chronometers  is  of  such  a  nature  as  to  cause  the  instrument  to 
lose  on  its  daily  rate  when  exposed  to  a  temperature  either  above 
or  below  a  certain  point  for  which  the  compensation  is  most 
perfect.  Professor  Bond  found  for  a  large  number  of  chronome- 
ters that  if  t>g  be  the  temperature  of  best  compensation,  t?  that  of 
actual  exposure,  the  rate  may  be  expressed  for  a  range  of  20® 
above  and  below  ^^hy  the  formula 

m  =  m^+kX^-^^y  (53) 

in  which  &  is  a  constant,  and  has,  with  rare  exceptions,  a  positive 
sign,  and  m^  and  m  are  the  rates  at  the  temperatures  t?^  and  i?, 
respectively ;  losing  rates  being  positive. 

M.  Lieusson,  from  a  very  extended  examination  of  the  per- 
formance of  chronometers  on  trial  at  the  Observatories  of  Green- 
wich and  Paris,  finds  that  the  rate  varies  both  with  the  tempe- 
rature and  with  the  age  of  the  oil  with  which  the  pivots  are 
lubricated.  The  thickening  of  the  oil  tends  to  diminish  the 
amplitude  of  the  vibration  of  the  balance,  and  thus  produces  an 
acceleration  of  the  chronometer.  This  acceleration  is  almost 
exactly  proportional  to  the  time,  so  that  for  any  time  i  the  rate 
may  be  found  by  the  complete  formula 

m  =  m^+  k(j^^^\y  —  Vt  (54) 

in  which  k'  is  the  daily  change  of  rate  resulting  from  the  gradual 
thickening  of  the  oil.  The  constants  k  and  A'  will  be  different 
for  every  chronometer,  and  are  determined  by  experiment  for 
each  instrument. 

66.  Comparison  of  Chronometers. — ^When  one  or  more  chro- 
nometers are  to  be  regulated  by  means  of  astronomical  observa- 

*  LisvstON,  R^cherches  sur  les  Tariations  de  la  marche  des  pendules  et  des  chro- 
nom^tTM;  Paris,  1854.  G.  P.  Bond,  in  his  report  on  the  longitude  in  the  Beport  of 
the  Superintendent  U.  S.  Coast  Surrey  for  1854,  App.  p.  141. 
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tions,  these  obseiTations  are  made  with  but  one  of  them,  and  the 
corrections  of  all  the  others  are  foun  J  bj  comparing  them  with 
thU.  On  board  ship  the  chronometers  are  never  brought  on 
deck;  but  the  observ^atioiia  are  made  with  a  watch  (ot^cii  ealled  a 
'*hack-wateh''),  which  is  compared  with  the  chronometer  either 
before  or  after,  or  both  before  and  after,  the  observations.  The 
double  comparison  is  necessary  where  extreme  precision  is  re- 
quired, in  order  to  eliminate  any  difference  of  the  rates  of  the 
watch  and  chronometer. 

Example. 

An  observation  is  recorded  by  a  hack-watch  at  the  time 
10*  12*  13'.3,  and  the  following  comparisons  are  made  with  the 
chronometer.  Required  the  time  of  the  observation  by  the 
chronometer* 


Chron.  8*  17-  0*. 

Watch  10     8    9,S 

Beduction  —1  51    9*5 


8*  27^  0'. 
10  18  8.0 


—  1  61   8,0 


Here  the  watch  loses  1*.5  in  lO**:  hence,  in  4"*,  tlie  time  from  the 
first  comparison  to  the  observation,  it  loses  l'*5  X  i\  or  0',6,  so 
that  the  difleronce  at  the  time  of  the  observation  is  1*  SI"  8',9; 
therefore  we  have 


Watch  time  of  obs.  == 
Reduction  to  chron/ = 
Chron.  timb  of  obs.   ^=: 


10»  12^  IS\S 

—    I   51      8.9 

8  21      4.4 


Comparisim  by  coitickienl  beats. — ^When  two  chronometers  are 
compared  which  keep  the  same  kind  of  time,  and  both  of  which 
beat  half  seconds,  it  will  mostly  happen  that  the  heats  of  the  two 
instruments  are  not  synchronous,  but  one  will  fall  after  the  other 
by  a  certain  fraction  of  a  beat,  which  will  be  pretty  nearly  con- 
ftant^  and  muj^t  be  estimated  by  the  ear.  This  estinnitc  may  be 
made  within  half  a  beat^  or  a  quarter  of  a  second,  without  diffi- 
culty, but  it  requires  much  practice  to  estimate  tlie  fniction 
within  0*,!  with  certainty.  But  if  a  mean  time  or  9olar  chro- 
nometer i«  ciimpared  with  a  sidtreal  chronometer,  their  dif- 
ference may  be  obtained  with  ciiite  within  one-twaittcth  of  a 
eeeond.  Since  1'  mdereal  time  id  le^s  than  1'  mean  time,  the  beats 
of  the  sidereal  ch n>nom etc r  wilt  not  remain  at  a  constant  fniction 
behind  tho«ie  of  the  solar  chronometer,  but  will  gradually  gain 
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on  them,  so  that  at  certain  times  they  will  be  coincident,  Now, 
if  the  comparison  is  made  at  the  time  this  coincidence  occurs, 
there  will  be  no  fraction  for  the  ear  to  estimate,  and  the  differ- 
ence of  the  two  instruments  at  this  time  will  be  obtained  exactly. 
The  only  error  will  be  that  which  arises  from  judging  the  beats 
to  be  in  coincidence  when  they  are  really  separated  by  a  small 
fraction ;  and  it  is  found  that  the  ear  will  easily  distinguish  the 
beats  as  not  synchronous  so  long  as  they  differ  by  as  much  as 
©•.OS;  consequently  the  comparison  is  accurately  obtained  within 
that  quantity.  Indeed,  with  practice  it  is  obtained  within  0*.03, 
or  even  0'.02.  Now,  since  V  sidereal  time  =  0'.99727  mean  time, 
the  sidereal  chronometer  gains  0*. 00273  on  the  solar  chronometer 
in  1*;  and  therefore  it  gains  0*.5  in  183*,  or  very  nearly  in  3"*. 
Hence,  once  every  tliree  minutes  the  two  chronometers  will  beat 
together.*  When  this  is  about  to  occur,  the  observer  begins  to 
count  the  seconds  of  one  chronometer,  while  he  directs  his  eye  to 
the  other;  when  he  no  longer  perceives  any  difference  in  the 
beats,  he  notes  the  corresponding  half  seconds  of  the  two  instru- 
ments. 

Example. 

A  solar  and  a  sidereal  chronometer  were  compared  by  coinci- 
dent beats,  as  follows: 

Solar  chron.    4*16*    O*.  4*  19«  lO*. 

Sidereal  «        1     3    11 .5  1     6    22 . 


Difference        3  12    48.5  3  12    48. 

Here  the  interval  between  the  two  comparisons  being  about  3*, 
the  sidereal  chronometer  has  gained  a  beat.  In  order  to  judge 
of  the  accuracy  of  the  comparisons,  let  us  reduce  the  second  to 
the  time  of  the  first.  The  solar  interval  is,  by  the  solar  chro- 
nometer, 3*10*;  the  corresponding  sidereal  interval  is,  by  the 
tables,  3*  10'.52;  the  second  comparison  reduced  to  the  time  of 
the  first  stands  as  follows : 

Solar  chron.    4»  16«    O*. 
Sid.        «         1     3    11.48 
Difference        3   12    48.52 

*  Tliey  wUl  either  beat  together,  or  at  least  their  beats  will  both  fall  within  a 
tiMMe  of  time  equal  to  one-half  of  0*. 00278. 
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that  is,  it  agrees  with  the  first  comparison  within  0\02.  Suppose 
that  at  the  eecoud  comparison  the  time  when  the  beat^  were 
coincident  waa  mistaken,  and  the  ohsen^er  made  his  comparison 
lO*  later;  he  M^ookl  have  had  lO'  more  on  each  clironometer,  and 
consequently  would  have  put  down  the  comparison  thus; 

Solar  chron.     4*  19-  20*. 
Sid-       *^         1     6    32. 

The  mean  interval  between  the  comparisons  would  have  been 
3*  20",  and  the  equivalent  t*idereal  inter\*al  is  3"*  20*, 55,  so  that 
this  second  comparison  reduced  to  the  time  of  the  first  would 
have  stood  thus ; 

Solar  chron.    4*  16*    0*, 

Sid.        **  1     3    11.45 

Difference        1    12    48.55 

that  is,  the  two  comparisons  wouUl  still  have  agreed  within  O.OS, 
The  observer  can  in  this  way  satisfy  himself  by  a  few  trials  that 
the  two  chronometers  can  really  be  compared  within  fr^OS  with 
certainty* 

Wlicn  tw*o  solar  chronometers  are  to  be  compared  together,  it 
will  be  most  accurately  done  by  con* paring  each  with  a  sidereal 
chronometer  by  coincident  beate,  and  reducing  the  comparisons 
as  follows : 

Example. 

Two  solar  chronometers  A  and  B  are  compared  with  a  sidereal 
chronometer  C,  as  below: 


C    6M3-20'.                  A    4»40" 

lO'.S 

C   0  15    15.                  5    5  21 

13. 

Sid.  interral         I    55.                   =       1 

54  .69  aoUr 

B  reduced  to  timo  of  ^  =  5  19 

18  Jl 

Diflferonce  of  A  and  ^    =  0  39 

7.81 

The  intermediate  chronometer  used  for  comparison  is  not 
necessarily  a  sidereal  one*  It  maybe  a  mean  time  chronometer 
which  (Kicd  not  beat  liaif  seconds;  for  example,  a  pocket  chro- 
nomoter  which  beats  13  times  in  6  seconds.  In  tliis  case  etch 
best  of  the  pocket  chronometer  is  worth  f\,  and  therefore  diffeni 
from  tliat  of  a  chrougmetcr  beating  half  seconds  by  ^  of  a  second. 
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The  inaccuracy  of  a  coincidence  cannot  exceed  this  quantity,  and 
the  comparison  may,  therefore,  also  be  made  within  ^^  of  a  second. 

67.  Probable  error  of  an  interpolated  value  of  a  chronometer  cor- 
rection.— ^When  the  corrections  a  Tand  a  T'  for  the  times  Tand  T' 
are  given,  the  correction  for  any  other  time  T+  t=  T'—  f  is 
found  by  interpolation.  Denoting  the  rate  by  dT^  and  the 
required  correction  by  x,  we  have 

either  x  =  £iT+t,dT  or  x  =  £,T'—i!.dT 

Now,  granting  that  the  given  quantities  A^and  aT'  are  perfectly 
correct,  the  interpolated  values  of  x  will  also  be  correct  if  there 
are  no  accidental  irregularities  in  the  going  of  the  chronometer. 
But  such  accidental  irregularities  certainly  exist,  and  tend  to 
diminish  the  loeight  to  be  assigned  to  any  interpolated  value  of 
the  correction.  K  the  mean  (accidental)  error  in  a  unit  of  time 
is  €,  the  mean  error  in  the  interval  t  is,  by  the  theory  of  least 
squares,  e^/^,  and  the  weight  is  inversely  proportional  to  the 
square  of  this  error,  that  is,  inversely  proportional  to  t  We  shall 
have  then ' 

x  =  n^T+t.dT  with  the  weight  - 
x  =  £iT'-^f.dT    «       «        «      ^ 

m  which  k  is  an  undetermined  constant. 

Multiplying  each  value  by  its  weight,  and  dividing  the  Sum  by 
the  sum  of  the  weights  (according  to  the  usual  process  in  the 
method  of  least  squares),  we  have 


x=  * 


,  with  the  weight  =  ^  I    'L,    ) 


(55) 

or  with  the  moan  error  =  c  \/^   .  ^ 

^  t  +  r 

This  error  is  zero  either  for  <  =  0  or  V  =  0,  and  is  a  maximum 
for  t  =  /',  that  is,  when  the  correction  is  found  for  the  middle 
time  between  the  two  given  times  T  and  T'. 

68.  K,  however,  the  chronometer  has  accelerated  or  retarded 
uniformly,  the  error  will  obtain  a  different  expression.    Let  the 
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rate  at  the  tiine"^  be  ST  and  at  the  time  T'  be  S'T.    Tbe 

acceleration  in  a  unit  of  time  is 

a  r_-^-p^-  (86) 

Tbe  rate  at  the  middle  instant  between  T  and  T  -{-  t  h  iT 
-\'li.S'^T;  and  at  tbe  middle  instant  between  T'  and  T'  —  f 
it  is  S'  T—  }  ('.  J"  T;  hence  we  have 

Multiply  in  a:  the  fii*st  by  /',  the  second  by  U  and  dividing  tbe  gum 

of  tbe  proilueta  by  i  -j- 1\  we  have 

or 

^^r^^T±L^_  jft^.a'T  (57) 

whence  it  appears  that  the  error  of  the  value  obtiiined  by  simple 
interpolation,  or  upon  the  supposition  of  a  uniform  rate,  is 
ltt\  tf"  jT,  and  tbit*  error  i^  also  a  nuiximum  for  the  middle  instant 
between  7' and  T%  when  i  ~  f',  and  vanishe^i  for  /  ^  0  or  f'=  0. 

CD,  Every  chronometer  has,  moreover,  it*?  own  peculiarities 
which  render  the  application  of  any  fonuula  for  weight  more  or 
less  nneertain.  Stri've  found  that,  for  the  greater  uuiiiIkt  of 
the  chrtinometerei  which  be  tried,  tbe  mean  error  of  an  iuteriio- 
kted  value  of  their  corrections  could  he  expressed  by  the  empiri- 
cal formula  €-  '  *  difterina:  from  the  al>ove  theoretical  formula 
f  +  r 

by  the  omission  of  tbe  radical  sign,  {Exptdiikm  ChrQ}\omftr**pie^ 
p.  101.) 

70.  Clocks. — Tlie  astronomical  clock  U  provided  with  a  com- 
pen^iation  pendulum,  by  which  tbe  effct^t  of  teniperatun*  m  e^'on 
more  completely  eliminated  than  in  clm:)nometer*8.  Tlie  only 
fonus  in  ui*e  are  the  Harrison  (the  grhliron)  and  the  mercmial 
pendulum* 

In  tbe  gridiron  pendulum  tbe  rod  \^  composed  (in  part)  of  a 
number  of  parallel  bare  of  steel  and  brns^^  »o  connected  togethor 
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tliat  tliG  expansion  of  the  steel  barg  produced  by  an  increase  of 
temperature  tends  to  depreBs  the  "  bob"  of  the  pendiilora,  the 
greater  expau!? ion  of  the  brans  bar^  tends  to  raise  it,  bo  thutwlien 
the  total  lengths  of  tlie  steel  and  brass  bars  have  been  properly 
adjusted  a  perfect  compensation  oeeiii^,  and  the  centre  of  oscit- 
lation  remains  at  a  constant  distance  from  the  point  of  suspeii* 
sion.  The  rate  of  the  clock,  so  far  as  it  depends  upon  the  length 
of  the  peDdnluoij  will  therefore  be  constant. 

In  the  mercurial  pendulum,  the  weight  which  ft>rms  tlie  bob 
in  other  eases  is  replaced  by  a  cylindrical  glass  vessel  nearly 
tilled  with  mercurj\  With  an  increase  of  temperature  the  rod 
lengthens,  but  the  mercury  expanding  must  rise  in  the  cylinder, 
so  that  when  the  quantity  of  mercury  is  properly  proportioned 
to  the  length  of  the  rod  the  centre  of  oscillation  remains  at  the 
same  distance  from  the  point  of  suspension.  IS  a  clock  ir  to  be 
exposed  to  sudden  changes  of  temperature,  the  gridiron  pendnlnm 
will  he  preferable  to  the  mercurial,  as  the  large  body  of  mercury 
will  obtain  the  temperature  of  the  air  more  slowly  than  the 
thin  metal  rods. 

In  setting  up  the  clock  the  chief  point  to  be  observed  is  that 
its  alternate  beats  are  exactly  equal.  The  pendulum  usually 
carries  a  pointer  at  its  lower  extremity  wliich  indicates  upon  an 
arc  below  the  pendulum  the  extent  of  a  vibration.  Let  the 
pendulum  be  drawn  towards  one  side  gently,  until  a  tooth  of  the 
€scapement  wheel  is  just  freed,  antl  mark  tlie  point  of  the  are  at 
which  this  occurs;  then  let  the  pendulum  be  drawn  towards  the 
other  side;  and  mark  the  point  of  the  arc  at  which  a  tooth  escapcB. 
Find  the  middle  point  A  of  the  included  arc.  Thou  let  the 
pendulum  come  to  rest  in  a  vertical  position;  if  the  pointer  is  on 
A  the  adjustment  is  correct,  and  the  vibrations  on  each  side  will 
be  isoclironous ;  if  not,  tlie  cluck  case  must  be  moved  until  the 
vertical  pendulum  is  directed  exactly  towards  A*  The  equiility 
of  the  vibrations  may  also  be  tested  by  the  electro-chronograph, 
hereafter  described. 

^Vhat  has  been  said  above  respecting  the  comparison  of  chi'o- 
nometers  will  apply,  with  scarcely  any  modification,  to  that  of 
clocks,  or  of  a  clock  with  a  chronometer. 

In  the  observatory,  a  clock  regulated  to  sidereal  time  is  the 
indispensable  companion  of  the  transit  instrument.  The  standard 
or  normal  clock  of  an  observatory  is  carefully  mounted  upon  a 
stone  pier  which  is  disconnected  from  the  walls  or  floors  of  the 
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buiUling,  and  also  protected  as  much  as  possible  from  changes 
of  temperature.  For  tlie  latter  purpose  it  ia  sometimes  imbedded 
m  a  stone  pier,  in  an  air-tight  compartment  below  the  surface 
of  tlie  ground.  Struve  found  that  tlie  changes  of  barometric 
pressure,  by  varying  the  resistance  which  the  air  opposes  to  the 
motions  of  the  penduhim,  caused  a  variation  in  the  rate  of  the 
normal  clock  of  the  Pulkowa  Observatory  of  0*.32  for  a  variation 
of  one  English  inch  of  the  barometer,* 

71.  The  eleciro-chronoffi'aph, — This  contrivance  may  be  regarded 
as  an  appendage  of  tlie  astronomical  clock,  and  bearing  the  same 
relation  to  it  that  the  reading  microscope  bears  to  a  divided 
circle  ;  for  its  chief  use  is  to  subdivide  the  seconds  of  the  clock, 
and  thus  to  measure  micrometrically  the  Hmalloftt  fractions  of 
time.  In  order  to  eflect  thif*  mieromctric  subdivision,  the  clock 
beats  arc  converted  from  audible  into  visible  signals,  which  are 
recorded  on  paper  by  means  of  an  electro-magnet.  The  instant 
of  the  occurrence  of  any  phenomenon  is  also  registered  by  a 
visible  signal  on  the  same  paper,  and  thus  referred  to  the  pre- 
ceding clock  beat  with  great  precision.  This  general  statement 
covers  a  great  variety  of  special  contrivances  leading  to  the  same 
end*  We  shall  here  treat  only  of  those  which,  thus  lar,  have 
been  most  used. 

72.  The  simplest  form  of  register  is  that  known  on  our  tele* 
graphic  lines  as  Morse's,  in  which  a  fillet  of  paper  is  reeled  off 
at  a  unifonn  velocity  by  means  of  a  train  of  wheels  moved  by  » 
weight.  The  hllet  passes  over  a  small  cylinder  and  ju?*t  under 
a  hard  steel  point,  or  pen  (as  it  is  called,  for  brevity),  whicli  is  »a 
connected  with  the  armature  of  an  electro-magnet  that  whenever 
the  electric  cinniit  of  the  galvanic  battery  is  establUhed,  tlie  pen 
is  pressed  upon  the  pajicr  and  leaves  a  visible  mark.  The  wire 
from  one  pole  of  the  batterj^  whieh  paeset  ariumd  the  electro- 
magnet does  not  return  directly  to  the  other  pole,  hut  first  pasaei 
through  the  clock,  where,  by  a  contrivance  presently  to  be 
described,  the  cin*nit  is  broken  and  restored  at  exary  second. 
The  Morse  lillet  in  running  off,  therefore,  receives  an  impreaaion 
everj'  second,  and  thus  becomes  graduated  into  spaces  represent- 
ing seconds.     These  spaces  are  greater  or  less  according  to  the 


*  Ih^er^ihn  i§  f  o^rrMfoiVt  «#frofi«fiiif ««  emtrat  de  P^miko9€,  p.  220» 
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velocity  with  which  the  paper  runs  off;  an  inch  per  Becood  ia 
evea  more  than  sufficient,  as  it  is  easy  to  divide  an  inch  into  fifty 
parts  by  a  scale,  even  without  the  aid  of  a  magnifier. 

It  ia  of  importance  that  the  paper  sliould  run  oft'  with  a  uni- 
form velocity;  at  least,  no  sudden  changes  of  velocity  should 
occur.  III  the  Morse  register  this  regularity  is  maintained  by  an 
ordinarj'  fly-wheel.  In  the  sprmg-governo}\  invented  by  the 
Messrs,  Bond,  a  fly-wheel  and  pendulum  are  both  used.  The 
pendaliim  secures  the  condition  that  the  seconds  shall  be  of  the 
same  length,  while  the  fly  is  supposed  to  maintain  a  uniform 
motion  during  the  second.  In  this  and  in  other  ehronographic 
instruments  there  is  substituted  for  the  fillet  a  sheet  of  paper 
wrapped  about  a  cylinder  which  makes  one  revolution  per  minute. 
As  the  ej'linder  revolves,  a  fine  screw  causes  it  to  move  also  in 
the  direction  of  its  length,  so  that  the  pen  records  in  a  perpetual 
Bpiral,  and  when  the  paper  is  removed  from  the  cylinder  the 
snccedsive  minutes  are  found  recorded  in  successive  parallel 
lines.  One  such  sheet  will  contain  the  record  of  upwards  of 
tw'O  hours'  work.  This  cylindrical  register  is  preferable  to  the 
Morse  fillet  for  most  ehronographic  purposes,  on  account  of  the 
convenience  with  which  the  sheets  may  be  read  off  and  filed 
away  for  subsequent  reference. 

In  Saxton's  cylindrical  register  the  movement  is  regulated  by 
a  combination  of  the  crank  motion  with  the  vibration  of  two 
pendulums. 

Professor  MitcuEL  employed  a  circular  disc  upon  which  the 
^successive  minutes  occupied  concentric  circles,  each  of  which 
was  graduated  into  seconds  witli  great  precision  by  connection 
with  the  clock. 


73,  The  connection  of  the  clock  with  the  register  is  made  in 
one  of  two  ways;  either  so  as  to  brmk  the  circuit  every  second, 

so  as  to  malce  it 

The  method  most  used  of  causing  the  clock  to  break  the 
circuit  is  that  suggested  by  Mr,  Saxton,  of  the  Coast  Survey* 
ACB^  Fig.  16,  is  a  small  and  very  light  **  tilt-hammer/'  usually 
made  of  platinum  wire,  mounted  upon  a  pivot  C,  so  that  the  end 
A  shall  slightly  preponderate  and  rest  upon  a  platinum  plate  E. 
The  end  B  is  bent  into  an  obtuse  angle.  The  wire  F  from  one 
pole  of  the  galvanic  battery  is  constantly  connected  with  tlie  tilt- 
hammer  through  the  metallic  support  D.    Another  wire  G  is 
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Fig.  i6._^  connected  with  the  plate  E^  and  goea 

first  to  the  electro-magnet  of  the  register 
and  thence  to  the  other  pole  of  the  bat^ 
tery.  This  apparatus  18  placed  in  the 
clock  caae  in  front  of  the  pendulum  PJ/, 
with  the  vertex  of  the  angle  £  in  a  ver- 
tical line  below  the  point  of  giuspension 
P.  A  Hmall  pin  N  projecting  from  the 
penduhim  rod  paseea  over  the  angle  M 
r       n         "  \  \  at  each  vibration  of  the  pendulum,  and, 

^-/  \  W         ^y  i^m^  depressing  the  end  B  of  the  tiJt- 

^  ^  *  ^        hammer,  niisee  the  end  A  from  the  plate 

-£7  and  breaks  the  circuit,  which  other- 
wiae  i^  complete  through  the  connection 
of  the  portion  AC  of  the  tilt-hammer 
w^th  both  the  wires  F  and  ff.  The  in- 
terval of  time  during  whicli  the  circuit 
18  broken  will  be  longer  or  shorter  accord- 
ing as  the  pin  iV  strikes  the  sides  of  the  angle  JB  farther  from  or 
nearer  to  its  vertex.  It  may  be  adjoBted  9o  that  the  break  ehall 
last  btit  one-twentieth  of  a  second,  or  for  a  shorter  time  if 
required. 

Now,  if  the  pen  of  the  register  i«  kept  pressed  uf)on  the  i>aper 
by  the  attraction  of  the  electro-magnet^  it  is  clear  tliut  the  breaks 
produced  by  the  clock  will  produce  corrcHponding  breaks  in  the 
continuous  line  made  by  the  pen,  and  the  paper  will  be  gradu- 
ated into  seconds,  thua : 


But  if  the  pen  is  pressed  upon  the  paper  by  a  si>ring  acting 
against  the  attraction  of  the  niugnet,  then  each  break  produced 
by  the  clock  will  give  a  corresponding  aliort  mark  on  the  paper 
with  an  intervening  blank,  so  that  the  paper  will  be  gradoated 
into  tecouda,  thua: 


The  firit  of  these  methods  is  commonly  preferred. 

In  the  cylindrical  registers  a  pen  carrying  ink  is  used,  and  the 
Itrriikiiig  of  the  circuit  by  the  clock  does  not  cause  the  pen  to 
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I  from  the  paper,  but  moves  it  laterally;  m  this  case  the  paper 
i  graduated  into  seconds,  thus: 


Dr.  Locke  also  emplojed  a  tilt-hammer  for  breaking  the  cir- 
cuit; hut  the  hammer  was  worked  by  the  teeth  of  a  wheel  placed 
on  the  axis  of  the  escapement  wheel  of  the  clock. 

At  the  Waahington  Observ^atory,  the  record  on  the  paper  of 
the  cylindrical  registers  has  also  been  made  by  fine  punctures 
produced  by  a  needle  point.  The  needle  lias  a  little  play  wliieh 
prevents  its  resisting  the  motion  of  the  cylinder  during  the  time 
required  for  the  needle  to  enter  and  leave  the  paper. 


Fig.  17, 


74-  The  most  simple  method  by  which  the  pendulum  wakes 
the  circuit  at  each  beat  is  also  the  suggestion  of  Mr.  Saxton, 
A  small  globule  of  mercury  is  plsiced  just  below  the  pendulum, 
as  at  Ay  Fig,  17,  upon  a  metallic  support  which  by 
the  wire  JP  is  in  connection  with  one  pole  of  the 
battery.  Another  wu-e  G  is  connected  witli  the 
metallic  support  of  the  pendulum  rod  at  P,  and  is 
connected  with  tlie  other  pole  of  the  battery  through 
the  electro-magnet.  A  fine  point  m  u|ion  the  ex- 
tremity of  the  pendulum  passes  through  the  globule 
at  each  vibration  and  establishes  the  electric  cir- 
cuit, for  a  small  fraction  of  a  second,  through  the 
pendulum  itself.  The  effect  will  be  to  graduate 
the  paper  in  one  of  the  above  mentioned  ways 
according  to  the  arrangement  of  the  register. 

75-  Ha^'ing  thus  obt^iined  a  graduated  visible 
time-scale,  its  application  to  the  exact  recording  of 
an  astronomical  observation  is  very  simple.  We 
have  only  to  let  one  of  the  wires  in  connection  with 
the  magnet  pass,  on  its  way  to  the  battery,  (hrough  ^Q  ^ 
the  hand  of  the  observer^  where  the  circuit  may  be  ^ 
broken  and  restored  at  pleasure.     A  small  piece  ^ 

of  apparatus  called  a  siffnnl-ket^  is  used  for  this  purpose.  It  con- 
sists of  a  piece  of  wood,  five  or  six  inches  in  length.  Fig  18,  on 
which  is  fastened  a  metallic  spring  AB^  which  by  a  very  slight 
pressure  of  the  finger  can  be  brought  into  contact  with  a  metallio 
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Fig.  18. 


^late  at  C     Conceive  the  wire  in  xU  circuit  from  the  magnet  to 

the  battery  to  be  severed  at  the  key;  let 
one  end  Fhe  connected  with  tlie  spring 
n  AB,  the  other  end  G  with  the  plate  CI 
^  The  continuity  of  the  wire  may  be  re- 
garded as  restored  whenever  the  spring 
id  pressed  into  contact  with  the  plate  G 
Tills  couHtitiites  a  make-^iremi  ken.  It  is  easy  to  see  how  the 
arrangement  may  be  reversed,  so  that  by  pressing  the  spring  the 
continuity  of  the  wire  is  interrupted,  constituting  a  break-circmi 
key.  Now,  whenever  the  observer  taps  on  his  key  he  will  pro* 
duee  upon  his  graduated  time  scale  a  mark  similar  to  that  of  the 
clock,  but  mostly  distinguishable  from  it.  For  example,  on  a 
Morse-fillet,  and  with  a  break-circuit  key,  we  have 


Here,  at  A^  is  a  record  of  an  astronomical  observation  occurring 
between  the  30th  and  31st  second.  By  a  scale  of  equal  parts,  we 
find  the  distance  of  A  from  30*  is  0.61  of  the  distance  from  30* 
to  3]*,  and  hence  the  instant  of  the  observation  is  SO.ei. 

In  order  to  identify  the  seconds  on  the  register,  a  peculiar 
median ical  contrivance  (which  need  not  be  described  here)  id 
employed,  by  means  of  which  one  of  the  breaks  is  omitted  at 
the  beginning  of  eaih  minute  of  the  clock;  thus,  for  example: 


hi* 


0* 


The  observer  has  only  to  identify  the  minute  and  write  it  on  the 
fillet,  as  in  this  example.  For  greater  security,  sometimes,  every 
fifth  minute  is  also  distmguisUed  by  the  omission  of  two  consecu- 
tive breaks,  thus: 


4« 

I 

A  record  on  a  cyliutlrical  register  stands  thus : 

Ifii               41i                42i                43*                44*               45'                lfi« 

47  • 

IM 

where  the  observation  A  occurs  at  44'.71.  The  obsoi-vi r's  signal 
is  genendly  distinguisliable  from  the  clock  signal  aa  in  thia 
example,  by  its  form. 
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In  all  tlie  forms  of  recording  it  must  be  obacrved  that  the 
beginning  of  the  break,  or  dot,  marks  the  point  of  time  recorded. 

In  order  to  read  off  the  reeord  with  the  greatest  convenience,  a 
%%  scale  18  used,  on  which  are  etched  eleven  equidistant  parallel 

lee,  dividing  tlie  second  of  the  chronograph  into  teutlis;  the 
hundredths  are  obtained  by  estimation.     (Plate  L  Fig,  3,) 

When  the  length  of  a  second  on  the  register  is  greater  than 
the  perpendicular  distance  of  the  extreme  lines  of  the  scale,  we 
bBve  only  to  place  the  scale  obliquely  on  the  line  of  seconds, 
always  causing  their  extreme  lines  to  pass  through  two  consecu- 
tive second  dots.  Sometimes  the  lines  on  the  scale  are  made 
divergent;  it  is  then  always  applied  so  that  the  line  of  seconds 
shall  be  peqiemlicular  to  the  middle  line  of  the  scale,  and  at  the 
point  where  tlie  distance  of  the  extreme  lines  is  equal  to  the 
length  of  the  second.     (Plate  I.  Fig.  2.) 

76.  When  the  pen  of  the  chronograph  is  made  to  press  upon  the 
paper  by  the  attractif»n  of  the  electn>magnet  u|ion  its  anmiture, 
a  certain  small  fraction  of  time  elapses  after  the  closing  of  the 
circuit  (by  the  clock  or  by  the  observer)  before  the  signal  is 
actually  impressed  upon  the  paper.  This  time  is  called  the 
armature  time.  K  it  were  certainly  constant,  and  the  same  for  the 
clock  signals  and  for  those  of  tlie  observer,  it  w<*uld  have  no 
effect  upon  the  ditFereuce  of  time  between  any  two  recorded 
phenomena.  But  the  armature  time  probably  varies  both  with 
the  strength  of  the  battery  and  tlie  length  of  the  wire  through 
which  the  electric  current  passes.  The  variable  error  which 
would  tlius  be  introduced  into  our  results  is  avoided,  or  at  least 
very  much  reduced  in  magnitude,  by  employing  hrrak-circtdt 
signals  exclusively;  for  the  interval  of  time  between  the  h^eaking 
of  the  circuit  and  the  cessation  of  the  action  of  the  magnet  is  pro- 
babl}'  smaller  and  more  constant  than  that  betw^een  the  making 
of  the  circuit  and  the  conimencmient  of  the  action  of  the  magnet. 


77.  To  give  the  reader  a  just  appreciation  of  the  degree  of 
accuracy  attained  in  the  recording  of  time  by  tlie  chronograph^ 
full  size  specimens  of  the  records  on  three  different  kinds  of 
registers  are  given  in  Plate  L  Figs.  4  and  5  are  specimens  of 
clock  signals  as  recoixled  on  a  Mui'stvFillet  and  Saxton's  rylin- 
drical  Begister  used  on  the  United  States  Coast  Survey.  Fig. 
6  is  a  specimen  of  clock    signals   and    o.   number  of   actual 
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observations  of  atars*  transits  recorded  on  Boxd's  Spnng-OoTor- 
nor  Register,  which  has  been  obligingly  furnished  hy  Professor 
G.  P.  Bond,    Pigs.  2  and  3  exhibit  in  foil  size  the  manner  in 

which  the  ghas8  scales  for  reading  these  records  are  mled.  Fig. 
1  exhibits  the  reticule  of  a  transit  instrument,  provided  with 
twenty-five  transit  threads,  for  determiniug  the  longitude  hy  the 
electric  telegraph.     (Vol  L,  p.  344). 


CHAPTER  IV. 


THE   SEXTANT,   AKD  OTHER   REFLECTING   INSTRUMENTS. 

78,  The  sextant,  of  all  ai^tronomical  instruments,  is  the  most 
€flpeeiaily  adapted  to  the  purposes  of  the  navigator  and  the 
Bcientific  explorer^  as  it  is  at  once  portable  and  extreniely  simple 
of  manipulation,  requires  no  fixed  support,  and  furnishes  its  data 
with  the  least  expenditure  of  the  time  of  the  obsen^er.  Being 
held  in  the  hand,  and  having  small  dimensions,  the  extreme 
accuracy  of  fixed  instruments  is  not  to  he  expected  from  it,  but 
in  the  hands  of  a  practised  observer  the  precip^ion  of  the  re0ulta» 
obtained  with  it  is  often  surprising,* 

79,  The  optical  principle  upon  which  the  aextant  and  other 
reflecting  instruments  are  founded  is  the  following:  "If  a  ray  of 
light  sutlers  two  successive  reflections  in  tlie  same  plane  by  two 
plane  mirrors,  the  angle  between  the  first  and  last  directioim 
of  the  ray  is  twice  the  angle  of  the  mirrors." 

Let  J/ and  r/j,  Fig,  19,  be  the  two  mirrors.  Since  the  direct 
and  reflected  rays  are  always  found  in  a  plane  pcqiendicular 
to  the  retiecting  surface, — i%*illed  the  phftc  ofreJtccUon^ — it  foUowa 
tliat,  atler  two  successive  reflections  from  two  surfaces,  the  lai*t 
directiou  of  the  ray  will  be  found  in  the  same  plane  as  the  firsst 
only  when  the  plane  of  reflection  is  perfiendicular  to  both  miiTora. 
Ill  the  diagram,  let  the  plane  of  reflection  be  that  of  the  (lapert 


♦  Tii«  flril  inv^mtor  of  the  Mxfant  (or  qu  ad  rant)  wi«  NirwTO?t.  itnong  irho»e  p^fiert 
ft  d^trrtption  of  tuch  na  itiitruin«ut  waj  found  after  his  death;  not,  howercr,  unltt 
mft#r  it*  r«-lnTcntioti  bj  TnoiiAi  OoDfSKT^  of  rfaiUdelpliift,  in  1780,  Mid»  perbft^ 
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Fig.  19. 


tlie  lines  3/ and  m  being  the  intersectious  of  this  plane  with  the 
surfaces  of  tho  mirrors.  Let  AM 
be  the  direct  ray  fulling  upon  the 
mirror  3/,  which  we  shall  first  sup- 
pose to  lie  ill  tlie  direction  MC; 
let  Jlffi  he  the  du'cction  of  tiie  ray 

after  the  fii^st  refiectioo,  and  niE    b 

its  direction  after  the  second  re- 
tlection.  Draw  MB  parallel  to  h^ 
Enij  3IP  peii^cndienlar  to  MC, 
and  3Ij}  peqjendicular  to  the  mir- 
ror m.  The  angle  AMB  is  the 
difterence  of  tlie  first  and  last  di- 
rections of  the  ray.  The  angle 
PMp  is  the   same   as  the   angle 

contained  by  the  mirrors,  being  obviously  equal  to  MCm. 
have,  tlierefore,  to  prove  that  AMB  =  2PMp, 

If  we  conceive  a  peri>endicuhxr  drawn  at  ??i,  parallel  to  3//>,  wo 
easily  see  that  pMm  is  equal  to  the  angle  of  incidence  of  the  ray 
Mm  falling  upon  m,  and  pMB  is  equal  to  the  angle  of  reflection 
of  the  same  ray;  and  since  these  angles,  by  a  principle  of  Optics, 
are  equal,  we  have 

pMm  ^  pMB  =  PMp -\- PMB 

But,  on  the  same  principle,  we  have 

PMm  =  PMA  ^  AMB  +  PMB 

IG  difterence  of  these  two  equations  gives 


We 


whence 


PMp  =  AMB  —  PMp 
AMB  ^  IFMp 


80.  It^.  order  to  apply  this  prineiiile,  let  the  nnrror  3f  be  at- 
tached to  an  index  arm  3/C/,  which  revolves  upon  a  pivot  at 
3/ in  the  centre  of  a  graduated  are  0/iV,  aud  let  m  be  perma- 
nently secured  in  a  fixed  position  at  right  angles  to  the  i»lanc  of 
this  arc.  Let  MO  be  the  direction  of  the  central  mirror  and  of 
the  index  arm  when  it  is  parallel  to  the  fixed  mirror  m,  and  let 
the  graduation  of  the  arc  commence  at  0,  In  this  position,  an 
incident  ray  J5 J/ from  a  distant  object  5  will  he  reflected  first  to 
m  and  then  in  the  direction  viE,  which  will  be  parallel  to  the 


finU  direction  SM.     If  then  the  object  is  so  distant  tliat  two  raj^l 
ffom  it,  B3I and  bm^  falling  upon  tlie  ti\'o  mirrors,  will  be  sensibly- j 
parallel,  an  obseirer^s  eye  at  ^will  receive  both  the  diruet  ray 
tm  and  the  reflected  ray  niE  at  the  same  time.     Hence  the  ob- 
aenper  will  see  two  images  of  the  same  object — a  direct  and  a 
reAfieted  image — in  comekienee. 

In  the  next  place,  let  the  mirror  M  be  revolved  into  the  posi- 
tion MC%  in  which  a  ray  AM  from  a  wocond  object  A  is*  reflected 
finally  into  tlie  line  mJi,  The  observer  now  sees  the  direct  image 
of  the  object  B  in  apparent  coincidence  with  the  reflected  image 
of  the  object  A.  The  angular  distance  A  MB  of  the  two  objecta 
ia  then  equal  to  twice  the  angle  of  the  mirrors,  that  is,  to  twice 
MCm  or  to  twice  OML  The  arc  0/,  which  measures  this  angle, 
is  then  the  measure  of  one-luilf  the  angular  distance  of  the 
objects.  If  the  arm  MI  carries  a  vernier  at  ly  the  exact  value 
of  the  arc  will  be  obtained.  In  order  to  avoid  the  necessity  of 
donbling  this  value  after  reading,  a  half  degree  of  the  arc  ia 
mimbored  as  a  whole  degree :  thus,  an  arc  of  G0°  is  divided  into 
120  equal  parts,  each  of  which  is  reckoned  as  a  degree.  As  the 
index  arm  iff/ cannot  pass  beyond  the  position  31mlk\  where  it 
comes  against  the  fixed  mirror,  it  is  not  found  practicable,  in  this 
form  of  the  instrument,  to  extend  the  arc  01)  much  beyond  60*^, 
and  it  is  from  this  circumstance  that  the  instrument  derives  its 
name. 


81-  Plate  rtL  Fig.  1  repreaents  the  most  common  form  of  the 
iextant  constructed  upon  these  principles. 

The  frame  is  of  brass,  constructed  so  as  to  combine  strength 
with  lightness;  the  graduated  arc,  inlaid  in  the  brass,  is  usually 
of  silver,  sonietimes  of  gold,  or  platinum.  The  divisions  of  the 
arc  are  usually  10'  each,  which  are  subdivided  by  the  vernier  to 
10".  The  handle  H,  by  which  it  is  hehl  in  the  hand,  is  of 
wood.  The  mirrors  3f  and  m  are  of  plate  glass,  silvered.  The 
upper  half  of  the  glass  m  is  left  without  silvering,  in  onler  that 
tlie  direct  rays  from  a  distant  object  may  not  be  intercepted.  To 
give  greater  distinctness  to  the  imag(*s,  a  small  telescope  J?  is 
placed  in  the  line  of  siglit  mJS.  It  is  suivported  in  a  ring  A'^, 
which  can  be  moved  by  means  of  a  screw  in  a  direction  at  right 
Angles  to  the  plane  of  the  sextant^  whereby  the  axis  of  the  tele- 
icope  can  be  directed  either  towards  the  silvered  or  the  trans* 
parent  part  of  the  mirror.     This  motion  changes  the  plane  of 
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reflection,  which,  however,  remains  always  parallel  to  the  plane 
of  tlxc  sextaat :  the  use  of  the  motion  being  merely  to  regulate 
the  relative  briglitness  of  the  direct  and  reflected  images. 

The  vernier  ia  read  with  the  aid  of  a  glass  M  attached  to  an 
arm  which  turns  upon  a  pivot  S,  and  is  carried  upon  the  index 
bar. 

The  index  glass  M^  or  central  mirror,  is  secured  in  a  brass 
frame,  which  is  firmly  attached  to  the  head  of  the  index  bar  by 
screws  a,  a,  a.  This  glass  is  generally  set  perpendicular  to  the 
plane  of  the  sextant  by  the  maker,  and  there  are  no  adjusting 
screws  connected  with  it. 

The  fixed  mirror  tn  is  usually  called  the  horizon  glass^  being 
that  through  which  the  horizon  is  obser\'ed  in  taking  altitudes. 
It  18  usaally  provided  with  screws  by  which  its  position  with 
respect  to  the  phme  of  the  sextant  may  be  rectified. 

At  P  and  Q  are  colored  glasses  of  diflerent  shades,  which  may 
be  used  separately  or  in  combination,  to  defend  the  eye  from 
the  intense  light  of  the  snn. 

I  shall  fii*st  treat  of  those  common  adjustments  of  the  sextant 
which  the  observer  is  obliged  to  attend  to  in  the  ordinary  use 
of  the  instrument,  and  shall  afterwards  treat  fully  of  its  mathe- 
matical theory. 

82.  Adjmbnent  of  the  index  glass. — The  reflecting  surface  of  the 
glass  must  be  peq>endicular  to  the  plane  of  the  sextant  The 
fiimplest  test  of  its  perpendicularity  is  the  following.  Set  the 
index  near  the  middle  of  the  arc ;  then,  placing  the  eye  very 
nearly  in  the  plane  of  the  sextant,  and  near  the  index  glass, 
observe  whether  the  arc  seen  directly  and  it^s  reflected  image  in 
the  glass  appear  to  form  one  continuous  arc,  which  will  be  the 
case  only  when  the  glass  is  peq>endieular.  The  glass  leans  for- 
ward  or  backward  according  as  the  rcfleeted  image  appears  too 
high  or  too  low.  It  may  be  corrected  by  putting  a  piece  of  paper 
nmler  one  edge  of  the  plate  by  wliich  the  glass  is  secured  to  the 
index  arm,  fii-st  loosening  the  screws  «,  a,  a  (PL  III.  Fig.  1)  for 
that  purpose.  Or  we  may  make  the  adjustment  as  it  is  done 
by  the  instrument  makers,  by  removing  the  glass  and  filing 
down  one  of  the  metallic  points  against  which  the  glass  bears 
when  secured  in  its  frame. 


83,  Adjustment  of  the  horizon  glass, — ^This  must  also  be  perpen- 
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dicular  to  iho  plane  of  the  sextant.  The  iudcx  glass  haring 
been  previously  adjusted^  if  by  revolving  it  (by  means  of  the 
index  arm)  there  h  found  one  position  in  which  it  is  parallel 
to  the  horizon  glass  the  latter  must  also  be  perpendieular  to  the 
plane  of  the  sextant.  The  test  of  this  parallelism  is  the  following. 
l*ut  in  the  teleseope^  and  direct  it  towards  a  star.  Move  the 
index  until  the  reflected  image  of  the  star  appears  to  pa«6  the 
direct  image.  If  one  image  passes  exactly  over  the  other,  it 
will  be  possible  to  bring  both  into  exact  coincidence,  so  as  to 
form  but  a  single  image  ;  and  it  is  evident  that  when  this  eoiB- 
cidence  takes  ]dace  the  mirrors  must  be  jniralleL  If  one  image 
passes  on  either  side  of  the  other^  the  horizon  glass  needs  ad- 
jusEtment 

The  peri»endicolarity  of  the  horizon  glass  may  also  be  tested 
as  follows.  Hold  the  instrument  so  that  its  plane  shall  be  nearly 
vertical,  and  bring  the  direct  and  reflected  images  of  the  sea 
horizon  into  coincidence.  Then  incline  the  instrument  until  its 
plane  makes  but  a  small  angle  with  the  horizon  ;  if  the  images 
fitill  coincide,  the  two  glasses  are  parallel:  consequently,  if  the 
index  glass  is  pei-pendicular  to  the  plane  of  the  sextant,  th© 
horizon  glass  is  also  in  adjustment 

Any  distant  and  well  defined  terrestrial  object  may  be  enbsti- 
tuted  for  the  star  or  the  sea  horizon,  A  star,  however,  is  to  be 
preferred;  and  one  of  the  thinl  magnitude  will  afford  greater 
precision  tlmn  tlie  brighter  ones* 


84,  Aiijustmmi  of  the  teksropc. — The  sight-line  of  the  telescopoj 
must  be  parallel  to  the  plane  of  the  sextant.  Two  parallel  wires  1 
or  threads  are  placed  in  the  telescope,  which  are  to  be  made 
parallel  l*»  the  [dime  of  the  sextant  by  revolving  the  sliding 
tube  containing  them ;  then  all  contacts  or  coincidences  of 
tmagen  are  to  be  made  midway  between  these  two  wires.  The 
sight-line  of  the  sextant  telescope  is,  therefore,  a  line  dniwn 
through  the  optical  centre  of  the  object  lens  and  the  middle 
point  between  these  pai-allel  threads, 

Select  two  objectn  from  100°  to  120°  apart,  as  the  sun  and 
raoon^  and  bring  the  reflected  ininge  of  one  into  contact  with 
the  diret'l  image  of  the  other,  at  the  thread  nearest  the  jilane  of 
the  instrument ;  then  move  the  instrument  so  as  to  throw  the 
images  upon  tlie  other  thread;  if  the  contact  remains  |ierfeety 
the  line  of  sight  midway  between  the  thi*eads  is  parallel  to  the 
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plane  of  the  sextant  If  the  limbs  of  the  two  objects  appear  to 
separate  on  the  thread  farthest  from  the  instrument,  the  object 
end  of  the  telescope  droops  towards  the  sextant;  otherwise  it 
rises. 

It  is  to  be  observed  that  when  the  telescope  is  adjusted  and 
two  images  are  brought  into  contact  at  either  thread,  they  wiU 
not  be  in  contact  in  the  middle  of  the  field,  but  will  there  over- 
lap; consequently,  the  reading  of  the  sextant  will  be  less  for  a 
contact  in  the  true  sight-line  in  the  middle  of  the  field  than 
for  one  on  either  side.  K  the  telescope  is  out  of  adjustment,  the 
middle  of  the  field  is  no  longer  in  the  true  sight-line,  and  the 
contacts  observed  there  give  angles  which  are  too  great.  The 
correction  for  a  given  inclination  of  the  telescope  will  be  inves- 
tigated in  a  subsequent  article. 

This  adjustment  may  also  be  examined  as  follows.     Place  the 
sextant  horizontally  on  a  table,  and  place  two  small  metallic 
sights  A^  A  (Fig.  20)  on  the  arc.     At 
a  distance  of  at  least  15  or  20  feet,  let  ^'    '  ^ 

a  well  defined  mark  be  placed  so  as  "^  ^ 


^ 


^ 


to  be  in  the  same  straight  line  with 

the  upper  edges  of  the  sights,  and  in 

such  a  position  that  it  may  also  be  seen  through  the  telescope. 

The  top  edges  of  the  sights  should  be  at  the  same  distance  from 

the  plane  of  the  sextant  as  the  axis  of  the  telescope.     The 

threads  of  the  telescope  being  made  parallel  to  the  plane  of  the 

sextant,  the  mark  should  be  seen  in  the  middle  betw^een  them. 

The  adjustment  of  the  telescope  when  necessary  is  effected 
by  means  of  two  small  opposing  screws  in  the  ring  which 
carries  it. 

85.  The  index  correction. — ^Having  made  the  preceding  adjust- 
ments, it  is  necessary  to  find  the  point  of  the  graduated  arc  at 
which  the  zero  of  the  vernier  falls  when  the  two  mirrors  are 
parallel;  for  all  angles  measured  by  the  instrument  are  reckoned 
from  this  point  (Art.  80).  If  this  point  is  to  the  left  of  the 
actual  zero  of  the  scale  by  a  quantity  r,  all  readings  in  the  arc 
will  be  too  great  by  r;  if  it  is  to  the  right  of  the  actual  zero,  all 
readings  will  be  too  small  by  the  same  quantity.  If  we  wish 
the  reading  to  be  zero  when  the  mirrors  are  parallel,  we  must 
place  the  zero  of  the  vernier  on  the  zero  of  the  arc,  and  then 
revolve  the  horizon  glass  about  a  vertical  line,  until  the  direct 
Vol.  n.— r 


and  reflected  images  of  the  mme  object  coincide.  Some  instru- 
ments are  provided  -s^ith  a  pair  of  opposing  screws  by  which  thid 
revolution  can  be  effected  ;  but  in  others  no  such  adjustment  is 
possible.  In  fact,  the  adjustment  i^  unnucessary,  as  we  can 
always  dctenniiie  the  correction  to  be  applied  to  our  readings  to 
reduce  them  to  what  they  would  be  if  the  adjustment  were 
made.     This  index  eorrccUon  is  found  an  follows: 

let.  Bi/  a  5^r.— Bring  the  direct  and  reflected  images  of  a  star 
into  coincidence,  arid  read  off  the  arc.  The  index  correction  is 
numerically  equal  to  this  reading,  and  is  positive  or  negative 
according  as  the  reading  is  on  the  right  or  the  left  of  the  zero. 
For  example,  the  direct  and  reflected  images  of  a  star  being  in 
coincidence,  we  read  on  the  arc  5'  20";  then,  calling  the  index 
correction  z,  we  have 

x  =  —  b'  20". 

In  another  sextant  the  direct  and  reflected  images  of  a  star 
being  in  coincidence,  we  read  on  the  extra  arc  2'  40"  j  then 

x  =  +  2'  40'^ 

This  method  may  be  used  with  the  eea-horizon  instead  of  a 
star,  but  not  with  great  precision. 

2d.  Bt/  the  sun, — Measure  the  apparent  diameter  of  the  eun  by 
first  liringing  the  upper  limb  of  the  reflected  image  to  touch  the 
lower  limb  of  the  direct  image;  and  again  by  bringing  the  lower 
limb  of  the  reflected  image  to  touch  tlie  upper  limb  of  the  direct 
image.  Denote  the  readings  in  the  two  cases  by  r  and  r';  then, 
if  J  =^  the  apparent  diameter  of  the  sun  and  7?  is  the  reading  of 
the  sextant  when  the  two  images  are  in  coincidence,  we  have 


whence 


and  the  index  coiTection  is  jr  =^  —  if.     The  practical  rule  derived 
from  thiii  10  ad  followii*     If  the  reading  in  eitlier  caiie  is  on  thd 
are,  mark  it  with  tlic  myathr  sign;  if  f>/rthe  art?  (ic,  on  the  extrmi 
are),  mark  it  with  the  posi(m  »\gn;  then  the  index  correction  1$ 
one-half  the  ;  '     '     '  *  »um  of  the  two  readings.     For  example 
we  have  read  ;         ws: 
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On  the  arc  —  31'  20" 
Off  the  arc  -I-  33  10 
+    1  60 
x  =  +    0'66" 

We  have  5  =  J(r  —  r'):  hence,  if  the  ohservations  are  good,  we 
ought  to  find  that  half  the  algebraic  difference  of  the  readings  is 
equal  to  the  sun's  diameter  as  given  in  the  Ephemeris  on  the  day 
of  the  observation.  But,  in  order  that  this  comparison  may  be  a 
good  criterion,  we  should  measure  the  sun's  horizontal  diameter, 
which  is  not  sensibly  affected  by  refraction.     (Vol.  I.  Art.  134.) 

In  order  to  obtain  the  index  correction  with  the  greatest  pre- 
cision, the  mean  of  a  number  of  measures  of  the  sun's  diameter 
should  be  taken. 

Example. — March  15,  1858,  the  following  measures  of  the 
sun's  horizontal  diameter  were  taken: 


On  the  are. 

Off  the  arc. 

—  81'  20" 

-f  83'  10" 

«     10 

«      0 

"     15 

«    20 

«    25 

«    15 

«    20 

«    10 

«    20 

«    10 

Means       31  18.3 

+  83  10  .8 

—  31  18  .8 

X-- 

=  +        56".3 

Obserred  son's 

diameter, 

«  =  82'  14".6 

By  the  Ephemeris, 

s  =  82  13  .3 

86.  To  measure  the  angular  distance  of  txoo  objects  with  the  sextant. — 
Place  the  threads  of  the  telescope  parallel  to  the  plane  of  the 
instrument.  Direct  the  telescope  towards  the  fainter  of  the  two 
objects,  and 'revolve  the  sextant  about  the  sight-line  until  its 
plane  produced  passes  through  the  other  object,  observing  to 
have  the  index  glass  on  the  side  towards  this  object.  Then 
move  the  index  until  the  reflected  image  of  the  second  object  is 
nearly  in  contact  with  the  direct  image  of  the  first ;  clamp  the 
index,  and  make  an  exact  contact  (at  the  middle  point  between 
the  threads)  by  means  of  the  tangent  screw.  The  reading  of  the 
arc  will  be  the  instrumental  distance:  applying  to  this  the  index 
correction  according  to  its  sign,  the  result  will  be  the  observed 
distance. 


100 


SEXTA^"T. 


Ill  order  to  make  a  good  observation,  it  is  important  tliat  the 
two  images  whose  contact  is  observed  sLoald  be  equally  bright. 
Hence,  we  direct  the  telescope  towards  the  fainter  object^  so  that 
it  may  be  the  brighter  one  which  guffers  the  double  reflection. 
But  in  observing  the  distance  of  the  moon  from  a  star  it  will 
generally  be  found  that,  even  after  the  double  reflection,  the  nuage 
of  the  moon  is  so  bright  tliat  the  8tar  will  appear  very  indi^iuct 
unless  the  telescope  is  raised  (by  the  screw  for  tliat  purpose)  so 
that  the  sight-line  is  directed  through  the  transparent  part  of  the 
horizon  glass;  for  then,  a  portion  of  the  reflected  rays  from  the 
moon  being  lost,  the  intensity  of  its  light  is  rendered  more 
nearly  equal  to  that  of  the  star,  ^\^len  the  distance  of  the  suti 
and  moon  is  observed,  the  telescope  is  usually  directed  towards 
the  moon,  and  tlie  intensity  of  the  sun's  rays  is  diminished  by 
putting  one  or  more  of  the  colored  shades  between  the  index  and 
horizon  glaases.  It  wilt  be  found  necessaiy  in  this  case  also  to 
regulate  the  distance  of  the  telescope  from  the  plane  of  the 
instrument,  in  order  to  give  the  image  of  the  moon  the  samo 
intensity  as  that  of  the  sun.  It  is  a  common  error  of  inexpe- 
rienced obsen'ers  with  the  sextant  to  have  the  images  too  bright. 
It  is  essential  to  a  good  observation,  1st,  that  the  images  be  well 
defined  by  carefully  adjusting  the  focus  of  the  telescope;  2d,  tliat 
they  be  so  faint  &b  not  in  the  least  to  fatigue  the  eye^  yet  perfectly 
distinct;  Sd,  that  their  intensities  should  be  as  nearly  as  poe^ble 
eqnah 

In  the  case  of  the  moon  and  a  star,  we  observe  the  distance  of 
the  star  fmm  that  point  of  the  moon's  bright  limb  which  lie**  in 
the  great  circle  joining  the  stiir  and  the  moon*s  centre.  To 
ascertain  that  this  point  has  actually  been  brought  into  contact 
with  the  star,  the  sextant  must  be  slightly  revolved  ornbrated^ 
about  the  sight-line  (which  is  directed  towanls  the  star),  thud 
causing  the  moon  to  sweep  bj*  the  star;  the  limb  of  the  moon 
*ihouhl  appear  to  graxe  the  star  as  it  pauses,  or,  rather,  the  limb 
should  i>ass  through  the  centre  of  the  star's  light,  for  in  tho 
feeble  telescope  of  the  sextant  the  star  does  not  appear  as  a  well 
defined  point. 

lii  the  case  of  the  moon  and  a  planet  we  bring  the  reflected 
image  of  the  moon's  limb  to  the  i^tiuiatal  centre  of  the  planet. 

In  the  e4ise  of  the  moon  and  the  sun,  the  contact  of  the  nearent^  j 
limbs  IS  observed,  vibrating  the  instruinent  as  above  stated^  andj 
making  the  limbs  just  touch  iis  tiny  pa^^s  each  other. 
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It  facilitates  the  observation  of  lunar  distances  to  set  the  index 
approximately  upon  the  angular  distance  before  commencing 
the  observation.  The  approximate  distance  for  a  given  time 
may  be  found  from  the  Ephemeris  (see  Vol.  I.  Art  65) ;  the  dis- 
tance thus  found  is  in  the  case  of  the  sun  and  moon  to  be 
diminished  by  the  sum  of  the  semidiameters  of  the  two  bodies 
(say  32'),  and  in  the  case  of  the  moon  and  a  star  or  planet  it  is 
to  be  diminished  or  increased  by  the  moon's  semidiameter  (say 
16'),  according  as  the  bright  limb  is  nearer  to  or  farther  from  the 
star  than  the  moon's  centre.  This  proceeding  is  also  a  check 
against  the  mistake  of  employing  the  wrong  star. 

87.  To  observe  the  altitude  of  a  celestial  body  with  the  sextant  and 
artificial  horizon. — The  artificial  horizon  is  a  small  rectangular 
shallow  basin  of  mercury,  over  which  is  placed  a  roof,  consisting 
of  two  plates  of  glass  at  right  angles  to  each  other,  to  protect  the 
mercury  from  agitation  by  the  wind.  The  mercury  affords  a 
perfectly  horizontal  surface  which  is  at  the  same  time  an  excel- 
lent mirror.*  If  MN  (Fig.  21)  is  the  horizontal 
surface  of  the  mercury,  SB  a  ray  of  light  from  a 
star,  incident  upon  the  surface  at  5,  BA  the  re- 
flected ray,  then  an  observer  at  A  will  receive 
the  ray  BA  as  if  it  proceeded  from  a  point  S' 
whose  angular  depression  MBS'  below  the  hori- 
zontal plane  is  equal  to  the  altitude  SBM  of  the 
star  above  that  plane.  If  then  SA  is  a  direct  ray 
from  the  star,  parallel  to  &B,  an  observer  at  A 
can  measure  with  the  sextant  the  angle  SAS' 
=  SBS'=  2SBMj  by  bringing  the  image  of  the 
star  reflected  by  the  index  glass  into  coincidence 
with  the  image  S'  reflected  by  the  mercury  and  seen  through 
the  horizon  glass.  The  instrumental  measure,  corrected  for 
index  error,  will  be  double  the  apparent  altitude  of  the  star. 

The  sun's  altitude  will  be  measured  by  bringing  the  lower 

*  Obserrers  are  sometimes  annoyed  by  impurities  in  the  mercury  which  float  on 
its  surface,  and  imagine  that  it  is  important  to  have  very  pure  distilled  mercury. 
I  haT6  found  it  preferable  to  use  mercury  amalgamated  with  tin  (a  few  square 
inehes  of  tin  foil  added  to  the  mercury  of  an  ordinary  horizon  will  answer).  When 
the  mercury  is  poured  out,  a  scum  of  amalgam  will  cover  its  surface :  this  scum  can 
be  drawn  to  one  side  of  the  basin  with  a  card  or  the  smooth  edge  of  a  folded  piece 
of  paper,  leaving  a  perfectly  bright  reflecting  surface,  entirely  free  even  from  the 
minutest  particles  of  dust. 
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limb  of  one  image  to  touch  the  upper  limb  of  the  other.  Half 
the  corrected  iiistnimeotal  reading  will  he  the  appareot  altitude 
of  the  sun's  lower  or  upper  limb,  accoixling  as  the  nearest  or 
farthest  limbs  of  the  direct  and  reflected  suns  were  brought  into 
contact.     For  examples,  see  Vol.  L  Arts.  145,  151,  ic. 

In  observations  of  the  sun  with  the  aittflcial  horizon,  the  eye 
is  protected  by  a  single  dark  glass  over  the  eye  piece  of  the 
telescope,  thereby  avoiding  the  en'ons  that  might  possibly  exist 
in  the  dark  glasses  attached  to  tlie  frame  of  the  sextant. 

The  glasses  in  the  roof  placed  over  the  mercury  should  be 
made  of  plate  glass  with  perfectly  parullel  faces.  If  they  are  at 
all  prismatic^  the  observed  altitude  will  be  erroneous.  The  error 
may  be  removed  by  obsening  a  second  altitude  \\ith  the  roof  in 
reversed  position,  and,  in  general,  by  taking  onc-ludf  of  a  set 
of  altitudes  with  the  roof  in  one  position  and  tlie  other  half  with 
the  roof  in  the  revei^se  position.  It  is  easily  proved  that  the 
error  in  the  altitude  produced  by  the  glass  will  have  different 
signs  for  the  two  positions :  so  that  the  mean  of  all  the  altitudes 
will  be  free  from  this  error. 

Instead  of  the  mercurial  horizon,  a  glass  plate  is  sometimes 
used,  standing  upon  three  screws,  by  means  of  which  it  is  levcllec 
a  smalt  spirit  level  being  applied  to  the  surface  to  test  itii  horf* 
zontality.  The  lower  surface  of  the  plate  is  blackened,  bo  that 
the  reflexion  of  the  celestial  object  takes  place  only  at  the  upper 
surface. 

88.  In  the  observation  of  the  altitude  of  a  star  with  the  arti* 
ficial  horizon,  it  requires  some  practice  to  find  the  inntge  uf  the 
star  reflected  from  tlie  sextant  mirrors;  and  sometimes,  whunl 
two  bright  stars  stand  near  each  other,  there  is  danger  of  em» 
ploying  the  reflected  image  of  one  uf  them  for  that  of  the  other. 
A  very  simple  method  of  avoiding  this  danger,  by  which  the 
observation  is  also  facilitated^  has  been  suggested  by  Professor 
Knoruk,  of  Russia.*     From  very  simple  geometrirul  consider 
tions  it  is  rea^Iiiy  slumii  that  at  the  instant  when  the  two  images" 
of  the  same  star — one  reflected  from  the  artificial  horizon,  the 
other  from  the  sextant  mirrors — are  in  coincidence,  the  im^lina^i 
tion  of  the  index  glass  to  the  horizon  is  equal  to  the  inclinatioti 
of  the  «ight-liue  of  the  telescope  to  the  horizou  glasa,  and  is^ 


•  AUrm.  AVa.,  Val  VII.  p.  202. 
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therefore,  a  constant  avgle^  which  is  the  same  for  all  stars.  If, 
therefore,  we  attach  a  small  spirit  level  to  the  index  arm,  so  as  to 
make  with  the  index  glass  an  angle  equal  to  this  constant  angle, 
the  bubble  of  this  level  will  play  when  the  two  images  of  the 
star  are  in  coincidence  in  the  middle  of  the  field  of  view.  With 
a  sextant  thus  furnished,  we  begin  by  directing  the  sight  line 
towards  the  image  in  the  mercury;  we  then  move  the  index 
until  the  bubble  plays,  taking  care  not  to  lose  the  image  in  the 
mercury ;  the  reflected  image  from  the  sextant  mirrors  will  then 
be  found  in  the  field,  or  will  be  brought  there  by  a  slight 
vibratory  motion  of  the  instrument  about  the  sight  line. 

It  is  found  most  convenient  to  attach  the  level  to  the  stem 
which  carries  the  reading  glass,  as  it  can  then  be  arranged  so  as 
to  revolve  about  an  axis  which  stands  at  right  angles  to  the  plane 
of  the  sextant,  and  thus  be  easily  adjusted.  This  adjustment  is 
effected  by  bringing  the  two  images  of  a  known  star,  or  of  the 
sun,  into  coincidence,  then,  without  changing  the  position  of 
the  instrument,  revolving  the  level  until  the  bubble  plays. 

89.  Observations  on  shore  may  be  rendered  more  accurate  by 
means  of  a  stand  to  which  the  sextant  can  be  attached,  and 
which  is  so  arranged  that  the  sextant  can  be  placed  in  any 
required  plane  and  there  firmly  held.  The  manipulation  must  be 
learned  from  the  examination  of  the  stands  themselves,  which 
are  made  in  various  forms. 

90.  On  account  of  the  feeble  power  of  the  sextant  telescope 
and  consequent  imperfect  definition  of  the  sun's  limb,  the 
apparent  diameter  of  the  sun  is  somewhat  increased.  This  error, 
however,  may  be  removed  by  taking  the  mean  of  two  sets  of 
altitudes,  one  of  the  lower  limb  and  one  of  the  upper  limb. 

91.  To  measure  an  altitude  of  a  celestial  object  from  the  sea  horizon. 
— ^Direct  the  telescope  towards  that  part  of  the  horizon  which  is 
beneath  the  object.  Move  the  index  until  the  image  of  the 
object  reflected  in  the  sextant  mirrors  is  brought  to  touch  the 
horizon  at  the  point  immediately  under  it.  To  determine  this 
point,  the  observer  should  move  the  instrument  round  to  the 
right  and  left  (by  a  swinging  motion  of  the  body,  as  if  turning 
on  his  heel),  and  at  the  same  time  vibrate  it  about  the  sight  line, 
taking  care  to  keep  the  object  in  the  middle  of  the  field  of  view ; 
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the  object  will  appear  to  sweep  in  an  arc  the  lowest  point  of 
which  must  be  made  to  touch  the  horizon,  by  a  suitable  motion 
of  the  tangent  screw. 

In  general,  altitudes  for  determining  the  time  should  be  taken 
when  the  altitude  varies  most  rapidly ;  and  this  is  near  tlie  prime 
vertical.  (See  Vol.  L  Arts,  143  and  149.)  If  the  object  is  the 
eun,  the  lower  limb  is  usually  brought  to  touch  the  horizon ;  if 
the  moou,  the  bright  lirab. 

The  apparent  altitude  of  the  point  observed  is  found  by  cor- 
recting the  sextant  reading  for  the  index  error,  and  eubtracting 
the  dip  of  the  horizon,  (VoL  I.  Art,  127.)  To  obtain  the  ajv 
parent  altitude  of  the  sun's  or  moon's  centre,  we  must  also  add 
or  subtract  the  apparent  semidiameter.    (Vol,  L  Art,  135.) 

92.  As  the  sea  horizon  is  often  enveloped  in  mist^  even  when 
the  celestial  bodies  are  visible,  various  attempts  have  been  made 
to  obtain  an  artificial  horizon  adapted  for  use  on  shipboard. 
The  simplest  a|)paratu8  heretofore  proposed  for  the  purpoite  ia 
that  of  Capt,  Bkcuer,  of  the  Engrmh  Xavy,  '*  Outride  tbe  horizon 
glass  of  the  sextant  is  a  small  pendulum  about  an  inch  and  a 
lialf  long,  suspended  in  oil  (in  order  to  cheek  its  sudden  ot^rtUi^ 
tionn) ;  to  the  pendulum  is  attached  a  horissontal  arm,  carrying 
at  the  inner  bnd  a  slip  of  metal  which  is  seen  in  the  field  of  the 
tele«co[)e  at  the  usual  focus,  and  whose  upper  edge  wheu  it  coin- 
cides with  a  given  line  is  the  true  horizon.  The  error  is  easily 
deternuiied  by  a  know^i  altituile,  and  ia  the  same  for  all  altitudes 
Tlie  apparatus,  which  is  in  a  vt-ry  compact  form^  is  easily  attached 
to  any  retlecting  instrument,  and  is  shipped  and  unt^hipped  at 
pleasure.  A  lamp  is  attached  for  observing  at  night."*  With 
this  apparatus,  when  the  motion  of  the  ship  m  not  too  great,  an 
altitude  can  be  obtained  mthin  5'  by  a  practised  observer;  and 
thi^  is  often  sufficient. 


93.  Method  of  ahserting  equal  altitudes  with  the  sextant, — Borne 
obflcn^^rs  set  tlie  Bcxtant  at  pleasure,  and  note  two  inntantst. 
namely,  the  contact  of  the  nearest  and  fartJiest  limbs  of  Uje  two 
images  of  the  sun  (one  from  the  sextant,  and  the  other  from  the 
mercurial  horizon),  both  morning  and  evening,  witliout  touching 

•  RAPtt't  iV<f cruet  o/  X^pi^tiom,  2d  editioii.  p.  151.  It  doci  bM  ftppeftr,  li^w- 
tf  «r,  bow  tli«  tlip  of  urUl  behind  lli«  btirtton  glAsi  oouM  be  diilinolljr  B««ti  in  tbs 
MA  of  tkm  IdutQff.    A  pluD  tube  mtut  be  used. 
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the  index  in  the  mean  time,  With  a  star  they  obtain  bat  one 
observation  on  each  side  of  the  meridian.  This  pmctice  is  de- 
signed to  secure  the  condition  that  the  altitudes  observed  before 
and  after  meridian  shall  be  absolntelj  identical,  which  may  not 
be  the  ca?e  of  the  index  if  the  sextant  is  moved  and  brought 
back  again  to  the  Hiime  reading.  The  errors  to  be  feared,  how- 
ever, from  not  setting  the  index  con^ectly  on  a  given  reading, 
are,  in  general,  so  much  less  than  errors  of  observation,  that  it 
is  better  to  sacritice  this  merely  theoretical  consideration  for  the 
sake  of  multiplying  the  obsen^ationB,  The  following  method 
will  be  found  convenient  in  practice* 

1st.  For  the  sun, — In  the  morning,  bring  the  lower  limb  of  the 
Bun,  reflected  frc»m  the  sextant  mirrors,  and  the  upper  limb  of 
that  reflected  from  the  mercury,  into  approximate  contact; 
H  move  the  0  of  the  vernier  forward  (say  about  10'  or  20')  and  set 
^Vitoua  division  of  the  limb;  the  images  will  now  appear  over- 
I  hppedy  and  will  be  separating;  wait  for  the  instant  of  contact: 
I  note  it  by  the  chronometer,  and  immediately  set  tlie  vernier  on 
I  the  next  division  of  the  limb,  that  is,  10'  in  advance;  note  the 
I  instant  of  contact  again,  and  proceed  in  the  same  manner  for  as 
^^many  observations  as  are  thought  necessary.  If  the  sun  rises 
^^too  rapidly,  let  the  iuteiTals  on  the  limb  be  20'. 

Now,  find  (roughly)  the  time  when  the  snn  will  be  at  the  same 
altitude  in  the  afternoon,  and  just  before  that  time  set  the  vernier 
on  the  last  altitude  noted  in  the  morning  (of  conrse  employing 
the  same  sextant) ;  the  images  will  be  separated,  but  will  be  ap- 
proaching;  wait  for  the  instant  of  contact:  note  it  by  the  chro- 
nometer ;  set  the  vernier  back  to  the  next  division  of  the  limb 
(10'  or  20',  as  the  case  may  be) ;  note  the  contact  again,  and  so 
proceed  until  all  the  A,M.  altitudes  have  been  again  noted  as 
P,M.  altitudes. 

If,  instead  of  noting  the  times  directly  by  the  chronometer,  a 
watch  is  employed  (compared  with  the  chronometer  both  before 
and  after  each  observation),  it  will  generally  be  found  neeeKsary 
to  allow  for  its  gain  or  loss  on  the  chronometer,  so  as  to  obtain 
the  exact  difference  between  the  two  at  the  instant  of  observation. 
The  mean  of  all  the  A.M.  chronometer  times  and  the  mean  of 
aU  the  corresponding  P.M.  times  are  regarded  as  two  simple  ubaer- 
>'ation8  of  the  same  altitude,  and  the  computation  proceeds  from 
these  according  to  the  method  and  example  of  Tol.  I.  Art.  140. 
2d.  For  a  star. — Set  the  sextant,  and  note  the  coincidences  of  the 
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two  imaged  of  tlio  star  in  the  same  manner  ae  the  contacts  of  the 
Bxniti  limbs  are  oberved* 

In  .seleeting  stars  for  this  observation ,  it  is  to  be  observed  that 
the  nearer  the  zenith  the  star  passes,  the  less  may  the  elupged 
time  be;  imd  when  the  Btar  pushes  exactly  through  the  zenith|. 
the  two  altitudes  may  be  taken  witliiii  a  few  minutes  of  each 
other.  But  with  the  ordinarj'^  sextants  altitudes  near  90^  cannot 
be  taken  with  the  artificial  liorizon.  an  the  double  altitude  18  then 
nearly  180°,  The  prismatic  sextants  and  circles  of  I*i5tor  and 
Martins  are  adapted  for  measuring  angles  of  all  magnitudes  np 
to  180**,  and  are,  therefore,  especially  suitable  for  these  obsenra- 
tiona. 

94.  To  examine  the  colored  glasses, — The  two  faces  of  any  one  of 
tlie  colored  glasses,  or  shades,  may  not  be  parallel.  The  glasftct  i 
then  act  like  prisms  witli  small  refracting  angles,  which  changei 
the  direction  of  the  rays  passing  through  them,  and,  consequently, 
vitiate  the  angles  measured.  To  examine  them,  measure  the 
8un*s  diameter  with  a  suitable  combinutiou  of  shades;  then  in- 
vert one  of  the  ehades,  turning  it  about  on  an  axis  perpendicular 
to  the  plane  of  the  sextant,  and  repeat  the  measare;  the  half 
diftercnc-e  of  the  t^^o  measures  wilt  be  the  error  produced  by 
that  shade.  A  number  of  measures  must,  of  course,  be  taken  in 
both  positions  of  the  shade,  in  order  to  eliminate  accidental 
errors  of  ohsen*ation. 

In  nrdi>r  to  save  the  necessity  of  this  examination,  tlie  shades 
are  so  ari'anged  in  Pistor  and  Martins'  sextants  that  they  may 
be  instantaneously  reverHcd.  We  have  then  only  to  take  onedialf 
of  a  set  of  cibsurvations  with  one  position  of  tlie  shades,  and  tli^i 
other  half  wnth  the  reverse  position,  and  take  the  mean  of  all  the 
measures,  in  order  fully  to  eliminate  the  errors  of  these  ghiasea,. 


95.  To  find  the  constant  angle  beticeai  the  sight  line  and  the  per- 
pendirufiir  to  the  horizon  glass, — A  knowledge  of  the  value  of  i 
this  angle  will  be  useful  in  following  out  the  theory*  of  thf 
errors  of  the  sextant  in  the  subsequent  articles.  It  varies  in 
different  instruments,  and  must  bo  found  for  each  by  a  special^ 
examination.  Let  the  sextant  be  placed  on  a  firm  horizontii 
iupport;  direct  the  sight  line  towards  a  distant  object  B,  Fij 
22,  anil  bring  tlie  two  images  of  the  object  into  coincide&o«. 
The  mirrors  31  and  m  are  then  pai'allel ;  and,  if  we  put 
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/?  =  the  angle  between  the  sight  line  and  the  perpendicular 
to  the  horizon  glass^ 

we  have 

BMm  =  MmJS  =  2fi 

We  have,  therefore,  only  to  find  some  means  of  measuring  the 
angle  BMm.    Leaving  the  sextant  in 
its  present  position,  place  a  theodolite  ^^^'  ^^'^ 

in  the  line  Mm  produced,  with  its  tele- 
scope TN  on  a  level  with  the  sextant 
mirrors  and  looking  into  the  index 
glass ;  adjust  it  so  that  the  image  of 
B  reflected  from  Jtf  shall  be  seen  upon 
the  cross-wire  w  in  the  focus.  Eays 
from  w  passing  through  the  object  glass 
N  emerge  in  parallel  lines,  as  if  from 
an  infinitely  distant  object  lying  in  the 
direction  MNT.  Bring  the  sextant  tele- 
scope to  look  into  the  theodolite  tele- 
scope, and  reflect  the  image  of  B  to  the  cross-wire :  the  reading 
of  the  sextant  corrected  for  the  index  error  is  the  measure  of  the 
angle  BMm^  or  of  2^.  If  the  object  is  not  very  distant,  the 
angle  subtended  by  the  distance  Mm  at  the  object  may  be  ap- 
preciable. This  angle  may  be  called  the  sextant  parallax^  and 
denoted  byj?.    We  shall  have 

BMm  =  2/5  —  p 

When  the  object  and  its  reflected  image  are  in  coincidence,  let 
the  reading  be  iZ,  and  let  x  be  the  true  index  correction  for  an 
infinitely  distant  object;  then  we  have 

-B  +  a:  =  — ;?  (58) 

and  when  the  object  is  reflected  to  the  cross-wire  of  the  theodo- 
lite, let  the  sextant  reading  be  R';  then  we  have 

R'J^x=2?—p  (59) 

and  from  these  two  equations, 

B!—R=2p  (60) 

By  this  method  I  found  for  one  of  Troughton's  sextants,  at 
the  Naval  Academy,  2^  =  33^  6'. 
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96.  The  sextant  parallax  for  an  object  at  a  known  distance  is 
found  with  the  aid  of  the  angle  /9.    Let 

/  =  the  distance  of  the  index  and  horizon  glasses, 
d^  the  distance  of  the  object  from  the  index  glass. 

The  peq)endicular  drawn  fiY)m  M  upon  mE  is  equal  to/sin  2^; 
and  for  the  angle  p  at  the  object,  subtended  by  this  perpendieulaTi 
we  have 


8mj?  = 


/sin  2,? 


or 


J>  = 


/sin  2fi 
^sinl" 


(81) 


From  this  formula  we  may  find  a  rough  value  of  ^  when  p  has 
been  determined  for  a  near  object  by  means  of  (58)  and/  and  d 
are  carefully  meastired. 

The  distance  of  an  object  for  which  the  sextant  parallax  will 
be  1"  will  be  found  by  the  equation  cf  =/ain  S^eosecl'^  In 
the  sextant  mentioned  in  the  preceding  article  we  havc/=  3 
inches,  whence  d  =  5.33  mi  let. 

In  measuring  horizontal  angles  between  terrestrial  objects, 
the  cflect  of  the  sextant  paralhix  may  be  eliminated  by  deter- 
mining the  index  correction  from  the  object  which  is  seen 
directly  through  the  horizon  glass*  Thia  index  correction  will 
involve  the  parallax,  and,  when  applied  to  the  sextant  reading 
of  the  angular  distance  between  the  object*?,  will  give  the  angle 
subtended  by  the  objects  at  the  centre  of  the  sextant.  The  sex- 
tant mmU  of  courBc,  remain  in  the  same  position  in  the  measure 
of  tlie  angle  and  the  determination  of  the  index  correction. 


97.  To  determine  the  error  profiimd  by  a  prismatic  form  of  the  mdex 
glass, — ^Let  us  fir^t  consider  the  caae  of  ft 
glass  with  parallel  fiices.   Let  MM%  NN% 

-^  Fig.  23,  be  the  parallel  faces,  of  which 
Ny*  is  silvered.  An  incident  ray  AB  h 
refracted  by  tlie  ghiss  at  JJ,  and  takes  the 

'^  direction  BC;  at  C  it  is    reflected  into 

-»t   CB' ;  and  at  B'  it  is  refracted  into  BA*. 

-V  If  we  put 


^    c 


m  =  the  index  of  refraction  for  glass, 
f  =  the  angle  of  incidence  AB}\ 
^  =  the  angle  of  refraction  BBC, 
/  ^  A'B'P\ 
¥  =  DEC, 
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we  have,  by  Optics, 


Bin  f  =  m  Bin  ^ 
Bin  f>'=  m  sin  ^' 


But  when  the  faces  MM'  and  NN'  are  parallel,  the  normals  BD 
and  B'D'  are  also  parallel;  moreover,  the  incident  ray  JBCupon 
NN%  and  the  reflected  ray  CB\  make  equal  angles  with  DJD'; 
hence,  also  t?  =  t?',  and,  consequently,  <p  =  (p'.  If  AB  and  A'B' 
are  produced  to  meet  in  C,  we  see  that  A'B'  has  the  same  direc- 
tion that  it  would  have  had  if  it  had  been  reflected  directly  from 
the  plane  surface  mC'm'  parallel  to  MM'  or  to  NN'.  The  re- 
fraction which  the  ray  suffers  in  passing  through  the  glass,  there- 
fore, produces  no  error  when  the  surfaces  of  the  glass  are  parallel. 
It  may  here  be  remarked,  also,  that  it  is  not  necessary  that  the 
reflecting  surface  of  the  mirror  should  stand  exactly  over  the 
centre  of  the  arc  of  the  sextant. 

Let  us  next  consider  the  case  of  a  glass  whose  faces  are  not 
parallel,  as  3/'JS,  N'D,  Fig. 
24,  which,  produced  to  meet 
in  My  form  a  prism  MM'N\ 
Let  us  assume  that  these  faces 
are  perpendicular  to  the  plane 
of  the  sextant,  and,  conse- 
quently, that  the  refracting 
edge  of  the  prism  is  also  per- 
pendicular to  this  plane.  The  incident  and  reflected  rays  will 
be  found  in  a  plane  parallel  to  that  of  the  sextant.  The  ray 
being  traced  through  the  glass,  we  shall  have,  as  before,  employ- 
ing the  same  notation. 

Bin  ^  =  m  sin  t>  1 

Bin  ^'=m  Bin  *'  / 

but  here  &  and  d'  are  no  longer  equal.    If  we  put 

M  ==  the  angle  of  the  prism  =  M'MN' 

we  shall  evidently  have 

OO^'  — *  =  CBB'=BCD  +M 
90^  —  *'=  CB'B=  B'CJy^  M 

and,  since  BCD  =  B'CD\  the  difference  of  these  equations  gives 

*'  — ^  =  2Jf  (68) 


(62) 
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From  (62)  and  (68),  y>,  m,  and  M  being  given,  we  can  determine 
(p\  or  the  difference  y?'  —  (p.    From  (62)  we  deduce 

cos  }  (^  +  ^0  sin  i  W—  <p)=m  cos  J  (*  +  ^')  sin  }  (*'  —  *) 

whence,  by  (63), 

•    1/^         N                  nr  C08}(d  +  ^') 
sm  \(f  —  «p)  =  m  sm  -If ^^ — ■ ^ 

cosJCf'  +  f'') 

As  J!f  is  always  a  very  small  angle,  approximate  values  may  be 
employed  in  the  second  member  of  this  equation :  it  will  be  suffi- 
cient to  take 

sin  J  (f>'  —  ^)  =  m  sin  M* 


or 


f>' —  f  =  2m-af  sec  f  ^1 
which  may  be  reduced  to  the  form 


cos  f 


sin'^ 


?>'  —  9»  =  2  ilf  v/ 1  -I-  (wi»  —  1)  sec  V 
or,  finally,  by  putting 

to  the  form 


gf«=m'  — 1 
^—fp  =  2ilf  v/l  +  gr«8ecV 


(64) 


The  error  varies  with  ^,  and  consequently  with  the  angle  mea- 
sured.   K 

Y  =  the  angle  given  by  the  sextant, 
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The  effect  of  the  error  in  the  glass  is  evidently  less  for  small 
values  of  /9  than  for  large  ones.  Moreover,  the  smaller  the  angle 
^,  the  larger  the  angle  which  can  be  measured  with  the  sextant, 
for  all  reflection  from  the  index  glass  ceases  when  tp  =  90°,  and 
this  value  gives  by  (65)  y  =  180°  —  2/9  as  the  limit  of  possible 
measures  with  the  instrument. 

The  preceding  investigation  is  confined  to  the  case  in  which 
both  faces  of  the  glass  are  perpendicular  to  the  sextant  plane ; 
but  it  suflices  to  show  the  nature  of  the  effect  produced.  This 
case  is,  moreover,  that  in  which  the  effect  is  greatest. 

The  glass  reflects  from  its  outer  face  as  well  as  from  its  silvered 
face,  though  in  a  less  degree.  If  the  faces  are  parallel,  the  rays 
from  a  distant  object  reflected  from  the  two  faces  will  be  parallel 
after  leaving  the  glass ;  they  will,  therefore,  be  converged  to  the 
same  focus  in  the  telescope  and  produce  but  a  single  image  of 
the  object.  But  if  the  glass  is  prismatic  there  will  be  two  images, 
a  fainter  image  superposed  upon  the  stronger  one  and  not  quite 
coincident  with  it.  The  effect  will  be  to  give  an  image  with  an 
indistinct  outline ;  a  star  will  present  a  somewhat  enlarged  or 
elongated  image.  We  can,  therefore,  very  readily  determine 
whether  the  glass  is  prismatic  by  examining  the  reflected  image 
of  a  star  when  the  index  is  set  upon  a  reading  of  about  120°. 

The  best  makers  will  reject  a  glass  that  does  not  stand  this 
test.  K,  however,  an  instrument  is  found  to  be  defective  in  this 
respect,  we  may  determine  the  error  produced  by  it  as  follows. 
After  carefully  adjusting  the  instrument  and  finding  its  index 
correction,  measure  a  large  angle  between  two  well  defined  ter- 
restrial objects.  Then  take  out  the  index  glass  and  invert  it 
(so  that  the  edge,  which  was  before  uppermost,  may  now  be  next 
the  plane  of  the  instrument),  readjust  the  instrument,  determine 
the  new  index  correction,  and  again  measure  the  angle  between 
the  two  objects.  Half  the  difference  of  the  two  measures  will  be 
the  error  in  either  measure  produced  by  the  glass.  The  same 
process  repeated  for  a  number  of  angles  of  various  magnitudes 
will  furnish  a  table  of  errors,  from  which  the  error  for  any  par- 
ticular angle  may  be  obtained  by  interpolation. 

98.  A  prismatic  form  of  the  horizon  glass  affects  all  angles,  the 
index  correction  included,  by  the  same  quantity,  and  therefore 
produces  no  error  in  the  results. 
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99.  To  (U'tenninc  the  error  produced  by  a  small  inclination  of  iht 
sight  line  to  the  plane  of  the  sextant, — The  directions  of  lines  in 
space  are  most  clearly  represented  by  points  on  the  surface 
of  a  sphere  described  about  an  assumed  centre  with  an  arbitrary 
radius  (Vol.  I.  Art.  1).  The  radii  drawn  parallel  to  any  given 
lines  in  space  will  intersect  each  other  under  the  same  angles  as 
those  lines,  and  these  angles  will  be  nieasnred  by  the  arcs  of 
great  circles  joining  the  extremities  of  the  rudii  on  the  surface 
of  the  sphere.  Let  us  here  take  the  centre  of  the  sextant  arc 
as  the  centre  of  such  a  sphere-    Let  0,  Fig.  2o,  be  that  centre, 

OP  the  direction  of  the  perpendicular 
*^^   *  to  the  index  glass,  Op  that  of  the  per- 

pendicular to  the  horizon  glass.  The 
points  P  and  }}  are  the  poles  of  the 
gi*eat  circles  whose  planes  are  parallel 
to  those  of  the  glasses,  and  may  be 
called,  briefly,  the  poles  of  the  index 
ghiss  and  horizon  glass,  respectively. 
Let  OA  be  the  direction  of  the  sight 
line.  When  the  instrument  is  per- 
fectly adjusted,  the  lines  OP,  Op,  and 
OA  are  in  the  same  plane,  wliich  is 
parallel  to  that  of  the  sextant  The  course  of  a  ray  which 
reaches  the  eye  will  be  most  readily  followed  by  tracing  it  back- 
wards from  the  eye.  Thus,  the  ray  OA  coinciding  with  the  sight 
line  is  reflected  from  the  horiKou  glass  in  the  direction  BOf  so 
that  pB  —  pA.  It  is  then  reflected  from  the  index  glass  in  tho 
direction  OC,  so  that  PB  =  PC;  and  OC  is  tliereforc  the  direc- 
tion of  an  object  whose  image  is  reflected  to  the  eye  in  tlie  same 
direction,  AO^  in  which  another  object  is  seen  directly.  Henoe 
AOC\  or  AC\  is  the  angular  distance  of  the  objects.  From  this 
construction  we  obtain  easily  AC=^2Ppf  which  is  the  fimda- 
mental  property  of  the  sextant  (Art,  79), 

But  if  the  sight  line  is  inclined  to  the  plane  of  the  instrument^ 
it  meets  the  sphere  in  a  point  A'  not  in  the  great  circle  Pp* 
Tlie  inclination  is  measured  Viy  the  arc  AA^  perpendicular  to 
Pjp,  which  19  a  part  of  the  arc  QA'A  dmwn  through  ^^and  the 
pole  Q  of  the  great  circle.  The  point  Q  may  be  called  the  polo 
of  the  nextant  plane.  Tracing  the  ray  OA'  backwards,  we  ob- 
serve tlmt  the  plane  of  reflexion  from  the  horizon  glass  is  repre- 
sented by  the  great  circle  A*pB\  determined  by  the  ray  and  th^ 
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normal  Op,  so  that  if  we  take  pB'  =  jpA\  the  reflected  ray  takes 
the  direction  JB'O.  The  plane  of  reflexion  from  the  index  glass 
will  be  represented  by  the  great  circle  JB'PC,  and  by  taking 
PC  =  PB',  OC  will  be  the  direction  of  the  reflected  ray. 
Hence,  J.' C"  will  be  the  true  angular  distance  of  the  two  objects 
observed  in  contact;  while  J. Cor  2 i^  will  be  the  angle  given 
by  the  sextant.    Let 

Y  =  the  angle  given  by  the  sextant  =^  AG, 
Y^=  the  true  angle  =  A'C'y 

%  =  the  inclination  of  the  sight  line  =  AA\ 

It  is  evident  that  CC  =  BB'  =  AA',  and  therefore  QA^G^  is  an 
isosceles  triangle  of  which  the  angle  C  =  /*,  the  side  A'  C"  =  7^, 
and  the  side  QA'  or  qC  =  90°  —  i.  If  then  we  divide  this 
triangle  into  two  rectangular  ones  by  a  perpendicular  from  Qy 
we  obtain 

sin  }  ^  =  cos  t  sin  }  r  (67) 

for  which,  as  i  is  always  very  small,  we  may  take  the  approxi- 
mate equation'*' 

r'  —  r  =  —  i«  sin  1"  tan  Jr  (67*) 

According  to  the  second  method  of  adjustment  in  Art.  84,  if 
the  mark  is  placed  at  a  distance  of  20  feet,  and  if  the  error  of  its 
position  in  a  vertical  direction  is  not  more  than  J  an  inch  (which 
is  a  large  error  in  such  a  case),  the  telescope  adjusted  to  it  will 

have  an  inclination  which  will  be  found  by  the  equation  sin  i 

0.6 
=  I  which  gives  i  =  7'  10".    Taking  this  value  of  i,  the 

formula  (67*)  gives  7^  —  y-  =  —  0''.897  tan  J  7-,  and  for  y  =  120^, 
f  —  r  =  —  1".5.  The  error  may  therefore  be  regarded  as  evan- 
escent when  ordinary  care  has  been  bestowed  upon  the  adjust- 
ment. When  the  error  exists,  the  observed  angles  are  always  too 
great. 

100.  If  the  contact  of  the  images  of  two  objects  is  made  on 
either  side  of  the  middle  of  the  field  of  the  telescope,  the  actual 
sight  line  is  inclined,  although  the  axis  of  the  telescope  may  be 
parallel,  to  the  sextant  plane. 

*  This  approximate  equation  can  be  deduced  f^om  (67)  or  taken  directljr  from 
Sph.  Trig.  (112). 
Vol.  IL— 8 
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The  inclination  of  this  actual  sight  line  cfin  be  estimated  by 
the  aid  of  the  angular  distance  of  the  threade*  To  find  this 
distance,  place  the  threads  at  right  angles  to  the  plane  of  the 
sextant,  bring  tlie  direct  image  of  a  distant,  well  defined  line  on 
one  thread,  and  the  reflected  image  on  the  other  thread,  and 
read  the  arc;  then  move  the  index  until  the  images  have 
exchanged  places  on  the  threads^,  and  again  read  the  are :  the 
half  ditference  of  the  tv\"0  readings  is  the  angular  distance  of 
the  two  threads. 

Let  thia  distance  of  the  threads  be  denoted  by  5,  and  Buppose 
an  angle  ^  i^  oliseiTcd  by  making  the  contact  at  a  distance  tii 
from  une  of  the  threadis  (the  fraction  n  being  estimated  at  the 
time  of  making  the  observation);  then  the  inclination  of  the 
actual  mght  line  to  the  true  sight  line  eorresponding  Ui  the 
middle  point  between  the  threads  will  be  i  1  r?  —  no^  with 
wfiich  value  of  i,  the  correction  of  the  observed  angle  y^  wU 
be  found  by  (67*), 

The  distiinee  3  in  the  best  sextant  telescopes  will  not  exceed 
80'.  Wlien  the  instrument  is  held  in  the  hand,  w^e  cannot  make 
all  contacti*  exactly  in  the  middle  of  the  field ;  but,  if  we  assume 
tliat  we  can  always  nuike  them  at  a  distance  greater  than  ^i 
from  either  thread  (which  a  little  pmctice  will  enable  us  to  do), 
we  shall  always  have  j  <  J<J,  or  t  <  5'j  and  hence  the  eorreetion 
y'  —  f  <i  0''.44  tan  ly.  For  any  tolerably  good  observer,  there- 
fore, tliis  correction  will  be  practically  itisensible. 

At  the  same  time,  however,  we  see  the  importance  of  making 
tlie  contacts  as  near  to  the  middle  of  the  field  as  pivssible,  since 
the  error  always  has  the  same  sign  and  all  the  measured  angles 
are  liable  to  be  too  great,  If  a  contact  is  made  on  either  thread, 
and  we  have  3  =  30',  the  error  in  j-  will  be  S''.93  tan  ly^  or  6''»8 
for  r  --  120^ 


101,  The  distance  i  of  the  threads  may  also  be  used  to  find 
the  inclination  of  the  axis  of  the  telescope,  or  rather  of  the  tnie 
siglit  line.  Measure  an  angular  distance  of  120°  or  more,  be* 
tweon  two  well  defined  objects ;  bring  the  images  in  contact  first 
on  one  tliread  and  then  on  the  other  (the  threads  lieing  placed 
parallel  to  the  plane  of  the  instrument),  and  ka  the  readings  on 
the  arc  be  y  and  y^  Then,  y'  being  the  true  reading  in  either 
case^  and  t  the  inclination  of  the  true  sight  line,  we  have 
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r'— ^=—(2  + *')  sinrtaniri 
whence,  taking  tan  ^y  =  tan  Jt'i  in  the  second  members, 


_   ri  —  r 
2  ^  sin ! 


i  =  ."  .    '^,,cot}r  (68) 


It  is  evident  that,  when  i  is  positive,  the  greater  measure  is  t*,, 
taken  on  the  thread  nearest  the  plane  of  the  instrument,  and 

I  +  I  is  the  distance  from  this  thread  to  the  point  in  the  field 
2 

which  represents  a  direction  parallel  to  the  plane  of  the  sextant. 
Hence  the  first  method  of  adjusting  the  telescope  given  in  Art.  84. 

102.  To  find  the  error  produced  by  a  small  inclination  of  the  index 
glass. — The  horizon  glass,  being  ad- 
justed by  means  of  the  index  glass 
(Art.  83),  may  be  supposed  to  have  the 
same  inclination.  Let  pP  (Fig.  26)  be 
the  great  circle  of  the  sextant  plane ; 
let  the  poles  of  the  mirrors  be  at  P' 
and  p'y  and  put 

I  =  the  inclination  of  the  index  glass  =  PP'  =  that  of  the 
horizon  glass  =  pp\ 

If  we  suppose  that  the  sight  line  is  adjusted  by  the  first  method 
of  Art.  84,  it  will  be  found  in  a  plane  perpendicular  to  both 
mirrors,  and  its  direction  will  be  represented  by  a  point  J.'  in  the 
great  circle  7>'P'.  The  direct  ray  from  the  eye  to  an  object  A' 
will  be  reflected  in  the  direction  jB',  and  thence  to  C,  these  points 
all  lying  in  the  same  great  circle ;  J.'C"  will  be  the  true  distance 
/  of  the  objects  observed,  andjj'P'^  ^f  will  be  the  true  angle 
of  the  mirrors,  while  pP=  J  7- will  be  the  angle  given  by  the 
sextant  reading.  In  the  isosceles  triangle  P^Qp'y  we  have  the 
angle  y§P'=ir  ^^^  Qp'=  QP'=-90''  —  l;  and,  dividing  it 
into  two  right  triangles  by  a  perpendicular  from  §,  we  obtain 

sin  }  7^  =  cos  i  sin  }  y  (69) 


116 


6EXTA5T. 


whence,  very  nearly, 

r'  —  r  =  —  2^' 8in  1" tan  i y 


(69*) 


By  the  method  of  adjusting  the  index  glass  given  in  Art  82,  it 
may  easily  be  pkeed  within  5'  of  \X%  true  pugition,  and  for 
/  =  5'  =  300",  and  j  =  120°,  this  fonnula  gives  7^  —  y-  =  —  0".5. 
Hence,  with  ordinary  care,  this  error  will  also  be  practically 
insijpniificant* 

The  iiR-Iinatiun  of  the  eight  line,  in  this  solution,  is  variable 
witii  the  angle  measured.  Denoting  it  by  i'=  AA\  we  readily 
find,  by  the  aid  of  a  perpendicular  from  Q  upon  />'P', 


tan  f  =  tan  I . —^ — 

cos  4  X 

in  which  ^  =  J|);  or 

f  ^  I  sec  \  J  cos  (iy-  —  /9) 


(70) 


(70*) 


103.  If,  however,  the  sight  line  is  not  determined  aa  above 
nupposed,  but  has  a  const^mt  inclination  to  the  plane  of  the  sex- 
tant, denoted  by  i,  it8  inclination  to  the  phuic  of  reflection  />'P' 
will  lie  /'—  \,  and  the  additiontU  error  produced  by  thib  inclina- 
tion will  be  found  by  (67*)  to  be 

—  {V—  \f%\n  rtan  \r 
Combining  this  with  (69*),  the  complete  formula  is 
/  —  7-^  —  2 ^ sin  r' tan  \r  —  [^bcc  i/'COs(ijr^^)  — i]*Bin  l"tan  i;- 
which  can  be  put  under  the  form 
r'      -      -  2  sin  1"  tan  i  r  \p  +  »ec  *  r  ['  cos  (i;^  — ^5)  —  1  cot  Jr]']  (71) 

wuicii  agree.'*  with  £kcK£'s  formula  in  the  Berlin  Jahrbuch  for 
1H30,  p.  292. 

Taking,  m  an  extreme  case,  I  =  6',  i  =  —  5',  r  ^  120^,  ^  =  80^, 
this  gives  ^  —  ^  =  —  4".0. 

104,  To  find  the  error  produced  by  a  small  indmathn  of  the  horkcn 
^as/t, — Aft*.su!ning  that  the  index  glass  and  the  telescope  arc  in 

a<yustment,  let  the  pole  of  the  Iiorizon  g\u»E  be  at  />',  Fig,  27, 
Uie  pole  of  the  index  gla^s  being  at  P,  and  the  sight  line  directed 
towards  -4  in  tlie  plane  of  the  sextant.  The  ray  from  the  eye 
towards  .4.  is  reflected  to  H'  m  the  arc  Ap\  so  tliat  p*Ji'  =  p'A^ 


ECCENTRICITY.  117 

and  thence  to  C,  which  is  at  the  distance  CC  =  BB'  from  the 
great  circle  pPC.  AC=x  ^^  ^^ 
angle  given  by  the  sextant ;  and  -^r===;;r-— ^p  ^^ 
AC'=^f  is  the  true  angular  dis- 
tance between  the  two  objects  whose 
images  are  observed  in  contact. 
Putting 

k  =  the  inclination  of  the  horizon  glass  =  pp% 

m=CC'=  BB\  P  =  Ap, 

we  have  from  the  triangles  App^  and  ABB\  very  nearly, 

m  =  2kcos  fi 

and,  from  the  triangle  AC'Cy 

cos  ^  =  cos  m  cos  y 
whence 

y'  —  r  =  J  ''^^  8in  1"  cot  7*  =  2A:*  sin  1"  cos*^  cot  r  (72) 

This  error  is  sensible  only  for  small  values  of  y.  For  7*  =  0  the 
expression  becomes-  infinite ;  for  in  fact  it  is  inapplicable  in  this 
case,  since  when  the  horizon  glass  is  inclined  it  is  impossible  to 
make  a  contact  of  two  images  of  the  same  point.  But  in  the  deter- 
mination of  the  index  correction  by  the  sun,  the  limbs  of  the 
two  images  will  be  brought  into  contact  alternately  on  each  side 
of  the  true  zero  point  of  the  arc,  and  we  shall  have  ^  =  ±:  0°  32'. 
For  this  case,  with  ^  =  30°  and  k  =  30"  (which  ought  to  be 
the  maximum  error  in  the  adjustment  by  Art.  83),  we  find 
7^=7'=  it  0".7;  and  even  this  error  is  eliminated  from  the 
index  correction  itself.  For  all  angles  greater  than  0°  32'  the 
error  is  wholly  inappreciable. 

105.  To  find  the  eccentricity  of  the  sextant. — As  the  arc  of  the 
sextant  is  limited,  the  method  of  determining  whether  the  centre 
about  which  the  index  arm  revolves  is  coincident  with  the  centre 
of  the  graduations  by  means  of  two  verniers  180°  apart  (Art.  28) 
is  not  applicable.  "We  can  find  the  eccentricity  only  by  comparing 
various  angles  measured  with  the  sextant  with  their  known  values 
found  by  some  other  means.  Thus,  the  angular  distances  of  a 
number  of  terrestrial  points  situated  in  a  horizontal  plane  may 
be  accurately  determined  with  a  good  theodolite  and  then  also 
measured  with  the  sextant. 
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Or  we  may  measure  with  the  sextant  the  distance  of  two  well 
known  fixed  stars  and  compare  it  with  the  apparent  distance 
eompnted  from  their  right  ascensions  and  declinations.  The  re- 
fraction, however,  must  be  taken  into  account,  which  niaj  be 
done  in  either  of  two  ways.  Ist,  The  true  distance  of  the  stars 
will  be  found  u^  in  the  case  of  the  moon  and  a  star.  Vol.  I. 
Art,  255.  Then  the  apparent  distance  will  be  found  by  the 
forrnulie  (44H)  and  (449)  of  Vol,  L,  in  wliicli  we  must  for  thi* 
case  suppose  A/,  l/^(/'  to  be  the  true  altitudes  and  distance,  and 
Ap  //p  </,  to  be  their  apparent  values  aftl'cted  by  refraction.  Tlic 
altitudes  will  he  computed  by  AH.  14,  Vol.  I.,  the  local  time, 
and  couscqaently  the  liour  angles  of  the  stai's,  being  given. 

2<L  We  may  compute  the  zenith  distaiiecs  and  iturallactic 
angles  of  the  stars  for  the  time  of  the  observation  by  Vol.  I.  Art, 
15,  and  then  the  refraction  in  right  ascension  and  declination  by 
Art.  120.  AVe  shall  then  have  the  api»arL'nt  light  ascensions  and 
declinations,  from  which  the  apj>arent  distance  will  be  directly 
computed  by  the  method  of  Vol.  I.  Art.  255. 

Xow,  let  X  he  the  sextant  reading,  x  the  index  correction  (here 
supposed  to  be  unknon^-n,  as  we  must  regard  tlie  zero  point  as 
likewise  affected  by  the  eccentricity),  y'  the  true  value  of  the 
measured  angle,  e  the  eccentricity;  then,  since  the  readings  of  the 
sextant  are  double  the  true  arcs,  we  have,  by  (9), 


/-Cr  +  ^)=2eftiii(i/+£) 


or,  putting  n  =^f  —  f^ 


X  +  2c  cos  E  sin  \f-\-  2 e  sin  JS^  cos  J  j^  =  » 


(T8) 


To  find  the  three  unknown  quantities  j-,  2<' cos  J?,  and  2fsin£, 
we  must  have  three  such  equations  derived  from  three  angles 
falling  in  difterent  parts  of  the  arc, — for  example^  near  0**,  60°,  and 
120°,  If  we  have  measured  a  large  number  of  angles,  of  various 
magnitudes,  we  can  treat  the  equations  by  the  method  of  least 
squares. 

As  the  index  correction  is  liable  to  change  from  one  obtterva- 
tion  to  another,  we  can  let  j  represent  the  reading  corrected  for 
the  index  error  found  at  each  observation,  and  then  x  will  be  Uie 
correction  of  the  zero  point  for  eccentricity. 
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THE   SIMPLE   REFLECTINa    CIRCLE. 

106.  K  the  arc  of  the  sextant  is  extended  to  a  whole  circum- 
ference, the  iudex  ann  may  be  produced  and  carry  a  vernier 
upou  each  extremity.  The  mean  of  the  readings  of  the  two 
verniers  may  then  be  taken  at  every  observation,  and  will  bo 
wholly  free  from  the  error  of  eccentricity.  This  constitutes  a 
simple  reflecting  circle,  the  maiiiivulation  of  which  is  in  every 
respect  the  same  as  that  of  the  sextant.  It  has  not  only  the 
advantage  of  eliminating  the  eccentricity,  but  at  the  same  time 
of  diminishing  the  effect  of  errors  of  reading  and  accidental 
errors  of  graduation,  since  every  result  is  derived  from  the 
mean  of  trvo  readings  at  two  different  divisions  of  tlie  arc.  The 
only  objection  to  the  instrument  is  found  in  the  slight  increase 
of  its  weight 

The  simple  reflecting  circles  of  Troughton  are  read  by  three 
verniers,  at  distances  of  120°  ;  but,  as  the  eccentricity  is  already 
fully  eliminated  by  two  verniers,  the  third  can  increase  tho 
accuracy  of  a  result  only  by  diminishing  the  effect  of  errors  of 
reading  and  of  graduation.  If  e^  is  the  probable  error  of  the 
mean  of  two  readings,  that  of  the  mean  of  three  readings  w^ill  be 

«.  =  «.!/§=  0.81 1. 

so  that  if  two  verniers  reduce  the  error  to  5"  the  third  will  only 
further  reduce  it  to  4'',  an  increase  of  accuracy  which  for  a 
single  obseiTation  is  not  worth  the  additional  complieation  and 
weight  and  the  trouble  of  reading.  As  was  to  be  expected, 
these  instruments,  though  of  very  refined  and  perfect  construc- 
tion, have  been  but  little  used. 

The  prismatic  reflecting  circles  of  Pistor  and  Martins  noticed 
below  have  but  two  verniers,  and  combine  many  practical  ad- 
vantages, 

the    REPEATING    REFLECTING   CIRCLE. 

107.  In  the  repeating  reflecting  circle  the  small  mirror,  or 
horizon  glass,  is  not  permanently  attached  to  the  fi'arae  of  tho 
instrument,  but  is  attached  to  an  arm  which  revolves  about  the 
centre  of  the  instrument.  As  the  telescope  must  always  be 
directed  through  this  glass,  it  is  also  attached  to  the  same  arm 
and  revolves  with  it.  This  arm  also  carries  a  vernier  at  its 
extremity. 
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Fig.  28. 


Let  ETM  (Fig.  28)  be  the  revoMng  ami  to  which  are  attached 

tlie  small  mirror  m,  the 
telescope  J*,  and  tlie  ver- 
nier, or  index  H;  M  the 
central  mirror  which  is 
revolved  by  the  arm  Ml^ 
carr}4ng  the  vernier,  or 
index  /,  In  accordance 
with  the  nom  en  chit  lire  in 
nautical  worka,  we  shall 
call  H  the  horizon  index^ 
and  /  the  cmtral  index^ 

The  arc  is  graduated 
from  0^  to  720°  in  the  di- 
rection HIE, 

Let  A  and  jS  be  the  objects  whose  angular  distance  is  to  be 
measured.  First:  let  the  central  index  /  be  clamped  at  any 
assumed  point  of  the  arc.  Bring  the  plane  of  the  instrument  to 
pass  through  the  two  objects.  Direct  the  telescope  towards  tlio 
right  hand  object  B,  and,  T-idthout  touching  the  centnd  index, 
move  the  liorizon  index  II  (or  rather  re\x>lve  the  irij^trument, 
keeping  the  telescope  bearing  on  -B),  until  the  image  of  the  left 
hand  oljject  A  is  reflected  from  the  central  mirror  M  to  the 
horizon  glass  m,  and  thence  to  the  eye,  and  thus  into  coincidence 
with  the  object  B  seen  directly.     This  completes  the  first  pmt 

of  the  observation.  Xow> 
leaving  the  horizon  index 
II  clamped  in  this  posi- 
tioiij  uiiclamp  the  central 
index  /;  direct  the  tele- 
scope to  tlie  left  hand 
object  J,  Fig.  29,  and 
move  the  index  /  for^ 
ward  (in  the  direction  of 
the  graduations)  until  the 
reflected  image  of  the 
right  hand  object  B  is 
brought  to  coincide  with 
the  direct  image  of  A» 
This  completes  the  second 
part  of  the  obseri-ation. 


Pig.  20. 
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Then,  the  difference  between  the  readings  of  the  central  index  in  its  tw6 
positions  is  twice  the  angular  distance  of  the  objects.  For  let  -B,  Pig. 
29,  be  the  point  of  reading  of  the  central  index  before  the  first 
contact,  and  -B'  that  after  the  second  contact.  At  each  contact 
the  angle  of  the  mirrors  is  equal  to  one-half  the  angle  measured 
(Art  80) ;  and  it  is  evident  that  the  points  R  and  R'  are  at  equal 
distances  on  each  side  of  that  point  of  the  arc  at  which  the  cenr 
tral  index  would  have  stood  had  we  stopped  its  motion  when  the 
mirrors  were  parallel.  Hence  the  angle  RMR'  is  twice  the 
angle  of  the  mirrors  at  either  contact.  Denoting  the  angle 
measured  by  /•,  and  the  readings  by  R  and  JB',  we  have,  there- 
fore, 

2r  =  -B'  — -B 

The  half  difference  of  the  two  readings  is  then  the  mean  of 
two  measures  of  the  required  angle ;  while  with  the  sextant  two 
observations  are  necessary  to  furnish  one  measure  of  an  angle, 
since  one  observation  must  be  made  to  determine  the  index  cor- 
rection, which  is  here  dispensed  with. 

If  we  now  recommence  the  observations,  starting  from  the 
last  position  of  the  central  index,  this  index  will  be  found  after 
the  fourth  contact  at  a  reading  iZ",  which  differs  from  R'  by 
twice  the  angle  x'-  so  that  we  have 

2r  =  -B"— -B' 
and,  consequently. 

Continuing  this  process  as  long  as  we  please,  we  shall  have,  after 
any  even  number  n  of  contacts,  a  reading  R^  of  the  central 
index,  and 

nr  =  Rn-R 
or 

r  =  ^V^  (74) 

Hence  it  is  necessary  to  read  off  the  arc  only  before  the  first  and 
after  the  last  observed  contact,  which  is  one  of  the  greatest 
advantages  of  this  instrument  for  use  on  board  ship  in  night 
observations. 

108.  K  the  distance  of  the  objects  is  changing,  as  in  the  case 
of  a  lunar  distance  or  an  altitude,  the  difference  between  the 
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first  and  last  readings  will  be  the  sum  of  all  the  individnal 
measures,  and  the  vahie  of  j'  found  bj  dividing  this  sum  by  the 
iiuiijber  of  ohservatioiKs  will  be  the  Diean  of  all  these  measures. 
The  time  of  each  obse nation  having  been  noted,  tbla  value  of  jr 
will  be  the  value  of  the  observed  angle  at  the  mean  of  these, 
times,  provided  the  angular  distance  is  changing  miiformly. 


109.  "W^e  have  tlnis  for  supposed  the  telescope  to  be  directed 
altei-iuitely  towards  each  object;  hut  (as  in  the  measurement  of 
a  lunar  distiinee,  for  example)  it  ift  expedient  to  look  directly  at 
the  fainter  olyeet  and  reflect  tlie  brighter  one*  This  can  be  done 
by  reversing  the  face  of  tlie  iut^trurneut  after  each  contact;  tbr 
the  relative  position  of  the  mirrors  will  thus  be  inverted  without 
requiring  the  line  of  sight  to  be  shifted  from  one  object  to  tlio 
other. 

It  18  convenient  in  practice  to  distinguish  the  two  kinds  of 
ob6er\ation  by  the  relative  positions  of  the  mirrors.  For  this 
purpose,  let  a  plane  be  conceived  to  he  passed  tli rough  the  axis 
of  the  telescope  at  right  angles  to  tlie  plane  of  the  circle ;  tlie 
instrument  is  thus  divided  into  two  portions,  of  which  that  which 
is  on  the  same  side  of  the  {perpendicular  plane  as  the  central 
mirror  will  be  called  the  rigfd^  and  that  which  is  on  the  opposite 
side,  the  kfi ;  these  designations,  however,  having  no  reference 
to  the  right  and  left  of  the  obsen  er  when  the  instrument  is  held 
in  various  positions. 

An  observdliOH  to  the  right  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  right  of  the  instniment. 

An  observaiifni  to  the  left  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  left  of  the  instrument. 

A  cro3s  obser^^atirm  is  one  consisting  of  two  observations,  one  to 
the  right  and  one  to  the  left. 

The  observation  to  the  right  is  precisely  like  that  with  the 
sextant.  A\^e  may,  in  fact,  use  the  instrument  m  a  eextant 
Chirap  tlie  hr»rizon  index  at  any  point  of  the  arc ;  bring  tlie  direct 
and  reflected  images  of  the  siime  object  into  coincidence  by 
moving  the  central  index,  and  read  oft*  this. index.  Call  thin 
rending  R;  then,  making  any  observation  to  the  right,  let  the 
reading  be  IV ;  tlie  angle  measured  is  JV  —  R^  and  —Ji  may  be 
regarded  as  the  index  correction,  as  in  the  sextant. 

110.  In  observing  altitudes  witli  the  repeating  cirelcj  the  tele- 
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scope  16  directed  to  the  image  in  the  artificial  horizon.  The 
central  index  is,  for  convenience,  set  upon  zero,  and  we  com- 
mence with  an  obi^ervution  to  the  left,  as  in  Fig;  28,  holding  the 
instrument  in  the  left  hand.  The  next  ohgervation  is  to  the 
right,  as  in  Fig,  29,  and  the  instrument  is  held  in  the  right  hand. 

Ill-  In  order  to  facilitate  the  repetition  of  the  ohservations, 
the  horizon  glass  and  telescope  carry  with  them  an  inner  circular 
arc,  which  is  called  the  finder.  This  finder  moves  under  the 
central  index  arm  alternately  baclcwurds  and  fonvardti  in  the  suc- 
cessive observations ;  and,  consequently,  wdien  tlie  two  places  of 
the  index  ami  have  been  once  noted  on  the  finder,  it  can  be 
brought  approximately  to  these  places  for  the  succeeding  ubser^ 
vations,  whereby  the  images  will  be  already  approximately  in 
contact.  Two  sliding  stops  are  usually  placed  on  the  tinder,  and, 
when  once  set,  serve  to  indicate  the  two  positions  of  tlie  central 
index.  The  finder  is  also  roughly  graduated  for  the  same  pur- 
pose* 

112.  The  adjustment  and  verification  of  the  glasses  and  tele- 
scope are  in  every  respect  the  same  as  for  the  sextant.  The 
theory  of  the  errors  is  also  similar,  only  we  have  a  compensa- 
tion of  some  of  them  which  is  worthy  of  notice  and  will  he 
considered  below. 

Dark  glasses  or  shades  are  placed,  as  in  the  sextant,  behind 
the  horizon  glass  and  between  the  horizon  glass  and  central 
mirror^  for  observations  of  the  sun.  In  cross  observationo,  the 
errors  of  these  glasses  are  eliminated,  since  their  positions  with 
respect  to  the  incident  rays  are  reversed  at  each  alternate  contact. 
In  observations  to  the  left,  however,  Fig,  28,  it  is  evident  that 
when  the  angular  distance  between  the  objects  .4  and  B  is  small, 
colored  glasses  midway  between  M  and  in  would  intercept  a 
portion  of  the  direct  rays  from  A  on  their  way  to  3L  In  this 
case,  therefore,  it  becomes  necessary  to  substitute  for  them  a 
large  shade  immediately  in  front  of  the  central  mirror.     The 

i  same  shade  serves  for  the  observation  to  the  right ;  but,  as  the 
angle  of  incidence  of  rsiys  falling  upon  it  is  no  longer  the  same 
as  in  the  observation  to  the  left,  the  error  of  tlie  shade  is 
not  w*holly  eliminated.     However,  as  the  angle  of  incidence  is 

,  small  in  both  positions,  the  errors  produced  by  a  prismatic  form 
of  the  shade  will  be  small,  and  the  partial  compensation  of  these 
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errors  which  occurs  will  leave  a  residual  error  mostly  inappre- 
ciable* 

113.  To  determine  the  error  produced  bi/  a  prismatic  form  of  the 
central  mirror  m  a  cross  observuiion  with  ih  circle* — Let  us  consider 
the  t^'O  coutacts  separately. 

1st,  The  observaiion  to  the  right  ia  the  same  as  with  the  sextant^ 
and  hence  we  have,  for  this  observation,  by  {^Q)^ 

r  —  f=^M  [v^l  +  5«6ec«(ir  +  ^)  —  |/l  +  ^'8ee\^]        (75) 

in  which  M,  q,  ^,  y,  and  f  have  the  same  significfition  as  in  Art.  97. 
2d,  In  the  observation  to  the  left.,  the  central  mirror  is  reversed 
p,^  3^  Viith.  respect  to  the  itieident  ray^  and 

therefore    the   sign    of    3/  must    be 
changed.     But  the  angle  of  incideneo 

^  f  i®  ^Iso  ehtmged.  Let  3/ and  w.  Fig, 

30j  be  the  pOHitions  of  the   mirrors, 
j43f  a  ray  from  the  left4mnd  object  A 
reflected  from  the  central  mirror  to  ni, 
A  and  theueo  to  E  in  coineidenee  with 

the  direct  ray  from  the  olyect  B,  Prodneiug  the  faces  of 
the  mirrors,  we  readily  iind,  from  the  triangle  MQn^ 

This  value  is  to  be  used  in  the  equation  (64).  The  error  in  the 
measured  angle  mil  bo  tlie  difference  of  the  valncj?  of  (tVt)  for 
y  =  J^  —  (i  and  y>  =  ^  ^;  and  we  shall  therefore  obtain  for  it 
a  formula  differing  from  (75)  only  in  having  —  ^  int*tead  of  *f  fi 
and  —  3f  instead  of  +  3L  Hence  the  error  in  an  observation 
to  the  left  ia 

r  —  /=-2M[yi+  i/'see'  {Ir-^)  —  |/1  -f^'sec%?J    (7«) 

8d.  For  the  error  in  the  cross  obsercatkn  we  have,  by  taking  tlie 
mean  of  (75)  and  (76), 

f^^  =  M  \yi  +  r/8ec»(Jr  +  9)  —  Vl-\-  j'BeeHir  --ftj  (TT) 

If  we  suppose,  as  in  Art,  97,  f=  1.4025,  M=  W,  y  =  120^ 
/?  ^  10°,  we  find,  by  these  fonnnlie,  that  the  error  of  an  obsttrva* 
tion  to  the  left  is  41",  that  of  an  observation  to  the  right  is  11'^ 
and  that  of  a  cross  observation  is  15".  The  error  of  the  etrntral 
mirri.»n  thougli  m>t  wholly  eliminated,  is  reduced  to  about  one- 
third  that  of  a  sextant  ubsen^atiou. 
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Bob  DA,*  to  whom  we  owe  the  most  important  improvements  iii 

,  the  reflecting  circle,  gave  the  numerical  values  of  the  formulre 

(75),  (76),  and  (77),  in  a  small  table  with  the  argument ;-,  for  a 

circle  in  which  /9  ^  W.     Table  XXXIV.  of  Bowditch's  Navi- 

gati:)r  is  derived  from  similar  formulte. 

The  error  produced  by  the  central  mirror  for  a  given  angle 
may  be  found  by  Art.  97,  and  then  by  means  of  Borda*s  table 
we  may  infer  the  correction  for  any  other  angle,  by  simple  pro- 
[portion. 

114,  The  errors  of  reading,  of  imperfect  graduation,  and  of 
[eccentricity  are  all  nearly  eliminated  by  taking  a  sufficient  num- 
[ber  of  cross  obsei'vations.  For  these  errors  aftect  only  the  first 
and  last  readings,  and  are  divided  by  the  number  of  observ^ations, 
[If  the  sum  of  all  the  measures  is  very  nearly  720"^  or  1440*^,  &c., 
[io  that  the  central  index  has  made  one  or  more  complete  revo- 
lutions, the  eccentricity  is  wholly  eliminated. 

The  eri*or  resulting  from  an  inclination  of  the  sight  line  of  the 
telescope  is  not  reduced  by  repetition,  since  it  makes  every 
measure  too  great.    (Art.  99.) 

In  theorj^  therefore,  the  repeating  circle  is  veiy  nearly  a  per- 
fect instrument,  capable  of  eliminating  its  own  errors.     As,  how- 
ever, wo  cantiot  pretend  to  measure  ^Uchat  ice  cannot  sce^**  the 
l^finement  of  the  circle  may  really  be  thrown  away,  so  long  as 
roptica!  power  of  its  telescope  is  so  feeble.     In  fact,  the  results 
lined  with  the  circle  do  not  appear  to  have  surj>assed  those 
[Obtained  with  the  sextant  so  much  as  was  expected  from  its  theo- 
Btical  perfection.     This  may,  however,  be  due,  in  a  degree,  to 
le  mechanical  imperfections  arising  from  the  centring  of  two 
one  within  another.| 


^  Dtscriplion  el  Uioge  du  CercU  dc  Rtjlexion,  par  Ctl,  Dm  Boeda,  •I**^  cd.  Pftris,  1816. 
f  I(  Mei'taN  thiU  tb«  instrument  makers  have  auppoei'd  that  \i  was  Deces^nry  that 
both  ttio  horixon  nod  the  central  intlicea  ishuutd  bo  perfectly  centred.  In  Gamuby's 
eirel«»  the  mis  of  the  central  index  turns  within  that  of  tho  horrton  index,  and  anjr 
r  of  lb«  latter  is  communicated  to  the  former,  Bui,  if  we  use  the  inatrument  as 
ribed  in  the  tcxt^  reading  off  onUj  the  central  index^  it  is  quite  unimportant 
er  I  he  huriton  index  ia  correctly  centred  or  not.  It  is  only  necessary  that  ii 
aid  reTolTc  in  a  plnnc  parnlld  to  the  piano  of  the  instrument,  and  should  remain 
firtnly  clamped  throughout  each  cross  observation  ;  and  this  will  be  secured  by  giving 
il  a  broad  hearing  about  the  centre.  The  axis  of  the  central  index  ought  then  to 
pMa  directly  into  the  toltd  frame  of  the  ingtnimont,  iind  the  horizon  index  nhouM 
tiim  a|K»]i  a  fixed  oollar,  which  wuuld  entirely  separate  it  from  the  former*     From 
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Fig.  31. 


m 


\\ 


115,  The  circle,  as  above  described,  la  capable  of  measnrinj 
no  angles  g^reater  than  al>ont  140°.     In  thie  respect,  therefore/ 
it  does  not  excel  tbe  sextant.     A  very  simple  addition  proposed 
by  M.  Daussy  obviates  this  difficiiltj.     On  the  horizon  indei 
arm  EU^  Fig*  31,  he   places   a  second  small  mirror  n,  which 

ig  of  only  one-half  the 
height  of  the  silvered 
part  of  tlie  horizon  gloBS , 
m.    The  angle  at  whiel 
it  stands  is  more  or  leet I 
arbitmry,  but  it  is  con*] 
venient  to  have  it  make 
an  angle  of  about  45° 
witli  the  mirror  m.   LeiJ 
A  be  any  distant  object,  j 
and  let  the  instrument! 
be  Iteld  *^o  that  a  ray  ^n, 
falling  npon  n,  shall  bo 
reflected  in  the  line  nn\ 
to  m  and  thence  to  the  eye  at  S    Now  move  the  central  index 
until  the  ray  AC,  from  the  same  object,  is  reflected  from  the 
central  mirror  ^ViV^in  the  line  Cm^  passing  over  the  small  mirror 
n  to  the  horizon  glass,  and  thence  to  the  eye  in  eoineidenco  with 
tlie  first  ray.     (Tliis  observation  is  like  the  ordinary  one  of  deter- 
mining the  zero  point  of  a  sextant  or  circle,  only  the  line  of  sight 
]g  directed  to  a  point  about  90^  from  the  object.)     The  mirroi' 
MN  and  the  small  nurror  n  are  now  parallel.     Let  H  be  the 
reading  of  the  central  index.      Now  let  £  be  a  second  object 
which  may  be  even  more  tlian  180°  frimi  A  reckoned  in  tho 
direction  HRR\     Move  the  central  index  until  this  object  is 
reflected  from  the  central  mirror  J/'A '  to  ??i,  and  thus  into  coin- 
cidence with  the  image  of  A  reflected  from  tu     Let  W  be  the 

the  (ket  tJiAt  fluch  &  eonstmction  bat  not  been  hfr^tofore  »doptad«  I  Safer  that  Uii«,  | 
ptrt  or  the  theory  of  the  inslrument  has  Dot  be«ii  wetl  cooilderod. 

If  thifi  chtinge  is  mntlc,  and  tbe  iottmmeiit  is  u»c<l  on  land  tipoQ  %  ilUid,  f  \ 
tee  Aii^  rvnsofi  why  we  s^houbl  not  reaJiie  all  tbe  theoretical  tdTmntigct  of  ih«  \Sk^i 
firumcnt^  cspe^imlly  if  we  conftiderably  tncrense  the  optical  power  of  the  telt«cop#. 

The  opinicin  of  8ir  Joh^  HaascttBi^  {Outhne^  cf  A^troHomy,  An*  ISS)  that  **th« 
at>BlraGt  Heauty  nml  adraniAgc  of  this  principle"'  (of  repetitton)  *'»eein  to  be  eounter^ 
balanetd  in  pmctiee  by  ioin«  unknown  taute,  vhtth  proiahlf  must  &#  tnwyAf /*r  m 
in^ffifeH  rhmpififf,*'  is  hardly  austaincd  by  practical  experienct  with  iiifltruin« 
ka^inf  a  single  eentral  axis* 
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'reading.     The  angular  motion  of  tho  mirror  JfA^l)eing  ahvays 
equal  to  one-balf  the  angular  distance  of  the  objectR,  i?'  -— J?  is 
['the  required  angle.     M,  Daussy  calk  this  cootrivance  a  dSjyresmo- 
imtVre,  or  dip-mmsurcr^  from  its  application  to  the  measurement 
*,of  the  dip  of  the  sea  horizon,  by  measuring  the  angular  dii^tance 
*  between  two  diametrically  opposite  points*  of  the  horizon,  this 
angular  distance  being  180^  ;ji*f^  or  minus  twice  the  dip  accord- 
ing a.^  we  measure  through  the  zenitli  or  through  the  nadir.     It 
[finds,  however,   anotlier  important  application  in   obHenations 
[.with  the  artificial  horizon  when  the  altitude  exceeds  ^yty^  or  70^, 
and  the  double  altitnde  it^  consequently  too  great  to  be  measured 
in  the  usual  manner.     The  additional  mirror  is  usually  furnished 
with  the  Gambey  circles,  and  is  readily  applied  to  any  instru- 
ment.    Since  the  angle  at  which  it  stands  is  not  required  to  be 
founds  the  only  adjustment  necessary  is  to  make  it  perpcodieular 
to  the  plane  of  the  instrument,  Avhieli  is  done  by  the  aid  of  the 
same  test  as  that  which  is  used  in  adjusting  the  horizo!i  glass; 
we  have  only  to  observe  that  the  two  images  of  the  sanu^  object 
A  (which  for  this  purpose  may  1»e  a  bright  star)  reflected  from 
J/iVand  n  can  be  brought  into  coincidence  in  the  middle  of  the 
field  of  the  telcRcope:  the  mirrors  J/i\^and  m  having  of  course 
been  previously  adjusted,* 

THE   PRISMATIC   HEFLECTDCG   CIRCLE   AKD   SEXTANT. 

110.  The  prismatic  reflecting  circle,  constructed  by  Pistor  and 
Martins  of  Berlin,  diflers  Irom  the  simple  reflecting  circle 
(All.  100)  by  the  substitution  of  a  glass  prism  for  the  horizon 
glass,  and  by  the  position  of  this  prism  with  respect  to  the  cen- 
tral mirror. 

ABCj  Fig.  32,  represents  the  circle-  M  the  central  mirror 
npon  the  index  arm  rtc,  which  carries  a  vernier  at  each  end  a 
Land  e;  m  tbe  prism,  which  is  nearer  the  telescope  7'  than  the 
n*entral  mirror,  and  is  permanently  attached  to  the  frame  of  the 
instrument.  The  prism  has  two  of  its  taces  nearly  perpendicular 
to  each  other,  and  the  third  face  acts  a^  the  reflector,  A  ray 
from  the  central  mirror  entering  one  of  tho  perpendicular  faces 
is  totally  reflected  at  the  inner  face  and  passes  out  through  the 


*  Special  instruments  for  meASuring  tlio  dip  of  (be  sea  hoiiton  baTo  been  contrived. 
For  an  nocount  of  Tboughton'b  Dip'Sectotf  see  Simms's  Treaiiu  on  Mathematical 
Initrumtnti, 


128 


PRISMATIC    CIRCLE. 


other  perj^endicular  face  in  the  direction  of  the  Biglit  line  of  the 
tekacupe.  The  height  of  the  prism  is  only  one-half  the  diameter 
of  the  ohject  lens  of  the  telescope,  and  therefore  direct  rajni 
from  any  object  passing  over  the  prism  enter  the  telescope  and 
are  brouglit  to  the  same  focus  as  the  reflected  rays.  When  tlie 
central  mirror  is  parallel  to  the  longer  side  of  the  prism,  as  in 
Fig.  32,  two  images  of  the  same  ohject  are  in  coincidence^  and 
the  index  correction  is  determined  as  in  the  sextant,  except  that 
every  reading  is  here  the  mean  of  the  readings  of  the  two 
verniers. 
Kow  revolving  the  index  into  the  position,  Fig.  33,  an  object 


Ttg,  32. 


Fig.  33. 


A- 


T 


to  the  right  will  he  reflected  into  coincidence  with  the  dirixt 
ohje<^t,  and  the  angular  distance  of  the  two  objects  is  given  by 
the  reading  corrected  for  the  index  error.  ^Vhen  the  central 
mirror  becomes  nearly  perpendicular  to  the  line  Mm,  the  prism 
intercepts  the  rays  from  the  right  hand  object.  This  occurs 
when  the  angular  distance  of  tlic  two  objects  is  about  130^* 
Beyond  this  point  the  head  of  the  observer  also  iuteruepts  tho 
rays,  until  we  come  to  tlie  position  of  Fig.  34. 

In  this  position  two  objects  180®  apart  can  be  brought  itito 
optical  coincidence.  But,  although  the  prism  does  not  interfere 
until  tlie  niys  from  tlie  second  object,  the  head  of  the  observer 
may ;  and  this  is  obviated  by  i>laeing  a  small  prism  D  at  the  eye 
end  of  the  telescope,  to  reflect  the  two  images  wldch  are  in 
coincidence,  to  the  eye  in  the  direction  DJS, 
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'  Coiitinaing  the'mdtidn  of  the  index,  we  see,  by  Fig.  35,  that 
angles  greater  than  180°  can  now  be  obtained  until  the  index 
arm*  comes  iigainst  the  prism,  which  occurs  when  the  angle  is 
about  280°.  The  angles  thus  measured  may  be  reckoned  eitheil' 
as  between  280°  and  180°  or  between  80°  and  180°.  Of  these, 
the  angles  falling  between  80°  and  180°  may  be  observed  ifi  two 
reversed  positions  of  the  instrument,  constituting  a  cross  obser- 
vation, as  with  the  repeating  circle,  whereby  the  index  correc- 
tion becomes  unnecessary,  and  the  errors  arising  from  a  prismatic 
form  of  the  central  mirror  are  partially  eliminated. 


Fig.  $4. 


Fig.  35. 


^« 


When  the  index  is  on  zero.  Fig.  82,  the  rays  incident  upon 
the  central  mirror  make  an  angle  with  it  of  20°,  and  in  this  posi- 
tion we  obtain  the  feeblest  reflected  images.  When  tlie  index 
is  at  180°,  the  incident  rays  make  an  angle  with  the  mirror  of 
86°,  and  we  obtain  the  brightest  reflected  images.  In  the  com- 
mon sextant,  the  reverse  takes  place ;  the  feeblest  images  occur 
fur  tlie  angle  130°  when  the  incident  rays  make  an  angle  of  only 
10°  with  the  central  mirror;  and  the  brightest  images  when. the 
index  is  on  zero  and  the  rays  make  an  angle  of  75°  with  the 
mirror.  The  angles  of  incidence  in  the  prismatic  instruments 
are,  therefore,  more  favorable  for  the  production  of  distinct 
images  than  in  the  common  sextant,  since  even  the  smallest 
angle  which  the  incident  rays  make  with  the  mirror  in  the 
former  is  double  the  corresponding  angle  in  the  latter. 
Vol.  n.— » 
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The  adjustments  of  the  prism  and  central  mirror  are  fiimilar  to 
those  of  the  horizon  and  index  glasses  of  the  sextant. 

The  theory  of  tlie  errors  is  also  similar  to  that  above  given 
for  the  sextant  and  circle. 


117,  The  advantages  of  these  instruments  over  the  common 
sextants  are:  Ist  Angles  of  all  magnitudes  can  be  measured; 
2d,  the  eccentricity  is  completely  eliminated  by  always  employ- 
ing the  mean  of  the  readings  of  the  two  verniers ;  3d,  the  re- 
fleeted  images  are  brighter  than  in  other  reflecting  instruments* 
both  because  the  angles  of  incidence  upon  the  central  mirror  are 
more  tavorable,  and  because  tlie  iuner  face  of  a  glass  prism  is  a 
much  better  reflector  than  a  silvered  glass ;  4tb,  the  erR»rs 
arising  irom  a  prismatic  form  of  the  central  mirror  are  mncb 
less  than  in  the  sextant.  The  instnunents,  as  nuide  by  Pistos 
and  Martins  combine  ako  other  improvements  which  might  be 
intrt»dcieed  into  the  common  sextant.  Thus,  the  shade  glasses 
admit  of  reversal^  by  which  their  eiTors  are  wholly  eliiiiinated  ■ 
a  revolving  disc,  containing  Hnuill  colored  glasses  or  ^hade^,  is 
adapted  to  the  eye  piece  of  the  telescope,  for  use  in  taking  alti- 
tudes of  thu  Bun  with  the  aiiiticial  horizon ;  all  lost  motion  is 
avoided  in  the  tangent  screw,  by  causing  it  to  act  against  a 
spring ;  the  arc  is  read  oflT  at  night  by  the  aid  of  a  lantern  which 
is  placed  over  the  centre  of  the  instrument  and  the  light  of  which 
is  concentrated  upon  the  arc  by  a  lens. 

The  prismatic  sextant  differs  from  the  circle  only  in  dispensing 
with  the  second  vernier  (the  vernier  a  in  the  above  figures),  and 
that  portion  of  the  arc  upon  which  it  reads.  The  same  angled 
can  l>e  measured  with  this  instrument  as  with  the  circle,  )^ut 
without  the  advantage  of  eliminating  the  eccentricity. 

For  an  extensive  series  of  obsen^ations,  illustrating  the  capa- 
bilities of  the  sextant  in  the  hands  of  a  good  observer^  and  espe- 
cially demonstrating  the  excellence  of  the  priamatie  sextants,  see 
an  article  of  Schumacbbe,  in  the  Astrvn.  iVocA.,  VoL  XXHL  p, 
821. 
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CHAPTER  V. 


THE   TRANSIT   IKSTBUMENT. 


118.  The  transit  ifhstnooent  is  an  instrument  for  detoriBining 
the  instant  of  a  star's  pa^^sage  througli  any  given  veitical  plane ; 
or  (which  ia  the  same  thing)  the  time  of  a  star's  irarmi  over  any 
given  vertieal  eirele.  Vur  \hm  purpose,  it  i^^  necessary  that  the 
motion  of  the  telescope  bo  eonfined  to  the  vertical  phme  ;  and  this 
is  effected  by  attaehiiig  the  tuba  to  a  horizontal  axis  and  perpen- 
dicuhir  to  it,  so  that  by  revolving  tlie  instrnrnent  upon  this  axis 
the  principal  eight-line  of  the  telescope  describes  a  plane  passing 
through  the  zenith*  The  common  theodolite  may  therefore  be 
used  as  a  transit  instrument  when  its  telescope  admits  of  a  com- 
plete revolution  upon  its  horizontal  axis. 

The  time  of  transit  over  the  a^^nmed  vertical  circle  is  deduced 
from  the  time  when  a  star  passes  a  given  thread  placed  in  the 
focus  of  the  objective. 

The  instrumeut  may  he  mounted  in  any  vertical  plane,  hut  is 
chiefly  used  either  in  the  meridian  or  in  the  prime  vertical :  in 
the  tirst  position,  for  finding  either  the  true  local  time  or  the 
right  ascensions  of  stars ;  in  the  second j  for  finding  either  the 
latitude  of  the  place  of  obsei-vation  or  the  declinations  of  stars* 
Wlien  spoken  of  simply  as  **  tlie  transit  instrument,'*  however, 
it  is  usually  understood  to  be  in  the  meridian* 

It  admits  of  some  variety  of  form.  In  the  old  and  still  most 
common  form,  the  telescope  and  horizontid  axis  bisect  each 
other,*  and  the  two  ends  of  tlie  axis  are  supported  on  pillars 
between  wdiich  the  telescope  revolves. 

A  8e<?ond  fo nn  is  that  in  whicli,  starting  from  the  first  form, 
one-half  the  telescope  tube  is  dispensed  with,  that  half  which 
contains  the  object  glass  being  retained,  while  the  horizont'd  axis 
is  made  to  perform  the  part  of  the  other  half.     At  the  intersec- 

•  In  HjitLiT*ii  trftnail  iaatnimciut  (still  preBonrcd  as  a  relic  in  the  Greenwich  Ob- 
•erratory)  the  pWoU  of  the  aiis  are  at  unequal  diBtancea  from  the  telescope. 


132 


TBAXSri   INSTRUMENT. 


tiou  of  the  tube  with  the  axis  is  a  glass  prism  which  bends  the 
rays  from  the  object  glass  at  right  angles,  ami  traiiftmite  them 
throagh  the  hollow  axis  to  the  eye  piece  which  is  placed  at  the 
eud  of  this  axis.  The  chief  advantage  of  this  construction  ia 
that  the  observer  does  not  have  to  change  his  position  to  observe 
all  the  stars  which  cross  the  plane  of  the  telescope.  It  haa  al»o 
the  advantage,  for  a  portable  instrument,  of  dimiuished  weight 
and  a  more  compact  form. 

In  a  third  form,  proposed  by  Steinheil*  of  Munich  tlie 
telescope  tube  is  dispensed  with  entirely,  or  rather  the  horizontal 
axis  is  converted  into  a  telescope,  by  starting  from  the  second 
form  just  described  and  shortening  the  tube  until  the  object 
glass  is  brought  next  to  the  prism,  so  that  tbe  rays  are  bent 
immediately  after  entering  the  instrument.  This  is  therefore^ 
practically,  an  instrument  of  the  second  form  with  the  telescope 
tube  reduced  to  its  niinininm  length  :  but,  to  gain  sufficient  focal 
length,  the  object  glass  and  prism  (which  are  connected  together) 
are  placed  near  one  end  of  the  axis.  This  form  evidently  offers 
the  greatest  advantages  for  a  portable  instrument ;  its  want  of 
symmetry,  and  the  loss  of  light  incuiTcd  by  the  introduction  of 
the  prism,  seem  to  prevent  its  adoption  for  the  larger  instruments 
intended  for  the  more  refined  purposes  of  the  observatory. 

The  principles  governing  the  use  of  such  instruments  being 
essentially  the  same  as  those  which  apply  to  the  ti*ansit  instru- 
ment of  die  common  form,  I  shall  here  treat  exclusively  of  thu 
latter, 

119.  Plate  r\'.  represents  the  meridian  transit  instrument  of 
the  Washington  Obser\^atory,  nmde  by  Ektel  axd  Sons,  Munich. 
It  has  a  focal  length  of  85  inches,  with  a  clear  aperture  of  6w8 
inches.  The  dimensions  of  all  the  parts  may  be  tbund  from  the 
drawing.  The  portions  of  the  telescope  tube  TT^  which  are 
made  conical  to  prevent  flexure,  are  screwed  to  the  hollow  cabe 
3L  The  conical  portions  of  the  horizontal  or  rotation  axis  XN 
are  also  screwed  to  this  cube  ;  this  axis  is  hollow,  and  terminated 
in  two  steel  cylindrical  pivots  which  rest  inVa  at  VW  It  k 
highly  important  that  these  pivots  be  perfect  cylinders  and  of 
precisely  eqiml  diameters. 

If  the  whole  weight  of  an  instrument  of  this  size  were  per* 


*  Atirtm,  JfaM.,  Tol.  XXIX,  p,  ITT. 
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mitted  to  rest  upon  the  Vs,  the  friction  would  soon  destroy  the 
perfect  form  of  the  pivots,  and  heiioe  a  portion  of  this  weight  is 
couuteii>oised  by  the  weights  WWj  which,  by  means  of  levers, 
act  at  -rX,  where  there  are  friction  rollens  upon  which  the  axis 
funis.  By  this  arraugement,  only  ao  much  of  the  wH^ight  of  the 
instniment  ia  allowed  to  rest  upon  the  Ys  as  is  u ecessa ry  to 
insure  a  perfect  contact  of  tlie  pivots  w^ith  the  Vs*  This  not  only 
eaves  the  pivots,  but  gives  the  greatest  possible  freedom  of 
motion  to  the  telescope,  the  lightest  touch  of  the  finger  being 
now  sufficient  to  rotate  the  instrument  upon  the  axis* 

The  counterpoises  may  he  made  to  perform  another  important 
service  in  diminishing  the //<'xwrr  of  the  horizontal  axis,  which  they 
will  evidently  do  if  they  are  applied  nearer  to  the  cu1h>  than  in  this 
instrument.  With  cones,  sneh  as  NN,  of  very  broad  base,  the 
amount  of  flexure  must  be  extremely  small ;  still,  with  counter- 
poises properly  placed,  the  necessity  of  making  the  cones  po 
large  and  hea^-y  would  be  obviated,  (See  the  arrangement  of 
the  counterpoises  in  the  meridian  circle,  Plate  VIL) 

lu  tlie  principal  focus  of  the  objective,  at  ?/i,  is  the  redeuky  con- 
sisting of  seven  parallel  transit  threads  ;  these  are  parallel  to  the 
vertical  plane  of  the  telescope  aiul  pei*j»endieular  to  its  optical 
axis  (Art  .5),  These  threads  and  the  images  of  stars  in  their 
plane  are  observed  with  the  eye  piece  E,  Eye  pieces,  or  oculars, 
of  various  magnifying  powers  are  usually  supplied,  to  be  used 
according  to  the  nature  of  the  object  obser\*ed  and  the  state  of 
the  atmosphere,  the  highest  powers  being  available  only  in  the 
most  favorable  circumstances.  One  of  these  eye  pieces  (and 
usually  one  of  the  lowest  powers)  is  fitted  witli  a  mirror  to  throw 
light  down  the  tube  iu  observations  for  coUimation,  as  will  be 
fully  explained  hereafter.  This  constitutes  what  is  called  the 
cotlimafwg  q/e  jnerc  ;  but  the  plan  of  placing  a  email  piece  of  mica 
euhlfie  the  eye  piece  (Art.  47)  converts  any  one  of  the  eye  pieces 
into  a  collimatiug  eye  piece. 

There  is  also  a  micmmeter  thread  which  moves  so  nearly  in 
the  plane  of  the  transit  threads  as  to  be  sensibly  in  the  same 
focus.  This  thread  may  be  either  parallel  or  at  right  angles  to 
the  transit  threads  according  to  the  application  of  it  intended ; 
but  in  the  simple  transit  instrument  its  use  will  be  chiefly  to 
determine  the  collimation  with  the  raercurj^  colliraator,  and  then 
it  nvill  be  most  convenient  to  make  it  parallel  to  the  transit 
threads.    For  this  purpose^  it  will  be  still  better  to  substitute  for 
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tlie  single  movable  thread  a  cross-thrcad  or  two  very  cloae  parallef 
threads. 

The  traneit  threuds  are  rendered  visible  at  night  by  light 
thrown  into  the  interior  of  the  telescope  through  the  hollow 
rotiitioH  axia  from  a  lamp  on  either  side.  The  light  is  reflected 
down  the  telescope  tube  by  a  small  silver  mirror  in  the  cuIk*  J/, 
or  by  an  open  metallic  ring,  which  does  not  interfere  with  rays 
from  the  ol>jeet  glass.  The  amount  of  light  can  eagily  he  regu- 
lated by  a  eontrivance  which  it  ia  not  necessary  to  describe*  The 
color  of  tho  light  may  be  varied  by  paa^ing  it  through  glass  of 
the  desired  shade. 

The  light  thus  thrown  down  the  tube  illoniinates  the  Jitld^  and 
the  transit  threads  appear  as  black  lines  upon  a  bright  ground. 
For  very  faint  stars  it  may  be  necessary  to  reduce  this  field 
illumimition  tt>  ^iich  an  extent  that  the  threads  ceaae  to  be  dis- 
tinctly vii^ible,  and  then  the  lUreet  illumination  of  the  threuds  ij» 
to  be  resorted  to.  This  direct  illumination  of  the  threads  is 
efteeted,  in  the  instrument  here  represented,  by  two  small  lamps 
(omitted  in  the  drawing)  HU^pended  upon  the  telescope  near 
the  eye  piece,  wliich  throw  their  light  obliquely  upon  the  tlirt»adj* 
without  illuminating  tlie  field.  The  lamps  are  so  suspended  that 
their  flames  occupy  the  Hauie  position  relatively  to  the  thrc^dd 
for  all  positions  of  the  telescope.  The  threads  are  thus  made  to 
appear  as  bright  lines  on  a  dark  ground.  Two  lamps^  one  ou 
each  side,  are  used  in  order  to  produce  symmetrical  iUumination 
of  the  threads.  The  threads  may  also  be  illuminated  by  Ught 
admitted  through  the  axis,  but  ho  brought  down  the  tube  (l»y  tlio 
aid  of  a  small  lens)  as  not  to  illuminate  the  field;  this  light  beiii|p 
finally  received  b}*  small  reflectors  near  the  eye  piece,  and  by 
them  thrown  njjon  the  threads  in  such  a  manner  as  to  produce 
the  required  symmetrical  illumination. 

At  ^aml  i*- are  two  small /t/u/m^  circles^  also  QiiUed  Jimlinff  frrrfa; 
or  simply /f/i^frr*,  which  serve  in  setting  the  telescope  at  any  given 
elevation  or  zenith  distance*  They  will  be  more  fully  explained 
in  connection  with  the  portable  transit  instrument  in  the  next 
article. 

The  handles.  -1  and  /?,  which  are  within  reach  tif  the  observer*** 
hand,  act  upon  a  clamp  and  fine  motion  aicrevv  by  wliich  the  U*l«^ 
scape  is  fixed  and  accurately  set  at  any  zenith  distance. 

The  mcliimtiou  of  the  rotation  axis  to  the  horizon  is  measured 
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Kth  the  striding  level  L  (Art.  51),  which  is  applied  to  the  pivots 

v.     The  feet  of  the  level  have  also  the  form  of  Vs, 

The  piere  ai'e  so  nearly  adjusted  in  tiie  first  place  that  the  Yn 
are  nearly  in  a  true  east  and  west  line,  but  a  small  final  correc- 
tion 18  still  possible  by  means  of  screws  w^liich  act  horizontally 
Upon  one  of  the  Vs.  In  the  same  mauner,  the  inclination  of  the 
axis  to  the  horizon  is  made  a8  small  as  we  please  by  screws 
acting  vertically  upon  the  other  V.  These  screws  are  not  shown 
in  the  drawing. 

In  order  to  eliminate  errors  of  the  instrument,  it  is  necessary 
to  reverse  the  rotation  axis  from  time  to  time,  that  is,  to  make 
the  east  and  west  ends  of  the  axis  change  j>lace8.  The  reversing 
apparatus  or  car  for  this  purpose  is  shown  at  IL  It  runs  upon 
grooved  wheels  which  roll  upon  two  rails  laid  in  the  observatory 
floor  between  the  piers  PP,  and  is  thus  brought  directly  beneath 
tlie  axis.  By  the  crank  A  acting  upon  the  beveled  wheels  e  and 
/,  two  forked  arms  aa  are  lifted  aud  brought  into  contact  with 
the  axis  at  KN:  then,  continuing  the  motion,  the  telescope  is 
lifted  just  sufficiently  to  clear  the  Vg,  and  the  friction  rollers  at 
XX;  the  car  is  then  rolled  out  from  between  the  piers,  bearing 
the  telescope  upon  its  arms ;  a  semi-revolution  is  given  to  the 
arms,  the  exact  semi-revolution  being  determined  by  a  stop  <f, 
the  car  is  rolled  back  between  tlie  piers,  and  the  telescope  lowered 
into  the  Vs.  It  is  hardly  necessary  to  ol>scrve  that  the  telescope 
is  placed  in  a  horizontal  position  during  this  operation. 

An  obserriiif^  couch  C  runs  on  the  rails  between  the  piers.  It 
is  so  arranged  that  the  observer  reclining  upon  it  may  give  his 
head  any  required  elevation,  and  thus  be  able  to  observe  stars  at 
high  altitudes  without  the  disconifoii:  which  would  destroy  the 
accuracy  of  his  observations. 

The  piers  PP  are  of  gi^anite,  and  rest  upon  a  foundation  of 
stoue  sunk  ten  feet  below  the  surface  of  the  ground.  They  are 
wholly  insulated  fi*om  the  walls  and  floor  of  the  building. 

Between  the  piei-s,  a  granite  slal)  about  a  foot  broad  and  ten 
feet  long  is  placed  on  a  level  with  the  floor.  This  rests  finnly 
upon  the  foundation  which  supports  the  instrument,  and,  like 
the  piers^  is  insulated  from  the  floor*  On  this  slab  may  be 
placed  a  basin  of  mercury  at  various  distances  from  the  instru- 
ment, for  obsenung  stars  by  reflexion. 

I  do  not  propose  to  enter  into  the  iletails  of  constructing  the 
observatory  itself,  as  many  of  these  details  will  vary  according  to 
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the  taMe  and  means  of  the  builder;  but  it  is  essential  to  remark 
that  the  opening  in  the  root'  and  sideg  of  the  Imilding  through 
which  the  obsei'vatipns  are  to  be  made  should  be  much  wider 
than  the  mere  aperture  of  the  teleiseope;  for  there  are  always 
cnrrents  of  air  of  yarioue  ternperatares  near  the  edges  of  the 
openings,  which  produce  unsteadiness  in  the  images  of  atara*  A 
widtli  of  two  feet  at  least  should  be  allowed. 

It  ia  also  well  to  obsierve  tliat  the  observing  room  should  be 
large  and  high,  tliat  tlie  radiation  from  the  walln  may  not  have 
too  much  effect  upon  the  instrument  No  artificial  heat  should 
be  permitted  in  it  or  near  it»  Its  temperature  at  the  time  of  an 
obBervation,  and  that  of  the  whole  insttmnicut,  should  be  an 
nearly  as  posj^iblo  the  same  a8  the  tempeniture  of  the  atmosphere 
outside  the  observatory. 

The  indispensable  companion  of  the  transit  instrument  in  the 
abservatory  is  the  sidereal  clock,  which  is  to  be  secured  to  a 
stone  pier,  resthig  upon  a  foundation  which  is  insulated  from  the 
floor,  and  so  placed  that  its  dial  may  be  seen  by  the  observer 
from  any  position  ho  may  occupy  at  the  telescope.  If,  however^ 
the  transits  are  recorded  by  the  chronograph  (Arts.  71-77)  the 
clock  may  be  in  any  part  of  the  observatory,  and  a  single  clock 
may  be  used  for  all  the  observations  with  all  the  instruments.  It 
will  only  be  necessary  that  each  instrument  should  have  its  own 
ehr<:»nc»gn»phic  register,  which  is  graduated  into  seconds  by  the 
one  standainl  chick.  Iloweven  a  clock  in  the  room  with  the  iii- 
Btrument  is  still  necessary  to  enable  the  observer  to  prepare  for 
Ufl  observations  at  the  proper  time:  but  this  may  then  be  re- 
garded as  a  sort  of  fifula*  merely,  and  it  will  be  necessary  to  regii- 
Ijito  it  only  approximately. 


120.  Plate  V.  represents  a  portable  transit  instroment  as  eon- 
Btrncted  by  Mr.  W.  Wi  rdemanx  (Washington,  D.  C).  The  focal 
length  of  such  an  instrument  is  usually  from  24  to  36  ineheii. 

The  letters  common  to  Plate  V.  and  Plate  VI.  represent  the 
some  parts.  The  peculiar  feature  is  the  portable  frame /*P,  whteli 
here  takes  the  place  of  the  piers*  It  is  made  of  iron,  and  ia  made 
as  light  as  possible  without  the  sacrifice  of  strength  and  stability* 
The  screws  frbeing  removed,  the  inclined  snp[M>rt'*  pp  fold  in 
against  the  upright  ones,  and  then  the  latter  fold  down  npoa  the 
^  ^  t'      ,^..  and  the  whole  frame  can  be  placed  in  a  box. 

ep  tnotigh  to  receive  ihe  telescope  also.     The 
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mstrnment  can  thtis  be  convenioiitly  transported  and  set  np  in  a 
few  inmates  upon  any  tciiiporaiy  pillar  (^,  In  tlie  field  it  will 
oft^n  be  convenient  to  inoniit  the  instrument  upon  the  trunk  of 
ft  tree  cut  oft'  to  the  required  height.  The  frame  is  quickly 
levelled  approximately  by  tlie  foot  8erew8  *§,  S,  S. 

A  diagonal  eye  ;)/aY  E  (Art,  12)  is  necessary  for  observing  stars 
at  constiderable  altitudes. 

The  eye  tube  of  the  telescope  is  moved  out  and  in  by  a  rack 
and  pinion  r,  to  bring  the  threads  precisely  into  the  fot^us  of  the 
object  glass.  The  pack  and  pinion  k  earrj'  the  eye  piece  to  tho 
right  and  left  so  as  to  bring  it  opposite  each  thread  in  succession 
as  a  star  crosses  it. 

The  tinder  i?"  consists,  Ist,  of  a  small  graduated  circle  which  is 
permanently  attaclied  to  the  telescope;  2d,  of  a  spirit  level  ff 
attached  to  an  arm  whieh  revolves  about  the  centre  of  the  circle* 
This  arm  carries  a  vernier,  and  has  a  damp  and  fine  motion 
screw  at/.  Wlien  the  vernier  reads  0°,  the  axis  of  the  level  ia 
parallel  to  the  optical  axis  of  the  telescope;  consequently,  if  we 
set  the  vernier  to  this  reading,  0^,  and  then  revolve  the  tele- 
scope until  the  bubble  stands  in  the  miihlle  of  the  tube,  the 
optical  axis  will  be  horizfuituL  If  then  we  set  the  vernier  at 
any  other  given  reading  7A  and  revolve  the  telescope  until  the 
bubble  stands  in  the  middle  of  the  tube,  the  inclination  of  the 
telescope  to  the  liorizon  will  be  =  B.  Tho  altitude  of  a  star 
whose  transit  is  to  be  observed  is  known  frora  its  declination 
and  the  latitude  of  the  place  of  observation,  and  it  is  usually 
necessary  to  prepare  for  the  observation  by  setting  the  telescope 
at  the  proper  altitude  by  means  of  the  finder. 

A  rack  and  pinion  (not  shown  in  the  drawing)  serve  to  revolve 
the  eye  piece  and  nncrometer  so  as  to  make  the  threads  vertical, 
OP  rather  parallel  to  tlie  vertical  plane  of  the  telescope. 

The  illuminating  lamps  are  shown  in  their  position.  Their 
light  is  thrown  into  the  axis  in  nearly  parallel  lines  by  means  of 
a  lens  in  the  lantern  opposite  the  middle  point  of  tlie  flame,  the 
flame  being  nearly  in  the  locus  of  the  lens. 


120*.  A  small  altitude  and  azimuth  instrument  so  constructed 
that  it  may  be  used  also  as  a  transit  instrument  is  called  a  t//H"rcrMf 
injitrunitnt  The  horizontal  graduated  circle  renders  such  an  in- 
gtrument  very  convenient  for  obsen^ations  out  of  the  meridian. 
See  Chapter  Vn. 
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121.  Mciliod  of  ohserration. — In  all  cases,  the  celesftial  obaetTa-' 
tion  inade  with  the  transit  iustrumeut  consists  ouly  iu  notiug,  hy 
a  clock  or  ehronoineter,  the  several  iustaiits  when  a  star  or  other 
object  crosses  the  threads.  The  method  of  doing  this  with  pre- 
cision is  as  follows.  The  itistruiiient  remaining  stationary,  the 
diurnal  motion  causes  the  star  to  pa^s  across  the  field  of  the 
telescope.  As  it  approaelies  a  thread,  the  observer  looks  at  tlie 
clock  and  begins  to  count  itA  beats;  and,  keeping  the  count  in 
his  head  by  the  aid  of  the  audible  beata  of  the  clock,  he  then 
turns  his  eye  to  the  telescope  and  notes  the  beat  when  the  star 
appeal^  on  the  thread.  The  transit  over  the  thread  may,  how- 
ever, fall  between  two  heats;  and  then  the  fraction  of  a  beat  is 
to  be  estimated.  This  estimate  is  made  rather  by  the  eye  thaa 
the  ear.  Suppose  the  clock  beats  seconds.  Let  ik  Fig.  3G,  be 
the  position  of  the  star  at  the  last  beat 
heforc  the  star  comes  to  the  tliread,  and  b 
its  position  at  the  next  following  beat. 
The  observer  compares  the  distance  from 

a  to  the  thread  with  the  distance  fmm  a  to 

i,  and  estimates  the  fraction  which  ex- 
presses the  ratio  of  the  former  to  the  latter 
in  tenths ;  and  these  tenths  are  then  to  be 
added  to  the  whole  number  of  ^eond^ 
counted  at  a,  to  express  the  instant  of  transit.  Thus,  if  he  counts 
20  seconds  by  the  clock  at  a,  and  estimates  that  from  a  to  ttie 
thread  is  ^  of  a6,  the  instant  of  transit  is  20*.4,  whieli  he  record^ 
together  wnth  the  minute  and  hour  by  the  clock. 

In  the  transit  of  the  sun,  tiie  moon,  or  a  planet,  the  instani 
when  the  limb  is  a  tangent  to  the  thread  is  noted.  The  mode 
of  inferring  the  time  of  transit  of  the  centre  from  that  of  the 
limb  will  be  explained  hereatter. 

The  most  accunUe  method  of  observing  transits  is  by  the  iiid 
of  tlie  chiTinograph.  At  the  precise  instant  when  the  star  in  oil 
the  thread,  the  obsen^er  presses  the  signal  key  and  makeA  a 
reconl  on  the  register,  which  is  read  otf  at  his  leisure,  according 
to  the  methods  explained  in  Arts.  71-77,  The  record  of  several 
transits  of  stars  over  the  five  threads  of  the  Cambridge  teleaeope 
is  shown  in  Plate  I.  Fig.  6.  Each  transit  is  preceded  by  an 
irregiUar  signal,  produced  by  a  rapid  succession  of  tap«  on  the 
eignul  key,  by  means  of  which  the  place  of  the  observation  on 
the   register  is  afterwanls    readily  found.     As  the  ohser%'er   U 
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relieved  by  the  chronograph  from  the  necesisity  of  counting  the 
seconds  ajid  estimating  the  fractions,  the  transit  threads  may  be 
placed  mnch  cloiier  to  each  otlier  and  their  number  gfeatly  in- 
creased.  In  the  transit  instrnmeuts  nsed  in  the  United  States 
Coast  Survey  for  the  telegraphic  determination  of  differences  of 
longitude  («ee  Vol.  L  Art.  227),  the  diaphragms  contain  twenty- 
five  threads,  arranged  in  groups,  or  *' tallies,**  of  five,  as  in  Plate 
L  Fig,  1. 


OSNERAL   FORMULA   OF  THE   TRANSIT   INSTRUMKHT, 

122.  In  whatever  position  the  tmnsit  instrument  may  be  placed, 
we  may  consider  its  rotation  axis  as  an  imaginary  line,  passing 
through  the  central  points  of  the  pivots,  which,  produced  to  the 
celestial  spheiH3,  heeonies  a  diameter  of  the  spheiHi ;  and  the  axis 
of  coUimation  as  an  imaginary  line,  drawn  from  the  optical  centre 
of  the  object  glass  perpendicular  to  the  rotation  axis,  and  de- 
scribing  a  great  circle  of  the  sphere  as  the  telescope  revolves. 
The  position  of  this  great  circle  in  the  heavens  is  fully  deter- 
mined when  we  have  given  tlie  position  of  the  rotation  axis; 
and  tlie  position  of  tlie  rotation  axis  is  given  when  we  know  the 
altitude  and  azimuth  of  either  of  the  points  in  which  it  meets* 
the  celestial  sphere. 

The  sight-line  marked  by  a  thread  in  any  paii;  of  the  tield  is 
a  line  flrawn  from  the  tliread  througli  the  0{)tical  centre  of  the 
object  ghiss.  The  angle  which  this  line  makes  with  the  axis  of 
collimation  does  not  change  as  the  telescope  revolves :  so  that, 
while  the  axis  of  collimation  describes  a  great  circle,  the  sight- 
line  describes  a  small  circle  parallel  to  it  whose  distance  from  it 
iff  everj'where  the  constant  measure  of  the  inclination  of  the 
fitght^line*  If  then  a  star  is  observed  on  the  thread,  the  position 
of  tlie  star  with  respect  to  the  great  circle  of  the  instrument 
becomes  known  when  we  know  the  inclination  of  the  sight-line 
a?  the  angular  distance  of  the  thread  from  the  axis. 

Tlie  general  problem  to  wliich  the  use  of  the  transit  instru- 
ment gives  rise  is  tlie  Ibl lowing: 

123.  To  find  the  hour  angle  of  a  star  observed  on  a  given  thread  of 
the  transit  instrument  in  a  given  position  of  the  rotation  arts, — Let 
Fig,  87  represent  the  spliere  stereographically  projected  upon 
tlie  plane  of  tlie  horizon,  NS  the  meridian,  WE  the  prime 
verticiiL     Suppose  the  axis  of  the  instrument  lies  in  the  vertical 
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irjL. 


Fig,  37. 


plane  ZA,  and  that  A  is  the  point  in  which  this  axis  produced 

towards  the  west  meets  the  celestial 
sphere.  Let  N^Z*S*  be  the  great 
circle  described  by  the  axis  of  coUi- 
mation ;  A\^  the  pole  of  this  circle* 
Let  nOs  be  the  ftiiiall  circle  described 
by  the  sight-line  drawn  throngh  a 
thread  whose  constant  angular  dis- 
tance from  the  coUimation  axis  is 
given  ^  c.  Let  6  denote  the  altitude, 
90''  +  a  the  azimuth,  W  —  m  the 
hour  angle,  n  the  declination  of  the 

point  j4;  f  the  latitude  of  the  observ^er;  d  the  declination  of  a 

star  observed  at  0  on  the  given  thread.     Join  PA^  PO^  AO* 

We  have 


NZA  =  90*^  H-  a, 
ZA  =  90^  —  ft, 


ZPA  ^  90<»  —  irt 

PA  =  SM)«  —  n 

pz=m^  ^f 

PO  =  90°  —  d 


and  the  triangle  PZA  gives  the  equations  [Sph,  Trig.  (6\  {%\  (4)] 

I  a  sin  y»        j 

\     (78) 
a  cos  ^       } 


cos  It  sin  m  =  sin  h  cos  f  -\-  cos  b  sin  a  sin  y» 
cos  n  cos  m  =^  eos  ft  cos  a 

sin  n  ^i^  sin  ft  sin  ^p  —  cos  ft  sin 


which  determine  m  and  7i  when  a  and  6  are  given.    Now  let 

r  =  the  hour  angle  of  0  east  of  the  meridian ; 

then  the  angle  vl  PO  =  90^  —  w  +  r  =  90^  +  (r  —  m),  and  the 
triangle  APO  gives 


whence 


—  sin  e  =  sin  it  sin  ^  —  cos  n  cos  ^  sin  (t  —  m) 
sin  (r  —  m)  =  tan  n  tan  <5  4-  sin  <?  sec  n  sec  ^ 


(79) 


which  determines  r  —  tw,  whence  also  r. 

These  general  forniolie  admit  of  simplification  when  the  in- 
strument IB  either  near  the  meridian  or  near  the  prime  verticaL 


THE  TRAKSrr   IXSTRUMKXT   IX   THK   MERIDIAN. 

124.  Tlie  ini^trument  ia  said  to  be  in  the  meridian  when  the 
great  circle  described  by  the  axis  of  collimation  is  the  meridian. 
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ThG  axis  of  rotation  is  then  perpendicular  to  the  plane  of  the 
meridian,  and,  consequently,  lies  in  the  intersection  of  tlie  prime 
vertical  and  the  horizon.  If,  further,  the  thread  on  which  the 
star  is  observed  is  in  the  axis  of  colli niation,  the  time  of  obser- 
vation is  that  of  the  Btar\s  transit  over  the  meridian ;  and,  since 
at  that  instant  the  sidereal  time  is  equal  to  the  stars  right  ascen- 
Bion,  the  error  of  the  clock  on  sidereal  time  is  obtained  at  once 
by  taking  the  diflerence  between  that  rii^fht  ascension  and  the 
observed  clock  time  of  transit.     (Vol.  I.  Art.  138.) 

Practically,  however,  we  rarely  fulfil  these  conditions  exactly, 
but  must  correct  the  time  of  observ^ation  for  the  small  deviations 
expressed  by  en  6,  and  t\  of  which  a  is  the  excess  of  the  azimuth 
of  the  west  end  of  the  axis  above  90^  (reckoned  from  the  north 
point),  and  is  called  the  azimuth  consknH;  b  is  the  elevation  of  the 
west  end  of  the  axis,  and  is  called  the  keel  consiayit;  and  e  is  the 
inclination  of  the  sight-line  to  the  collimatiou  axis,  and  is  called 
the  coUbnaiion  constant 

We  must  first  show  how  to  adjust  the  instrument  approxi- 
mately, or  to  reduce  a,  6,  and  c  to  small  quantities. 


125.  Approximate  adjustmaU  in  the  meridiarh — 1st.  The  niitldle 
thread  of  the  diaphragm  should  coincide  as  nearly  as  possible 
with  the  collimation  axis.  This  adjustment  can  be  approxi- 
mately made  before  putting  the  instrument  in  the  meridian,  by 
moving  the  thread  plate  laterally  until  the  middle  thread  cuts  a 
well  defined  distant  point  in  both  positions  of  the  rotation  axia 
in  the  Vs. 

2cL  The  middle  thread  (and,  consequently,  all  the  transit 
threads)  should  be  vertical  when  the  rotation  axis  is  horizontal ; 
that  is,  it  should  be  pei^fjcndicular  to  the  rotation  axis.  This 
can  be  verified  while  adjusting  the  sight-line,  by  obserNnng 
ivhether  the  distant  point  continues  to  appear  on  tlie  thread  as 
the  telescope  is  slightly  elevated  or  depressed.  After  the  instru- 
ment has  been  placed  in  the  meridian  and  the  axis  levelled,  the 
verticality  of  the  threads  may  also  be  proved  by  an  equatorial 
star  running  along  the  horizontal  thread,  which  is  at  right  angles 
to  tlte  transit  threads. 

The  axis,  being  placed  nearly  east  and  west  (at  first  by  estima- 
tion), 18  levelled  by  means  of  the  striding  level.  Thus  c  and  6 
are  easily  reduced  to  small  quantities. 

8d-  To  reduce  a  to  a  small  quantity,  or  to  place  the  instrument 
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very  near  to  the  nieritliaii,  we  must  have  recourse  to  the  obser- 
vatiou  of  stars.  The  following  process  will  be  found  as  Bimpte 
ad  any  other  with  a  portal>le  iiistruraent. 

Compute  the  mean  time  of  transit  of  a  slow  moving^  Rtar  (on^ 
near  the  pole),  and  bring  the  telescope  upon  it  at  that  time.  For 
the  first  approximation,  the  time  nuiy  be  given  by  a  common 
watch,  and  the  telescope  may  he  brought  upon  the  star  by 
moving  the  frame  of  the  instrument  horizontally.  Then  level 
the  axis,  and  note  the  time  by  the  clock  of  the  tran8it  of  a  rtar 
near  the  zenith  over  the  middle  tliread.  It  is  evident  that  the 
time  of  transit  of  a  star  near  the  zenitli  will  not  be  much  affected 
by  a  deviation  of  the  instrument  in  azimuth,  and  therefore  the 
difterence  between  the  star  s  right  ascension  antl  the  clock  time 
will  be  the  approximate  error  of  the  clock  on  Ridereal  time. 
With  tbiH  error,  we  are  prepared  to  repeat  tlie  process  with 
another  slow  moving  star,  tliis  time  employing  the  clock  and 
canning  the  middle  thread  to  follow  the  star  by  moving  only  the 
azimuth  V-  When  the  clock  correction  ha»  been  previously 
found  by  other  means  (as  with  the  sextant),  the  first  approximation 
will  usually  be  found  f^uffieieut.  The  instrument  i^  now  suffi- 
ciently near  to  the  meridian,  and  the  outstanding  small  deviations 
can  be  found  and  allowed  for  as  explained  below. 

In  mounting  a  large  transit  instrument  in  an  obser\'atory,  it 
will  be  convenient  first  to  establish  the  approximate  direction  of 
the  nieridian  with  a  theodolite,  and  to  set  np  a  distinct  mark  at 
a  sufficient  distance  to  be  visible  in  the  large  telescope  without 
a  change  of  the  stellar  focus.  The  niiddle  thread  of  the  instru- 
ment can  then  l>e  brought  upon  this  mark  before  proceeding  to 
the  observation  of  stars. 

4th.  Finally^  it  is  necessary  to  adju*'^  ^le  fimltr  whereby  the 
telescope  is  to  be  directed  to  tliat  jMunt  of  the  meridian  through 
which  a  given  object  i^ill  pass.  If  the  finder  is  intended  to  give 
the  zenith  distance  (^),  we  take 

C  =  f  —  J  —  r  -f-  ^  for  an  object  south  of  the  zenith, 
C  =  d— f  —  r4-|?      **  ♦*      north      * 

in  which  r  is  the  refraction,  and  p  the  parallax  of  the  object  for 
tlie  zenith  distance  ^,  But^  for  the  purpose  of  Jindinff  an  object 
merely,  we  may  neglect  r,  except  for  very  low  altitudes,  and  p 
may  be  neglected  for  all  bfidies  except  tlie  moon* 

To  acyust  the  finder,  we  have  only  to  clamp  the  tel^cop^  wben 
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BOme  known  star  is  on  the  horissontal  thread,  and  in  that  pOBition 
cause  the  finding  circle  to  read  correctly  for  that  star,  hv  means 
of  the  proper  adjusting  ecrews^.  It  will  then  read  correctlj  for 
all  other  stars.  In  large  instrumenta  the  finder  is  Bometimes 
graduated  from  0*^  to  360°. 

With  respect  to  the  tiiite  when  a  star  is  to  be  expected  on  the 
tueridian,  the  sidereal  clock  or  chronometer  answers  as  a  finder^ 
since  (after  allowing  for  its  error)  it  ehows  the  right  aacensions 
of  the  stars  that  are  on  the  meridian. 


126.  Equations  of  the  traiisit  insirument  in  the  meridian, — By  the 
preceding  process  we  can  always  easily  reduoe  Oy  h,  and  e  to 
quantities  so  small  that  their  squares  will  be  altogether  insensible, 
or,  which  is  the  same  thing,  we  can  substitute  them  for  their 
sineia,  and  put  their  cosines  equal  to  unity.  And,  ^ince  ?«,  n^  and 
r  will  be  quantities  of  the  same  order  as  a^  i,  and  Cj  the  general 
formulas  (78)  will  become 


and  (79)  gives 


m  =  &  cos  f  -{-  a%in  ^ 
n  =:  b  Hin  ^  —  a  cos  ^ 

7  =  m  -\-  n  tan  (3  +  e  sec  d 


'which  is  Bessel*s  formula  for  computing  the  correction  to  be 
added  to  the  obseiTed  sidereal  clock  time  of  transit  of  a  star 
over  the  middle  thread  to  obtain  the  clock  time  of  the  starts 
transit  over  the  meridian.  It  is  hardly  necessaiT  t^  observe  that 
tlie  unit  of  all  the  quantities  a,  6,  c,  m^  ?i,  r  should  be  the  second 
of  time. 
If  now  we  put 

k<  T  =^  the  observed  clock  time  of  the  star's  transit  over  the 

middle  thready 
A  T'  =  the  correction  of  the  clock, 
*  a  =:^  the  star's  apparent  riglit  ascension, 

the  true  sidereal  time  of  transit  will  be  ?'+  t  +  aT^,  and  this 
quantity  must  be  equal  to  a.     Hence  we  have 


OT 


(82) 


o  =  T  -f  A  r  -f  m  +  n  tan  5  +  c  sec  ^ 
by  which  formula  the  right  ascension  of  an  unknown  star  can  be 


lU 
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found  when  -iT'and  tlie  constants  of  the  injstmment  are  known* 
From  the  transitg  of  known  8tart?,  on  the  other  hand,  thii*  ec^ua- 
tion  enabled  ua  to  find  ^  JJ  when  the  eonstante  of  the  instrument 
are  given. 

The  apparent  right  aseension  in  this  equation  should  bo  I 
afteeted  by  the  diurnal  aberration,  which,  by  Vol.  L  Art.  393,  is  I 
0",311  co!*^fn>c<5  =  0',021  QOiMpa^^d  when  the  star  i»  on  th« 
meridian.  If  then  a  denotes  the  right  ascenaion  a^  given  in  tho  j 
Ephemeria,  the  first  member  of  (82)  ought  to  be  a  +  i>",31l] 
€08  y  sec  i,  so  that  the  equation  becomes 

a  =  r  +  A  r  +  m  +  n  tan  J  +  (c  ^  0v021  cob  f)  sec  9      (83)  j 

Hence,  if  instead  of  c  we  take 

c'^c  — 0-.021  cos  v» 

we  may  use  (82)  without  further  moditieation,  and  the  diurnal 
aberration  will  be  fully  allowed  for.  Since,  for  each  place  of  ob- 
eervation,  the  quantity  <}'.021  coh^  is  constant,  the  re  is  no  rea^ou 
for  omitting  to  apply  this  correction,  although  its  influence  ia ' 
scarcely  appreciable  except  with  the  larger  instruments  of  the 
observ^atory< 

127,  BESSEL'f*  form  for  the  correction  r  is  usually  the  most 
convenient;  but  other  forms  have  their  advantages  in  certain 
appU cations.    From  (80)  we  deduce 


d  =r  m  Bin  f  —  II  GOB  f 

ft  ==  m  cos  f  -\-  n  mn  ^ 

and  from  the  second  of  these  we  have 


}  m 


(86) 


m  =  bnec  ^  —  n  tan  f 

which  substituted  in  (81)  gives  Hansen's  formula, 

r  =  ft  see  f  +  n  (tan  d  —  tan  f )  +  c  ©ec  d  (86) 

Tins  is  convenient  in  reducing  observations  of  stars  near  the 
zenith,  where  the  coefficient  tan  3  — tan  y?  becomes  small.  Il 
shows  that  for  a  star  in  the  xenith  the  correction  deiiends  only 
on  6  and  c,  and  that  in  general  the  best  stars  for  determining 
the  c]oek  correction  are  those  which  i>ass  nearet^t  to  the  zenith. 

If  we  suhfttitute  the  values  of  m  and  n  from  (80)  in  (81),  we 
readily  bring  it  to  the  form 
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COS  d  COS  B  COS  B 

which  is  known  as  Matek's  formula.  This  m  the  oldest  form; 
but  where  many  stars  are  to  be  reduced  for  the  same  values  of 
the  constants,  it  is  much  less  convenient  than  the  preceding.  It 
has  its  advantages,  however,  in  crises  where  the  constant  a  is 
directly  given,  or  in  discussions  in  which  this  constant  is  directly 
sought 

128.  These  formnlpe  apply  directly  to  the  case  of  a  star  at  its 
upper  culmination*  To  adapt  them  to  lower  culminations  (that 
[is,  of  circumpolar  stars  at  their  transits  below  the  pole),  we 

erve  that  in  the  general  investigation  Art  123,  d  represents 

^%e  distance  of  the  star  from  the  equator  reckoned  towards  the 
zenith  of  the  place  of  obser%'ation,  and,  consequently,  the 
fonnula  will  be  applicable  to  lower  culminations  if  we  still  repre- 
sent by  B  the  distance  of  the  star  from  the  equator  through 

[the  zenith  and  over  the  pole;  that  is,  if  we  take  for  iJ  the  supple- 

[ment  of  the  declination.     This  being  understood,  we  shall  be 

I  saved  the  necessity  of  duplicating  our  formulae. 

Again,  the  time  of  the  lower  culmination  differs  by  12*  of 

I  sidereal  time  from  that  of  the  upper  culmination  of  the  same 
star.    Hence,  to  apply  the  formuhe  to  the  case  of  a  lower  cul- 

,  mination,  it  is  also  necessary  to  suppose  that  a  represents  the 

'  star's  right  ascension  increased  by  12*. 

In  short,  for  lower  culminations,  we  must  substitute  12*^  +  a 
and  180°  —  (J  for  a  and  d. 

129.  Since  the  instrument  may  be  used  in  two  positions  of  the 
rotation  axis,  it  is  necessary  to  distinguish  these  positions.     We 

'  shall  suppose  that  the  clamp  is  at  one  end  of  the  axis,  and  shall 
distinguish  the  two  positions  by  '*  clamp  west"  and  '*  clamp  east" 

ilf  tlie  value  of  c  has  been  found  for  clamp  west,  its  value  for 
clamp  ea«t  will  be  numerically  the  same,  but  will  have  a  different 
sign ;  for,  since  in  reversing  the  collimation  axis  remains  m  the 

isanie  plane,*  any  thi'ead  will  be  at  the  same  absolute  distance 
from  tliis  axis,  but  on  opposite  sides  of  it  in  the  two  positions. 


*  Except  when  the  piTota  are  unequal,  tbe  correcttoii  for  which  will  be  considered 
Vol.  n.— 10 
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For  example,  if  we  have  found  for  clamp  west  c  ==  —  0*.292,  wi 
must  take  for  damp  east  c  —  +  Q\292, 

If,  however,  we  take  the  diarnal  aberration  into  account,  we 
must  observ^e  that  e'  ia  not  numerically  the  same  in  the  two  posi- 
tions of  the  axis*  For  example,,  if  f  —  SS"^  59' j  the  correction 
0'.021  COB  f  18  O".016 ;  and  if  for  clamp  west  we  have  c^=—  0',292, 
we  shall  have  for  this  position  c'  =  —  0'.292  —  O-.OIG  ^  —  O-.aOS, 
but  for  clamp  east  (/=  +  0*.292  —  0\016  =  +  0\276. 

130.  In  the  above,  we  have  assumed  that  the  star  has  been 
observed  on  a  single  thread  whose  distance  from  the  eollimation 
axis  is  known*  The  same  method  may  be  applied  to  each  thread ; 
but  when  the  inten^als  between  the  threads  are  known,  eacU 
observation  may  be  reduced  to  the  middle  thread  or  to  a  i>oint 
corresponding  to  the  "mean  of  tlie  threads,**  and  the  eorrectioa  i 
r  will  then  be  computed  only  for  thia  middle  thread  or  this  meaa 
point.  I  proceed  to  show  how  these  intervals  are  to  be  deter- 
mined and  applied* 

THBBAD   INTERVALS. 

131.  An  odd  number  of  threads  is  always  used,  and  they  are 

placed  as  nearly  equidistant  as  possible,  or,  at  least,  they  arc 
symmetrically  plact'd  witli  respect  to  the  middle  one,  and  this 
middle  thread  is  adjusted  as  nearly  as  possible  in  the  eollimation 
axis*  If  the  threads  were  exactly  equidistant,  the  mean  of  the 
observed  times  of  transit  over  all  of  tliem  could  be  taken  ad  Ujo 
time  of  transit  over  the  middle  one,  and  this  with  the  greater 
degree  of  accuracy  (theoretically)  the  greater  the  number  of 
threads.*  But  since  it  rarely  happens  tliat  the  threads  are  per- 
fectly eciuidistant  or  symmetrical,  it  becomes  necessary  to  deter- 
mine their  distances  ;  and  this  is  usually  the  first  business  of  the 
observer  alYer  he  has  mounted  his  instrument  and  brought  it 
approximately  into  the  meridian. 

Let  i  denote  the  angular  interval  of  any  thread  from  tho 
middle  tliread  ;  I  the  time  required  by  a  star  whose  declination 
is  d  to  pa'^s  over  this  interval.  Then  ?,  being  expressed  in 
seconds  of  time,  will  also  denote  the  interval  of  sidereal  timo 
required  by  a  star  in  the  equator  to  describe  the  epaee  betweeu 


*Tbt  practical  Umiti  to  tbo  &iimb«r  of  thread*  will  be  cotiiiderod  in  aiioib«r 
plaet. 
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the  threads ;  for  this  is  the  case  in  which  the  apparent  path  of 
the  star  is  a  great  circle.  Our  notation,  therefore,  may  be  ex- 
pressed by  putting 

1  =  the  equatorial  interval  of  a  thread  from  the  middle  thread, 
/  =  the  interval  for  the  declination  d. 

If  now  c  denotes  the  coUinaation  constant  for  the  naiddle  thread, 
the  distance  of  the  side  thread  frona  the  collimation  axis  is  i+  c; 
and  if  r  is  the  hour  angle  of  a  star  when  on  the  middle  thread, 
1+  T  is  its  hour  angle  when  on  the  side  thread.  Hence,  by  our 
rigorous  formula  (79),  applied  to  each  thread,  we  have 

sin  (/  +  r  —  m)  =  tan  n  tan  d  -j-  sin  (i  +  c)  sec  n  sec  d 
sin  (t  —  m)  =  tan  n  tan  ^  -f  sin  c  sec  n  sec  d 

the  difference  of  which  is 

2  cos  (}  7  +  r  —  m)  sin  }  1=  2  cos  (}  i  +  c)  sin  }  t  sec  n  sec  d 

for  which,  since  r  —  m,  c,  and  n  are  here  very  small  quantities, 
we  may  write,  without  sensible  error, 


2  cos  }  7  sin  }  7  =  2  cos  }  i  sin  }  i  sec  d 


] 


or  V     (88) 

sin  7  =  sin  t  sec  d 

From  this,  /can  be  found  when  i  is  given.  On  the  other  hand, 
if  I  is  observed  in  the  case  of  a  star  of  known  declination,  we 
deduce  i  by  the  formula 

sin  i  =  sin  7  cos  d  (89) 

If  the  star  is  not  within  10°  of  the  pole,  it  is  quite  accurate  to 
take  for  these  the  more  simple  forms 

7=  I  sec  ^  i  =  7cos^  (90) 

These  formulse  show  that  the  observed  interval  will  be  the 
greater  the  nearer  the  star  is  to  the  pole.  Hence,  for  finding  i 
from  observed  values  of  J,  it  is  expedient  to  take  stars  near  the 
pole,  since  errors  in  the  observed  times  will  be  reduced  in  the 
ratio  1 :  cos  d. 

When  the  star  is  so  near  to  the  pole  that  either  (88)  or  (89)  is 
to  be  used,  it  will  be  found  convenient  to  substitute  for  them 
the  following  : 

X       .         .   »  .       7C08  ^  .^-. 

I=iBecd,k  t  =  — T —  (91) 
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I  Bin  15" 

m  which  k  =       .         »  and  its  logarithm  may  be  readily  taken 

from  the  following  table : 


/ 

log  1  see  (f 

log* 

1- 

1.778 

0.00000 

2 

2.079 

.00001 

8 

2.266 

.00001 

4 

2.380 

.00002 

6 

2.477 

.00003 

6 

2.566 

.00005 

7 

2.623 

.00007 

8 

2.681 

.00009 

9 

2.732 

.00011 

10 

2.778 

.00014 

^1 

2.819 

.00017 

12 

2.857 

.00020 

18 

2.892 

.00023 

14 

2.924 

.00027 

15 

2.954 

.00031 

/ 

log  1  sec  d 

log* 

15- 

2.954 

0.00081 

16 

2,982     , 

.00035 

17 

8.008 

.00040 

18 

8.033 

.00045 

19 

3.05(1 

.00050 

20 

3.079 

.00055 

21 

3.100 

.00061 

22 

3.120 

.00067 

23 

3.139 

,00078 

24 

8.158 

.00080 

25 

8.175 

.00086 

2Q 

3.192 

.00093 

27 

3.209 

.00101 

28 

3/224 

.00108 

29 

3.239 

.00116 

30 

3.254 

,00124 

Example  1.— If  for  a  star  whoee  dedination  is  5=  88^  33'  we 
have  observed  the  iiiter\'al  between  a  side  thread  and  the  middle 
thread  to  be  J—  25*  lT'-6,  required  the  value  of  u 
We  have 

log/    3.18116 

log  cos  d    8.40320 

ar.  CO,  log  k    9.99912 

t  =r  38*.325  log  i    1.58348 


Example  2.— Given  i  =  38*.325,  find  /  for  i 

=  87«  15', 

We  Lave 

log  t 

1.58348 

log  Bee  i 

1.31896 

log  1  sec  S 

2.90244 

(Argument  2,902)  log  ft 

0.00024 

7=  799'.25                                   log  J 

2.90268 

132.  The  thread  intervals  may  also  be  found  by  QAfJBB'9 
method,  with  a  theodolite,  precisely  ua  in  the  method  of  deter^ 
mining  the  value  of  a  micrometer  screw  in  Art.  40. 

If  the  instrument  is  furnished  with  a  micrometer,  the  valtie 
of  the  »cr€W  may  be  determined  by  tlie  tnuisits  of  circumpolar 
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etarfl  over  the  micrometer  thread,  and  then  it  may  be  employed 
to  measure  the  thread  intervals. 

REDUCTION  TO   THE  MIDDLE   THREAD. 

138.  Suppose  that  the  reticule  contains  five  transit  threads, 
and  that  they  are  numbered  consecutively  from  the  side  next  to 
the  clamp:  so  that  for  "clamp  west"  stars  at  their  upper  cul- 
minations cross  the  threads  in  the  order  of  their  numbers.  Then, 
if  we  denote  the  observed  clock  times  of  a  transit  over  them  by 
/j,  (^  i^j  t^j  ^,  and  the  equatorial  intervals  of  the  side  threads  from 
the  middle  thread  by  fp  i^,  t^,  i^  (observing  that  i^  and  i^  vnll  be 
essentially  negative),  the  time  of  passing  the  middle  thread 
according  to  the  five  observations  is  either  i^  + 1\  sec  5,  ^  +  i,  sec  d, 
^  '4+  t^seci,  or  ^+  i^secd,  which,  if  the  observations  were  per- 
fect, would  be  equal  to  each  other.  Taking  their  mean,  which 
we  shall  denote  by  T^  we  have 


If  we  put 


T- + seceJ 


Al 


_v±v±J^L±i? 


and  denote  the  mean  of  the  observed  times  by  T^y  we  have 

r  =  T^  +  Ai  sec  d    for  clamp  west, 
jT  =  T^  —  Az  sec  ^    for  clamp  east. 

If  the  threads  are  equidistant.  At  vanishes;  otherwise  At  sec  J 
is  the  correction  to  be  applied  to  what  is  called  the  mean  of  the 
ihreadsy  to  obtain  the  time  of  passage  over  the  middle  thread. 

K  there  are  seven  threads, 

^i^iU  +  U  +  in)  +  (h+U  +  h)  (92) 

7 

and  so  on  for  any  number  of  threads. 

At  the  lower  culmination,  a  star  crosses  the  threads  in  the 
reverse  order,  and,  consequently,  the  sign  of  the  correction 
At  seed  must  be  changed;  but  this  change  of  sign  is  effected  by 
taking  for  8  the  supplement  of  the  declination,  according  to  the 
method  pointed  out  in  Art.  128.  We  shall,  therefore,  regard 
the  above  formulae  as  entirely  general. 

A  broken  transit  (one  in  which  the  transits  over  some  of  the 
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threads  have  not  been  obser\^ed)  is  roduoed  in  the  samo  manner; 
that  is,  we  take  the  mean  of  the  observed  times  and  apply  to  it 
a  correction  which  is  the  mean  of  the  equatorial  intervals  of  the 
obsen^ed  threads  multiplied  by  sec  5.  TIuis,  if  only  the  1st,  Sd, 
and  4th  of  five  threads  have  been  observed,  we  have  for  Tthe 
several  values  /|  +  i^  sec  d,  t^y  t^  +  i^  sec  d,  the  corresponding 
thread  intervals  being  /;,  0,  i^:  so  that  we  have 

In  general,  if  we  put 

M^  the  mean  of  the  observed  times  on  any  number  of 

threads, 
/=  the  mean  of  the  equatorial  intervals  of  these  threads^ 


die  time  T  of  transit  over  the  middle  thread  mil  be 

T=  M  +  f^ecd 


(93) 


If  the  clock  rate  is  considerable,   the  reduction  of  Jf  ta  T 
must  be  corrected  accordingly.    Thus,  if 

A  r  ^  the  clock  rate  per  hour, 

1  —  -^  1;  or,  putting 


p  =  the  factor  for  rate  =  1  — 
T—M+pf&ocd 


aT 
3600 


(W) 


For  a  sidereal  clock  which  ffains  V  per  day,  we  have  aT  — 
—  ^,  whence  log/i  =  0.000005,  and  for  a  gain  of  x  seconds  daily 
log/?  =  0.000005  ar. 

For  a  mean  time  clock  which  has  no  rate  on  mean  time,  and» 
eonaequentlyi  loses  9*.88  per  hour  on  sidereal  time,  we  find 
log  p  =  9.99881 ;  and,  if  it  gains  x  seconds  per  day,  Io^/>  = 
9.99881  +  0.000005  ;r. 

If  the  star  is  very  near  the  pole,  each  thread  should  be  sepa- 
rately reduced,  the  reduction  t45  the  middle  thread  being  ooiq* 
puted  by  the  formula  /  ^  i&^cS,kp^  log  k  being  taken  from  the 
table  in  Art,  131. 


REDUCTION  TO   THE   MEAK  THREAD. 
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REDACTION   TO   THE   MEAN   OF   THE   THREADS, 

134.  Another  mode  of  reducing  transits  is  cominonly  used  in 
the  observatory.  We  may  suppose  an  imaginary  thread  so 
placed  in  the  field  that  the  time  of  transit  over  it  will  be  the 
same  as  the  mean  of  the  times  on  all  the  threads,  and  for  brevity 
this  imaginary  thread  is  called  the  mean  of  the  threads^  or  the 
mi'an  thread.  Then  all  observations  are  redueed  to  this  imaginary 
thread,  and  the  constant  c  as  well  as  the  intervals  of  the  several 
threads  are  referred  to  it,  precisely  as  if  it  were  a  real  thread. 
It  is  evident  that,  where  many  complete  transits  are  to  be  re- 
duced, this  method  saves  labor,  as  the  correction  Ai  sec  S  is  avoided, 

135,  EX.AMPLE  1, — The  upper  transit  of  Polaris  was  observed 
with  the  meridian  instrument  of  the  Naval  Academy  on  Jao, 
26,  1869,  as  in  the  second  column  of  the  following  table : 

Clamp  Ewt.     rf  =  88»8r64".a 


L 

8ia.doek. 

/ 

log/ 

log  If 

loir^ 

i 

Fvii 

0*44-»65' 

—  23"  49* 

ft3. 15503 

a0O079 

fil. 65290 

—  a6',720 

TI 

52   56 

—  15    48 

»i2,97681 

84 

nl. 37518 

—  28  .721 

y 

1     0    54 

-    7    60 

n2,C7210 

09 

fil.07067 

—  11 .767 

IV 

8    44 

j    III 

16    32 

-f    7    4S 

2.67025 

09 

1.06882 

+  11 .717 

II 

24    81 

-f  15   47 

2.97685 

84 

1.37467 

4-  28  .696 

I 

82    3D 

-i-  23    4S 

3.15412 

78 

1.56200 

+  85.645 

The  table  exhibitB  the  computation  of  the  equatorial  intervals 
of  the  side  threads  from  the  middle  thread.  The  values  of  log  A 
are  taken  from  the  table  in  Art,  131,  and  each  value  of  log  i  is 
found  by  the  formula  log  i  =  log  I  +  log  cos  d  —  log  k.  The 
signs  of  /  and  i  are  given  for  damp  tvesL 

The  values  of  the  intervals  must  be  found  from  a  number  of 
observations  of  this  kind,  and  the  mean  of  all  the  determina- 
tions  should  be  finally  adopted. 

According  to  this  single  obaei'vation,  the  value  of  ai  for  this 
instrument  will  be 

A«  =  —  0-.021 

If  the  reductions  are  to  be  made  to  the  mean  of  the  threads, 
we  find  the  values  of  /  by  taking  the  difference  between  the 
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mean  of  all  tlie  obecn-ed  times  and  tbe  time  on  each  thread, 
and  compute  i  as  before.  The  values  of  i  that  would  result  in 
the  above  example  may  he  immediately  inferred,  since  they 
will  be  e€|ual  to  those  above  found  diminished  by  ^L  Thus, 
arranging  the  values  in  their  order  for  clamp  west-,  we  have — 


Thi«ad. 

Inlerrals  (o 
miiidl«  Uireiid. 

Inttrvitlg  to 
mean  thread. 

I 

+  35'.645 

+  35'.666 

n 

+  23 .096 

+  23 .717 

m 

+  II  .717 

+ 11 .738 

IV 

0. 

+   0.021 

V 

— 11 .767 

— 11 .746 

YI 

—  23 .721 

—  28.700 

VII 

—  35 .720 

—  85.699 

Example  2* — ^With  the  same  instrument  on  the  same  date,  the 
transit  of  a  Arietis  was  observed  as  follows  {chmp  east): 


d  =  -^22^  47'  49". 


Thread. 

Clock. 

VII 

1»  68-  58'.2 

VI 

lost 

V 

1  59   24.1 

IV 

36.9 

III 

49.8 

II 

2     0     2.8 

I 

15.9 

Mean^l   59    41.28 

The  algebraie  sum  of  the  intervals  to  the  middle  thread  for 
the  threads  here  observed,  taken  from  the  table  in  the  preceding 
example,  is  +  23*.571,  or  for  etamp  east  —  23',571 ;  and  therefore 
the  time  of  transit  over  the  middle  thread  is 

T=  1*  59»  41'.28  —       ^    sec  a  =  1*  59-  37'.02 


To  reduce  this  obser^^ation  to  the  mean  of  the  threads,  the 
shortest  method  is  to  take  one-sixth  of  the  interval  eorrespondiug 
to  the  missing  thread, — thus : 
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T.=  1»  59-  41*.28  —  ??!i[?2  Bee  ^  =  1»  69-  87'.00 


136.  Having  shown  how  the  quantity  T  in  (82)  or  (83)  is 
found,  I  now  proceed  to  show  how  to  determine  the  constants 
7»,  71,  and  e.  Since  m  and  n  both  involve  6,  let  us  begin  with  the 
investigation  of  this  quantity. 


THE   LEVEL   CONSTANT. 

137.  The  inclination  of  the  rotation  axis  to  the  horizon  is 
usually  found  by  applying  the  spirit  level  as  explained  in  Art. 
52;  and  this  inclination  expressed  in  seconds  of  time  is  the 
value  of  the  level  constant  6,  positive  when  the  west  end  of  the 
axis  is  too  high. 

But  the  spirit  level  applied  to  the  outer  surface  of  the  cylinders 
which  form  the  pivots  does  not  directly  determine  the  inclina- 
tion of  the  rotation  axis  which  is  the  common  axis  of  these 
cylinders,  unless  the  pivots  are  of  equal  diameters. 

To  find  the  correction  for  inequality  of  the  pivots^  let  C,  Fig.  38, 


Fig.  39. 


be  the  centre  of  a  cross  section  of  a  pivot,  A  the  vertex  of  the  V 
in  which  the  pivot  rests,  B  the  vertex  of  the  V  of  the  spirit  level 
applied  to  it.    Put 

2 1  =  the  angle  of  the  V  of  the  level, 
2ij=  "       **        **       V     "       transit  inst., 
r  =  the  radius  of  the  pivot, 
d  =  the  vertical  distance  of  B  above  C, 
u  «  c     "     A, 


we  have 


d,=  " 


d=z 


Bin  t 


d^  = 


Sin  t. 


If  now,  in  Fig.  39,  CC"  is  the  rotation  axis,  A  and  B  the 
vertices  of  the  transit  and  level  Vs  at  the  end  next  the  finder, 
A'  and  B^  the  vertices  of  the  Vs  at  the  other  end  of  the  axis, 
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r'  the  radius  of  the  pivot  at  that  end,  then  we  have  for  the  dis- 
tances 5' C7',  ^'C, 


d'  = 


sm  ( 


<  = 


am  tj 


The  level  gives  the  inclination  of  the  line  jBJ5'  to  the  horizon, 
and  we  wish  to  find  that  of  CC  Let  us  suppose  the  clamp  at 
first  is  west,  and  afterwards  east,  and  that  in  both  positions  of 
the  axis  the  inclination  given  by  the  level  is  observed.    Let 

B,  B'  =  the  inclinations  given  by  the  level  for  clamp  west 

and  clamp  east,  respectively, 
6,  y  =  the  true  inclinations  of  the  rotation  axis  for  clamp 
east  and  clamp  west, 
p  =  the  constant  inclination  of  the  line  AA\ 

Also  draw  CU  and  CF  parallel  to  BB'  and  AA',  and  put 

then,  L  being  the  length  of  the  level,  we  have 

d'^d       r'—r 


sm  j> 


for  which  we  may  take 


P  = 


L  sin  i 

T'  —  r 
Zsint, 


Pi  = 


f^r 
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and,  consequently, 

B'^Bi       Bint;        \ 
'^""       2       ysini  +  sinij  ^ 

By  this  formula,  when  i  and  \  are  known,  we  can  directly  com- 
pute the  value  of  p  from  the  level  indications  B  and  B\  observed 
in  the  two  positions  of  the  axis. 

K  the  angles  of  both  the  transit  and  the  level  Vs  are  equal  to 
each  other,  which  is  usually  the  case,  we  have  sin  i  =  sin  i^ ;  and 
then  we  have 

i>  =  ^  (96) 

The  value  of  p  thus  found  is  called  the  correction  for  inequality 
of  pivots.  It  is  to  be  carefully  found  by  taking  the  mean  of  a 
great  number  of  level  determinations  in  the  two  positions  of  the 
axis.  By  determining  it  according  to  the  above  formula,  it  is  a 
correction  algebraically  additive  to  the  level  indication  for  clamp 
west :  so  that  the  true  level  constant  in  any  case  is  found  by  the 

formulae 

6  =  jB  +  p    for  clamp  west,  1 

V=B'—p    for  clamp  east.  J      (^'^ 

138.  The  inequality  of  the  pivots  may  also  be  found  without 
reversing  the  axis,  by  using  successively  two  spirit  levels,  the 
angles  of  whose  Vs  are  quite  different.  Let  2i  and  2%'  be  their 
angles,  and  B  and  B'  the  apparent  inclination  of  the  axis  ^ven 
by  the  two  levels  respectively.    K  then  b  is  the  true  inclination, 

and  we  put 

_    r'—r 

*""jDBinl5" 
we  have,  by  the  preceding  article, 

sm  X 


whence 


sm  i' 


q  =  {B-^B').      »,uc.iue 

sin  i  —  sm  f 


and  the  correction  of  inclinations  found  with  the  level  the  angle 
of  whose  Vs  is  2t  will  be 
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J,  =  -JL.  =  (5-5') 


fiin  r 


(99) 


6m  t  Sim  —  sin  r 

If  we  construct  the  levels  so  that  their  angles  are  fiuppleraents 

of  each  other,  that  is,  make  2 1'  =  180°  —  2i,  the  formula  becomea 

B-B' 


P^ 


iani- 


For  example,  if  2/ =  157^  23'  ami  2r==22°  37',  we  have 
p  z=  i{B  —  £');  so  that  as  accurate  a  determination  of  p  may 
be  found  in  this  way  as  by  revel's!  ng  and  employ iJig  the  formula 

(96). 

139.  Example  1, — The  folloi\ing  example  of  a  case  in  which 
the  angle  of  the  level  V  differed  from  that  of  the  traiiBit  V  ia 
given  by  Sawitsch.  A  portable  instrument  was  mounted  in  the 
meridian^  and  three  sets  of  observations  were  made  consecutively 
for  the  determination  of  p,  as  in  the  followijig  table ; 


Ni>.  of  detep- 
minatloD. 


Clftmp. 


E. 


LeTel  readinga. 


Wert.       But. 


E. 


B.  13.2 

A.  14.0 

A.  18.4 

B.  17.9 


B.  18.8 

A.  19.1 

A.  18.6 

B.  13.2 


13.6 
14.0 
18.2 
18.8 


Aindir 


diT. 
B  =  +  0.42 

B"  =  +  4.92 


JJ'=  +  6.60 
B  =  -i-  0.45 


j  5  =  +  0.62 
j  jr  =  +  6.05 


ff—B 


diT. 
+  4.60 


+  5.15 


+  4.58 


The  letters  A  and  B  in  the  first  column  of  level  readings  refer 
to  the  position  of  the  level  on  the  axis. 
The  value  of  one  division  of  the  level  was  1".68,  or,  in  time, 

o.iia. 

The  angle  of  the  level  Vs  was  85<»=  2i:  that  of  the  transit 
VBwa8  91*'=2i,. 
We  find,  by  taking  the  meant 

S'~B  =  +  4.78  div.  =  +  0'.63 
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and  hence,  by  (96), 

p  =  +  0*.14 

If  we  had  assumed  i  =  ^,  we  should  have  found,  by  (96), 
p  =  +  0*.13,  very  nearly  the  same  as  by  the  complete  formula, 
although  there  is  a  considerable  difference  between  i  and  ii. 

To  find  the  true  inclination  of  the  axis  during  these  observa- 
tions, we  have,  by  taking  the  mean  of  the  values  of  JB  and  jB', 

div. 
B  =  +  0.46  =  +  0*.05 
£'=  +  6.19  =  +  0.58 
whence 

b  =  +  O'.OS  +  0M4  =  +  O-.W 
y  =  +  0  .58  —  0 .14  =  +  0 .46 

Example  2. — ^In  October,  1852,  the  pivots  of  the  Repsold 
meridian  circle  of  the  U.S.  Naval  Academy  were  examined  by 
twenty-four  determinations  of  the  inclination  of  the  axis,  twelve 
in  each  position,  and  the  means  were 

diy. 

Clamp  west,    B  =  +  0.68 

"      east,      £'=  +  0.74 

One  division  of  the  level  was  equal  to  0*.079 ;  and  hence 

div. 
p  =  +  0.015  =  +  0'.0012 

which  was  neglected,  as  of  no  practical  importance.  Indeed,  it 
is  hardly  to  be  presumed  that  the  level  readings  were  sufficient 
to  determine  so  small  a  quantity  with  certainty;  nevertheless 
they  suffice  to  prove  the  same  excellence  of  workmanship  in 
these  pivots  as  in  those  of  other  instruments  of  Bepsold's.  In 
the  meridian  circle  of  Pulkowa,  made  by  the  same  distinguished 
artist,  Struve  found  an  inequality  of  pivots  of  only  0*.0025. 

140.  The  linear  difference  of  the  radii  of  the  pivots  may  also 
be  found ;  for,  by  the  above  formulae,  we  have 

^  T    •    •  •   iR//     (^  —  jB)  Zr  Bin  15" Bin  i sin  I.     .-^. 

r  —  r=pLBim sm  15" =^^ ^r^^ — ^—, — - — :-^^ ^    (1^) 

^  2  (sm  %  +  sm  lO  ^      ^ 

The  value  of  L  in  the  Example  1  of  the  preceding  article  was 
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10.85  inches,  aud  hence  r'  —  r  =  0.000075  inch.     Small  as  this 
diiference  appears,  it  is  satisfactorily  determined  by  the  level. 

141.  The  level  constant  may  also  be  fonnd  hy  the  aid  of  the 
mercury  collimator  (Art.  47)  and   the   micrometer.     For  large 
infltrnraents,  it  is  convenient  to  have  the  mercury  baein  perma- 
nently placed  immediately  under  the  inHtniment,  a  little  below 
the  level  of  the  tloor,  and  covered  only  by  a  small  movable 
trap-door  in  the  floor. 
Let  CC\  Fig,  40,  be  the  rotation  axis  of  the  inatrnraent ;  EO 
the  collimation  axis,  perpendicular  to  CC; 
FJg,  40.^  MN  the  enrfoee  of  mercuiy.     There  will  be 

formed  in  the  field  of  the  telescope  a  reflected 
image  of  each  thread  of  the  reticnle;  but 
we  shall  here  use  only  the  movable  micro- 
meter thread  (which  will  be  assumed  to  bo 
parallel  to  the  transit  threads).  Let  this 
micrometer  thread  be  brought  into  coinci- 
dence with  its  own  reflected  image^  which 
occurs  wlien  it  is  at  that  point  a  of  the 
field  which  lies  in  the  line  bO  drawn 
through  the  optical  centre  of  the  objective, 
perpendicular  to  the  horizontal  surface  of 
the  mercury;  and  hence  it  follows  that,  in 
this  position,  the  angle  aOE  is  equal  to  the 
inclination  of  the  rotation  axis  CC  to  the  surface  MN^  or  that 
aOEis  equal  to  the  required  level  constant.  Now%  let  the  rota- 
tion axis  be  reversed;  tlie  directions  CC"  and  £0  remain  un« 
changed  (provided  the  pivots  are  equal),  and  the  micrometer 
thread  is  now  at  a\  at  the  same  distance  as  before  from  the  col- 
limation axis;  if  then  the  thread  is  again  brought  into  coinci- 
dence \\nth  its  image,  it  must  be  moved  over  a  distance  a'a 
2=  twice  the  required  level  constant.     If  then  we  put 

JIf  =  the  micrometer  interval  (expressed  in  seconds  of  tiin0)i 
positive  or  negative  accurditig  as  the  micrometer  thread 
is  cast  or  west  of  ita  image  after  reversal| 

W0  ehall  have 


and  b  will  thus  be  positive  when  the  west  end  is  elevated. 


IREGULABITIES   OF   PIVOTS* 


If  the  pivots  are  un equals  b  and  b*  being  the  true  inclinations 
Hof  the  axis  for  clamp  west  and  clamp  east  respectively,  we  shall 
have,  after  reversal,  EOa'  =  6,  and  after  making  a  coincidence 
again,  EOa  =  />';  and  hence 


|imd,  from  (96)  and  (97), 
whence 


U-^h^  M 


U- 


2p 


2       ^ 


(102) 


It  appears,  then,  that  the  mercury  collimator  alone  is  not  ade- 
^qnate  to  the  determination  of  the  level  constant  when  the  pivots 
are  unequal,  Bince  the  quantity  p  nnmt  be  othen\n8e  determined. 
The  only  independent  method  of  finding  j?  is  by  the  sphit  level ; 
but  we  shall  see  hereafter  how  the  level  may  be  dispensed  with 
(or  its  indications  verified)  by  means  of  the  mercury  collimator 
in  combination  with  colliniating  telescopes. 

142,  The  pivots  may  be  not  only  unequal,  but  also  of  irregular 
figures.  To  determine  the  existence  of  irregularities  of  form,. 
the  level  should  be  read  oft' with  the  telescope  placed  successively 
at  everj"  10°  of  zenith  distance  on  each  side  of  the  zenith.  The 
mean  of  all  the  inclinations  found  being  called  B^^  and  JS'  being 
that  found  at  a  given  zenith  distance  z,  B^  —  B^  is  the  correc- 
tion to  be  ai>plicd  to  any  level  reading  afterwards  taken  in  the 
same  position  of  the  rotation  axis  and  at  the  same  zenith  dis- 
tance. The  level  readings  are  thus  freed  from  the  Irreffidimties 
of  the  pivots,  but  we  still  have  to  apply  the  conTctiou  for  m- 
cqualiiij  of  the  two  pivots;  and  this  inequality  will  be  deter- 
mined by  taking  one-fourth  of  the  difterenco  of  the  mean  values 
ipf  B^  (found  as  just  explained)  in  the  tn^o  positions  of  the  rota- 
ion  axis, 

For  the  examination  of  the  form  of  the  pivots  of  the  great 
Transit  Circle  of  Greenwich,  "each  is  perfomted,  and  within 
the  hollow  of  the  eastern  pivot  is  fixed  a  plate  of  metal  perforated 
with  a  very  small  hole,  behind  which  a  light  can  be  placed  for 
illumination ;  and  iu  the  hollow  of  the  western  pivot  there  is 
fixed  an  object  glass  at  a  distance  from  the  perforated  plate  equal 
to  its  focal  length.  This  combination  forms  a  collimator  re- 
volving wnth  the  instrument.  It  is  viewed  by  a  telescope  of  7 
feet  focal  length,  which,  when  required,  is  placed  on  Vs,  one  of 
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them  planted  in  the  opening  of  the  western  pier,  and  the  other 
in  a  hole  made  for  that  purpose  in  the  western  wall  of  the  room. 
By  a  series  of  most  careful  observations  in  1850,  *51j  and  '52,  no 
appreciable  error  could  he  discovered  in  the  form  of  the  pivota/'* 
Tliese  pivots  are  six  inches  in  diameter. 


THE   COLLIMATION   CONSTANT. 

143.  The  constant  c  may  express  the  distance  from  the  coUi- 

mation  axis  either  of  the  middle  thread  or  of  the  lietitionB  thread 
denoted  by  the  "mean  of  the  threads;"  the  foiTuer,  when  Tin 
(82)  is  the  time  of  transit  over  the  middle  thread,  and  the  latter 
when  T  is  the  time  of  transit  over  the  mean  of  the  threads 

Let  us  first  determine  c  for  the  middle  thread ;  its  value  for 
the  mean  of  the  threads  can  afterwards  be  found  by  adding  the 
quantity  ^i  (Art.  VM);  thus,  denoting  tlie  latter  by  c^,  we  shall 
have 

c,=  c^^i  (103) 

144,  First  Method, — Place  the  telescope  in  a  horizontal  position^ 
and  select  any  terrestrial  object  that  presents  some  well  defined 
point,  and  so  remote  that  the  stellar  focus  of  the  telescope  need 
not  be  changed  to  obtain  a  good  definition  of  the  point.t  Mea- 
sure with  the  micrometer  the  distance  of  the  point  from  the 
middle  thread.  Reverse  the  rotation  axis,  and  again  meiisure 
this  distance.  If  it  is  the  same  a^s  before,  the  thread  is  in  the 
collimation  axis,  and  c  =  0 ;  otherwise  c  is  one-half  the  difierence 
of  the  micrometer  measures.  To  obtain  a  simple  practical  rule 
which  will  fix  the  sign  of  c  for  clamp  west,  put 

Mf  M*  =  the  micrometer  distances  of  the  middle  thread  fitJin 
the  points  positive  when  ihe  thread  appears  in  the 
field  to  bo  nearer  to  the  claaip  than  the  point; 

then,  for  elamp  west, 

cr^KJf+iT)  (104) 

This  gives  e  with  the  positive  sign  when  the  thread  is  nearer 
to  the  clamp  than  the  collimation  axis,  in  wliich  case  stars  at 


*  QrwDwicb  0b»,  for  1852.     lotmd.  p.  It. 

f  The  meriditia  murk,  if  one  hmt  been  estebUsliedf  willt  of  eourae,  be  BMd  for 
this  point.    8ee  Art.  169. 
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IGl 


tfieir  upper  eiilminations  arrive  at  the  thread  before  tliey  roach 
the  axis,  and  the  correction  cmed  nnmt  he  additive. 

By  this  method,  no  correction  for  the  inequality  of  the  pivots 
is  required,  since  the  telescope  is  horizontal. 

Instead  of  a  distant  terrestrial  point,  we  may  suhatitute  the 
intersection  of  two  threads  in  the  focus  of  a  horizontal  colli- 
mating  telescope,  placed  north  or  south  of  the  instrument*  To 
avoid  reversing  the  axis,  two  such  colUmators  are  used,  as  in 
the  following  method. 

145.  Second  Method,, — ^Let  two  horizontal  coUimating  telescopes 
D  and  F,  Fig.  41,  be  mounted  on  piers  in  the  transit  room,  one 


*r 


.^*- 


K> 


north  and  the  other  south  of  the  ti^ansit  instrument,  in  the  same 
plane  with  its  rotation  axis,  their  ohjectives  turned  towards  this 
axis,  and,  eonsequently,  towards  each  other.  Suppose,  for  sim- 
plicity, that  the  collimators  have  each  a  single  vertical  thread 
JNTor  *S*  in  the  priuolpid  focus.  The  transit  instrument  being  at 
first  removed  so  as  not  to  obstruct  the  view  of  one  collimator 
from  the  other,  an  image  of  the  thread  of  either  collimator  will 
be  formed  at  the  focus  of  the  other,  and  either  thread  nuiv  be 
adjusted  so  as  to  coincide  exactly  with  the  image  of  the  other. 

Then  the  two  sight  hnes  of  the  collimators  are  in  the  same 
line,  or  at  least  are  parallel  to  each  other,  and  their  threads 
when  viewed  by  the  transit  telescope  represent  two  infinitely 
distant  objects  whose  difference  of  azimuth  is  precisely  180°. 
Replacing  the  transit  histruraent,  direct  it  fii*st  towards  the 
north  collimator.  Let  C*C"  be  its  rotation  axis,  AjV  pei'pendi- 
cular  to  CC  its  coUimatiou  axis,  7'  the  middle  thi*ead  of  the 
diaphragm  at  the  distance  AT^  c  west  of  the  axis.  An  image 
of  -ftTwill  be  formed  at  iV'  at  a  distance  AN^  from  the  collima- 
tion  aids,  which  is  the  measure  of  the  difference  of  directions  of 

Vol.  IL— 11 


162  TRANSIT   INSTRUMENT   IN   THE   llERIBIAN. 

the  common  sight  liiie  of  the  collimators  and  the  axia  AA\ 
Measure  with  the  transit  micrometer  the  di^ance  (=  M)  of  T 
from  i\''.  Next  revolve  the  telescope  upon  its  rotation  axis  and 
direct  it  towards  the  south  collimator.  The  axis  CC  is  un- 
changed, and  the  point  A  of  the  focus  which  represents  the 
collimation  axis  is  now  found  at  A',  The  image  of  iS  is  formed 
at  jS'  at  a  distance  A'S'  from  the  collimation  axis,  which  is  again 
the  measure  of  the  difference  of  directions  of  the  common  sight 
line  of  the  collimators  and  the  axis  AA':  so  that  we  have  j4jV' 
=  A'S';  but  the  points  S'  and  -tV  are  on  opposite  sides  of  the 
uds.  The  middle  transit  thread  is  now  at  T'  on  the  same  aide 
of  the  eoUimation  axis  and  at  the  same  distance  from  it  as 
liefore :  ao  that  we  have  also  A' T'  =  c.  Ilence,  remembering 
that 

Mj  2r  ^=  the  micrometer  distances  of  the  middle  thread  west 
of  the  north  and  south  collimator  threads,  respect- 
ively, 

we  evidentiv  have 

To  give  this  method  the  greatest  degree  of  precision,  it  will 
not  suffice  to  use  single  vertical  threads  in  the  collimators,  on 
account  of  the  difficulty  of  estimating  the  coincidence  af  two 
superposed  threads.  It  is  also  clear  that  the  eight  lined  of  the 
two  collimators  must  not  be  marked  by  two  entirely  similiir  and 
equal  systems  of  threads,  sittce  to  bring  tlie  sight  lines  into  oomci- 
dcnce  we  should  still  have  to  superpose  one  system  upon  the  other. 
A  simple  method  is  to  substitute  for  the  single  thread  in  the 
north  collimator  two  very  close  pnndlel  vertical  threads,  and  in 
the  south  collimator  two  tlireads  intersecting  at  an  acute  angle 
and  making  equal  angles  with  the  verticuK  Then  the  middle 
point  between  the  close  parallel  thri-iuls  marks  the  sight  line  of 
the  north  collimator,  and  the  coincidence  of  the  intersection  of 
the  cross  threatls  of  the  south  collimator  with  this  point  can  be 
judged  of  by  the  eye  with  great  delicacy.  It  will  assist  the  eye 
somewhat  if  the  collimators  have  also  two  parallel  horizontal 
thrends  e^piidistaut  from  the  middle  of  the  field,  but  not  at  the 
same  distance  fr*>m  each  other  in  both  telescopes* 

In  the  large  transit-circle  of  the  Greenwich  Obdervatory  the 
whole  system  of  transit  threads  is  nu»vcil  by  tlie  micromiyler 
screw-    In  this  case  let  31  and  31 '  be  tiie  micrometer  reeu&i^ 
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when  the  middle  thread  is  in  coincidence  with  the  two  colli- 
mators respect! v^ely;  then  M^  =  i(jlf  +  M^)  is  the  reading  when 
the  middle  thread  is  in  the  axis  of  colliiiiation,  and  c  ^  0  j  and 
if  during  any  subsequent  observations  the  micrometer  is  placed 
at  a  ditferent  reading  m,  we  must  take  for  tlie  reduction  of  such 
observations  e  ^  M^  —  m. 

Example. — On  Feb.  7,  1853,  the  collimators  of  the  Greenwich 
transiit-circle  having  been  brought  into  coincidence,  the  middle 
transit  thread  was  brought  successively  upon  each  collimator, 
and  the  reading  of  the  micrometer  for  the  north  collimator  w^as 
31'.300,  and  for  the  south  collimator  31'.521.  Hence,  the  micro- 
meter being  set  at  the  mean  31^411,  the  middle  thread  would 
be  in  the  coUimatiou  axis,  and  then  e  =  0,  But  if  the  transit  of 
a  star  was  observed  on  that  date  with  the  micrometer  set  at 
3K5,  we  should  have  c  ^  3^.411  —  3r,3  =  —  0^.089,  or,  since 
V  ^  O'.eSS,  e  =  -  0-.088, 


146.  For  merely  determining  the  collimation  constant,  it  is 
not  necessary,  as  has  been  above  siipposcd,  that  the  collimators 
be  in  the  same  horizontal  plane  with  the  axis  of  the  transit 
instrument.  They  may  be  in  a  plane  so  far  above  (or  below) 
that  of  the  transit  instrument  that  the  telescope  of  the  latter 
when  hnrizontal  will  not  intercept  the  view  from  one  to  the 
other.  If  then  each  collimator  is  mounted  as  a  transit  instru- 
ment and  its  rotation  axia  is  level,  it  can  be  depressed  (or 
elevated)  until  its  threads  can  be  viewed  by  the  transit  tele- 
eeope.  If  the  inclination  of  each  collimator  to  the  horizon  is 
the  same,  and  the  measures  of  the  distances  of  the  middle  transit 
threads  from  the  two  collimating  threads  are  a^i  before  M  and  M\ 
we  still  have  c  =  \{M  +  3P).  The  objection  to  this  arrange- 
ment  is  that  the  sight  lines  of  the  collinuitors  must  be  made  per- 
pendicular to  their  rotation  axes,  and  these  axes  must  be  levelled, 
adjustments  which  arc  unnecessary  when  tliey  are  in  the  same 
or  very  nearly  the  same  horizontal  plane  as  the  axis  of  the  prin- 
cipal instrument. 

To  avoid  the  necessity  of  raising  the  transit  instrument  out 
of  the  Vs  (when  the  three  instruments  are  in  the  same  horizontal 
plane),  two  apertures  may  be  made  in  the  cube  of  the  telescope, 
through  which,  when  the  telescope  is  veitical,  the  horizontal 
imjii  from  the  collimators  may  pass. 
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147,  Third  Method, — ^Direct  the  instrunneiit  vertically  towanls 
the  mercury  collimator,  and  measure  with  the  micrometer  the 
distance  of  the  middle  thread  from  its  image;  put 

M^  the  micrometer  distance  of  the  thread  from  its  image, 
positive  when  the  thi*ead  is  west  of  its  image; 

then  it  is  evident  that,  if  the  rotation  axis  is  horizontal,  we  shall 
have  M  ~  2c;  but,  if  the  west  end  Is  elevated  by  the  quantity  6, 
the  apparent  distance  of  the  thread  and  its  image  will  be  diniin- 
ished  hy  26:  so  that  we  shall  then  have  3/—  2c  —  2i,  whence 


c  =  lM+b 


(105) 


which  gives  c  with  its  proper  sign  for  the  actual  position  of  the 
rotation  axis. 

If  we  wisli  to  determine  the  level  constant  at  the  same  time, 
we  reverse  the  axis^  and  again  measure  the  distance  of  the  midtUo 
thread  from  it^  image.     Then,  putting 

Mf  M'^=  the  distancee  of  the  thread  west  of  its  imago  for 
clamp  wei^t  and  damp  east,  respectively, 
bf  U  =  the  level  constants  in  the  two  positions, 


we  have,  for  clamp  west, 


c=lM+h 


and  (since  the  sign  of  c  is  changed  hy  the  reversal),  for  ciamp 

east, 

whence 

c  =  i(if^Jf')  — K*'"*) 
or,  since  A'  —  6  =  2p, 

c  =       \  (M  —  M')  —  p    clamp  west, 
and  €  =  ^\{M  —  M*)  +  p       "     eaat. 

We  have  also 

V—b=      2p 
whence 

62=  —  I  (M  +  JT)  —  p    clamp  west, 

V  =  —  i(M+M')^p        -      ea»V 

When  the  micrometer  thread  is  at  right  angles  to  the  meridian, 
and,  consequently,  moves  oiily  in  declination,  it  can  neverlbelest 
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Fig.  42. 

c 

Df 

W 

—b 

B 

0 

be  used  for  determining  the  small  quantities  c  and  h  according 
to  the  above  method,  as  follows.  Let  AB^  Fig.  42, 
be  the  middle  transmit  thread,  A^B^  its  reflected 
image  in  the  collimat<*r,  CD  the  mierometer  thread. 
Move  the  micrometer  thread  CD  until  the  distance 
between  it  and  its  image  C"i>',  estimated  by  the 
eye,  is  equal  to  the  distance  between  the  transit 
thread  ^4^  and  its  image,  that  ist,  nntil  the  two  threads  and 
their  images  form,  to  the  eje,  a  perfect  square.  This  square  is 
always  very  small  in  a  tolerably  well  adjusted  instrument,  and 
can  be  very  accurately  formed  l>y  estimation.  We  have  then 
only  to  measure  the  distance  of  CD  and  CD'  to  obtain  the 
required  distance.  Now,  if  we  move  CD  w^e  also  cause  the 
image  CD'  to  move ;  but  it  is  evident  that  (the  telescope  not 
being  disturbed)  if  CD  is  moved  to  CD',  the  imago  will  be  seen 
at  CD,  and,  in  jiassing  from  one  position  to  the  other,  the  thread 
and  its  image  will  be  in  coincidence  at  the  point  midway  between 
the  two  positions.  If  this  coincidence  could  be  ob served  with 
perfect  accuracy,  we  might  read  the  micrometer  head  first  when 
the  square  w*as  formed,  and  secondly  w^hen  the  coincidence 
occurred  and  the  difference  of  the  readings  would  be  one-half 
the  required  measure  of  the  side  of  the  square.  But,  as  the 
threads  have  sensible  thicknesa,  it  is  difficult  to  estimate  the 
eoiiicidence  of  the  middle  of  the  thread  with  the  middle  of  its 
image,  and  therefore  it  will  be  better  to  read  the  micrometer, 
first  when  the  square  is  formed  by  the  tliread  at  CD  and  its  image 
at  C^iy^  and  secondly  when  the  square  is  again  formed  by  the 
thread  at  C*D*  and  its  image  at  CD,  The  difference  of  the 
readings  will  then  be  the  required  measure  of  the  side  of  the 
square  or  of  the  quantity  above  denoted  by  3i. 


Example  1. — ^In  1857,  June  28,  at  the  Naval  Academy,  to  find 
the  coUimation  constant  of  the  meridian  circle,  the  distance  of 
the  image  of  the  middle  thread  from  it^  image  in  the  mercury 
collimator  was  meas^ured,  by  forming  a  square,  as  above  explained, 
with  the  declination  micrometer  thread,  alternately  nortli  and 
fiouth  of  its  own  image.  The  readings  of  tlie  micrometer  were 
53.5  div.  and  59*5  div.  The  middle  thread  was  west  of  ita  image. 
The  value  of  one  division  of  the  micrometer  was  0*,0618*  The 
level  constant  found  by  the  spirit  level  w^as  6  —  —  0**247-  Clamp 
West 
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We  find 


41? . 
+  6.0  =  +  0r371 
lM+b^  +  0M86  —  0'.247  ^ 


0-.061 


Example  2. — In  1855^  May  11,  witli  the  same  instrument,  a  I 
gimilar  obBerv*ation  was  made,  both  with  clamp  west  and  clamp] 
east,  and  there  were  found 

Clamp  W.,        M  =  —  6.4    (Thread  coat  of  its  image) 
*'      E.,         Jf'=  — 2.7  "         "       *<         *' 

Hence,  since  for  this  instrument p  =  0>  we  find 

e  =       1{M^  M')  ^  ^  0,042  for  clamp  W, 

148.  By  combining  the  eollimating  telescopes  with  the  mer- 
cury collinuitor,  we  can  deduce  both  the  collimation  andlerel, 
constants  without  reversing  the  rotation  axis  and  without  in- 
volving the  inequality  of  the  pivots.     For,  by  the  coUimating 
telescopes,  we  deduce  the  value  of  r,  and  by  the  mercury  colli*  • 
mator  in  the  same  position  of  the  nxh,  the  value  of  ft  =  c  —  J  iMl  j 
This  is  the  method  now  employed  at  the  Greenwich  Observatory^  J 
where  the  transit  circle  is  never  re^^ersed;  but  it  is  better  al 
to  reverse,  and  thus  obtain  two  independent  determinatiaua  of  j 
our  constants  for  verifieution. 

If  we  reverse  the  instrument  and  determine  the  level  constant] 
by  this  method  in  both  positions,  we  can  tind  the  inecjuality  of  1 
the  pivots  J  for  we  shall  have  p  ^=  J(^' ""  ^)* 


149.  Fourth  3fe(ho(t, — The  preceding  methods  are  very  precl 
and  convenient,  but  are  practicable  only  with  instruments  pro-^ 
vidcd  with  collimators.     The  following  method  is  iudeiH^mlent 
of  these  auxiliaries,  and  is  practicable  with  all  instruments  which 
admit  of  reversal;    and,  being  quite  accurate,  it  may  be  utM^dj 
also  with  the  larger  instniments  in  connection  with  the  other] 
methods,  as  a  check  upon  them. 

Direct  the  telescope  upon  a  star  near  the  pole,  and  obderv^l 
its  transits  over  one  or  more  of  the  side  threads  (and  aUo  overi 
^6  middle  thread,  if  the  instrument  can  be  reversed  in  the 
interval  lietween  two  threads).     Then  immediately  reverse  tho 
rotntlt»n  axis  and  observe  the  transits  of  the  star  over  one  or 
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more  of  the  same  side  threads  again.  Let  T  and  T*  be  the 
mean  of  the  clock  times  of  transit  over  the  middle  thread, 
deduced  from  the  several  observations  for  clamp  west  and  clamp 
east  respectively  (Art  183) ;  h  and  V  the  level  constants  in  the 
two  positions  (the  pivots  being  supposed  unequal) ;  then,  by  (82), 
(88),  and  (87),  we  have,  for  clamp  west, 

g-T   I    AT    I    a«^^(^~^)    I    frC08(y-^)  c  O'.021cosy 

cos  d  cos  d  cos  b  cos  ^ 

and,  for  clamp  east, 

g  =  r+  aT+  g  "^'^^^  ~  ^>  +  y"^^(^  ^  ^  ^  .-g-  -  0v021co8y 

COS  d  cos  d  COS^  COS  d 

From  the  difference  of  these  equations  we  deduce 

c  =  \{T'  —  r)co8a+;?co8(f»  — a)  (108) 

in  which  we  have  substituted  'p  for  \{b'  —  6).  If  the  pivots  are 
equal,  the  term  p  cos  (ip  —  8)  will  disappear. 

If  T  and  T'  are  the  times  of  passing  the  mean  thread  (Art.  184), 
then  e  b  the  coUimation  of  this  fictitious  thread. 

150.  K  the  equatorial  intervals  have  not  been  previously  well 
determined,  the  mean  of  the  transits  over  the  same  thread  in  the 
two  positions  must  be  compared  with  the  transit  over  the  middle 
thread.  Thus,  if  T^  and  T/  are  the  clock  times  on  the  same 
thread  for  clamp  west  and  clamp  east,  we  have,  for  this  thread, 
ti  being  its  equatorial  interval  (omitting  the  diurnal  aberration, 
which  would  be  eliminated), 

COS  d  COS  d  COSd 

rrif         .  .     .         mi  SID  (9P  —  ^)     ,     r,C08(9P  —  d)  C 

a  =  T/—  I.  sec  ^  +  aT  +  a  — — +  h* — — ^ 

cos  d  COS  ^  cosd 

and,  for  the  middle  thread,  supposed  to  be  observed  with  clamp 
west^ 

cos  d  COS  d  cosd 

The  difference  between  the  last  equation  and  the  mean  of  the 
first  two  gives 

c  =/^J-±_?V  _  /y'jcos  d  +;>  cos  {if  —  d)  (109) 
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batj  smce  the  error  of  observation  io  T  will  appear  in  all  the 
values  of  e  thus  found  from  the  several  tlireads,  their  mean  will 
also  involve  thiB  error,  so  that  but  a  slight  increase  of  accuracj 
will  he  gained  by  observing  more  than  one  side  thread.  Hence, 
for  the  greatest  precision,  it  is  indispensable  that  the  thread 
intervals  should  be  previously  well  detenuined,  and  that  several 
threads  should  be  used  as  prescribed  in  the  preceding  article. 

These  fonnuloe  apply  without  modification  to  the  case  of  a 
lower  transit,  if  for  S  we  use  the  supplement  of  the  star's  deeli* 
nation  (Art.  128). 

Example. — On  Sept.  30,  1858.  the  lower  transit  of  Polaris  wa« 
observed  i^ith  the  meridian  circle  of  the  Naval  Academy  on  the 
three  side  threads  and  the  middle  thread  with  clamp  east,  and 
on  the  same  side  threads  with  clamp  west,  as  below ; 

Polaru  (lower  culm.)  S  —  01'  26'  U\ 


Thiwd. 

Cloek. 

Rcduelion  to 
miildle  tlin»d. 

Clock  lime  on 
middlo  Ihiwd.     ' 

I 

12»44-45V 

+  23-  39'.2 

18»  8-  24'^ 

CLE. 

n 

12  62   41 

+  16    44.8 

25.8 

III 

13     0    39 

-f-    7    47.5 

26.5 

IV 

13     8   24.S 

24.5 

Mean  2"  = 

13  8    25.25 

III 

13  16    21. 

-    7   47.5 

13  8   83.5 

C1.W. 

II 

24    20. 

—  16   44.8 

35.2 

I 

32    13. 

—  23    39.2 

33.8 

Moan  T  = 

13  8   88.17 

The  adopted  intervals  for  these  threads  were  i,  =^  -f-  85*,67t 
^  ==  -f  23*.77,  4  ^  +  11'* ^^7,  with  which  the  reductions  to  the 
middle  thread  were  computed  as  in  the  tabic.  As  a  test  of  the 
accuracy  of  the  observation,  each  thread  is  here  reduced  sepa- 
rately. We  have  then,  taking  only  the  seconds  of  T  and  T% 
and  putting  p  =  0,  by  (108), 

€  =  ^^'^^  ~  ^^*'^^  COS  9P  26'  84''  =  +  O-.lOO  («.  W.) 
On  the  same  day  the  distance  of  tlie  middle  thread  west  of  its 
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'image  in  the  mercury  colHmiitor  was  found  with  clamp  east  to 
be  —  19.9  div.  =  —  l'.230j  and  by  the  spirit  level  there  was  found 
b  =  +  0'.621,  whence  c  =  --  0*,615  +  0\521  ^  —  0.004  (CI  E.), 
agreeing  almost  exactly  with  the  value  found  by  Polaris. 


THE   AZmUTH   CONSTANT. 

151,  To  find  the  azimuth  constant,  we  must  have  recourse  to 

I  the  observations  of  stare,  since  it  is  only  by  a  reference  to  the 

heavens  that  the  direction  of  the  meridian  can  be  determined. 

We  can  either  find  a  directly,  or  first  find  n  and  m,  from  which 

a  can  be  deduced. 

To  find  a  dtnrlly, — Observe  the  transits  of  two  stars  of  different 
I  declinations  d  and  tV,  Let  Tm\A  T'  be  the  clock  times  of  transit 
reduced  to  the  middle  thread  (or  the  mean  thread),  b  the  level 
constant,  c  the  eollimatioo  constant  for  the  middle  thread  (or 
the  mean  thread),  and  put  c^  ^=  c  —  0*.021  cosy?  (Art,  126),  Let 
aTq  be  the  clock  oorrection  at  any  assumed  time  T^,  ^T  the 
-hourly  rate;  then  the  clock  corrections  at  the  times  of  observa- 
tion are 

47=  a7;+  dT(T—  t;) 

Then,  if  a  and  a'  are  the  apparent  right  ascensions  of  the  stars 
[at  the  time  of  the  observation,  as  found  from  the  Ephemeris, 
we  have,  by  (82)  and  (87), 

a  =  T-f  AT-f-  a  Bin  (^  —  S  )  eec  d  -}-  b  COB {f  ^  d)  BQQ  d  +  <f  eec  d 
»'=  T+  A  T'+  a  Bin  (^  —  ^)  sec  3'+  b  cos  (^  —  i)  sec  d'-\-  e  sec  J' 

If  in  these  we  substitute  the  abo^'^e  values  of  A^and  aT',  and 
.fluppose  the  rate  of  the  clock  to  be  given,  every  thing  in  the 
I  equations  will  be  known  except  aT^  and  a.     To  abbreviate,  put 


J'^)  4-  d  cos  (9>  —  ^)  sec  ^  4-  c^ sec ^  ' 
T^)  4-  h  cos  (^  —  ^) sec  d'4-  (/  see  ^  . 


(110) 


that  is,  let  /  and  /'  denote  the  observed  clock  times  reduced  to 
the  assumed  epoch  T^  and  corrected  for  level  and  collimation ; 
then  we  have 

^  :=  i  -\-  ^T^-\'  a  mn  {ip  —  ^  ) sec  ^ 
tt'=  i'J^  aI;4-  a  eb  (^  —  d*)  sec  ^ 
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which  give 


ft  — ^a=rt   —  t'f'^    ' ^- -^  — 

L      COB  d' 

cmScm  y 


Bin  (^  — 


coa  d 


whence 


or 


=  li^'-^)-it'-t)] 


coa  ^  COB  d* 


COB  y  sin  (d  —  d') 


a  = 


(a'-a)-{f'-0 


(Ul) 


COS  f  (tan  ^  —  tan  3') 


From  these  formulae  we  learn  the  conditions  neceseary  for 
the  accnrate  determination  of  a.  In  the  first  phice,  if  the 
rate  of  the  ch>€k  in  nut  well  detennined,  the  interval  between 
the  observations  must  be  aa  brief  as  possible,  so  tliat  (  and  /' 
mil  be  but  little  aflected  by  the  error  in  dT.  The  right  ascen- 
sions of  the  two  stars  must  therefore  difter  as  little  as  possible; 
or,  if  one  of  them  is  observed  at  its  lower  culmination,  they 
must  difler  by  nearly  12*.  In  the  next  place,  it  is  evident  that 
the  larger  the  factor  tan  d  —  tan  J'  in  the  denominator  of  (111), 
the  less  effect  will  errors  in  f  and  /  have  upon  the  deduced 
value  of  a.  Therefore,  if  both  stars  are  observed  at  the  upper 
culminations,  one  must  be  as  near  to  the  pole  and  the  other  as 
far  from  it  as  po^lFiib^e.  Finally,  the  right  aseensions  a  and  a' 
must  lie  accurately  known»  and,  therefore,  only  fundamental 
stars  should  be  used,  or  those  whose  places  are  annually  given 
in  the  Ephenieris. 

If  one  of  the  stars  is  observed  at  its  lower  culmination,  we 
have  only  to  use  180°  —  d'  and  12*  -h  a'  for  its  declination  and 
right  ascension,  and  still  use  the  equations  (110)  and  (111)  with- 
out change  of  notation  (Art,  128)*  In  this  case  the  fiictor 
tan  i  —  taneJ'  %vill  become  tan  3  +  tan  d'  (talking  d'  here  to 
signify  the  proper  dedination) ;  and  this  will  he  the  greater,  the 
nearer  both  stars  are  to  tlie  pule.  All  the  most  favorable  condi- 
tions can  therefore  be  best  fulfilled  by  two  circumjKdar  stars, 
both  as  near  to  the  pole  as  possible  and  differing  in  right  ascen- 
sion by  nearly  12*. 

If  we  can  rely  upon  the  stability  of  the  instrument  and  the 
clock  rate  for  12*,  we  may  observe  the  same  star  at  both  its 
upper  and  lower  culminations,  and  then,  putting  180®  —  ^  ==  i, 
the  formula  bet  <*mes 
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2co8ftan^ 

where  a'  is  the  apparent  right  ascension  of  the  star  at  the  lower 
culmination  increased  by  12*,  and  V  is  the  corrected  time  for  the 
lower  culmination. 

If  the  object  of  the  observer  is  to  re-determine  the  right 
ascensions  of  the  fdndamental  stars  themselves,  it  is  plain  that 
he  must  have  an  instrument  of  the  greatest  stability,  and  for 
the  determination  of  the  azimuth  must  rely  upon  upper  and 
lower  culminations  of  the  same  star ;  for  the  diflference  a'  —  a 
in  (112)  may  be  accurately  computed  by  the  formulse  for  pre- 
cession and  nutation,  although  the  absolute  values  of  a  and  a' 
may  be  but  approximately  known. 

To  find  n  directly. — ^Having  observed  two  stars  under  the  con- 
ditions above  given,  let  i  and  /'  be  the  clock  times  reduced  for 
rate  to  the  assumed  epoch  T^  as  before,  but  further  corrected 
only  for  collimation ;  that  is,  put 


(113) 


t  =  T  +  dT (T --  T^)  +  (/seQd 
t'=  T'+  dTiT—  To)  +  Csec  d' 

then,  by  Bessel's  formula.  Art.  126, 

o,  =  t  ■\-  ^T^-\-  m-\-  n  tan  d 
a'=  t'+  A  2;  +  m  -f  n  tan  d' 
whence 

tan  d  —  tan  d' 

For  a  single  circumpolar  star  observed  at  its  upper  and  lower 
culminations, 

2  tan  a  ^      ^ 

We  then  find  m  by  (85) ;  namely, 

m  =  5  sec  f  —  n  tan  f  (116) 

If  we  reduce  our  observations  by  Bessel's  or  Hansen's 
formula,  it  will  be  unnecessary  to  find  a.  If  it  is  required,  how- 
ever, it  may  now  be  found  by  the  equation 

a  =  b  tan  y  —  n  sec  ^  (^l*^) 
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Example. — On  ifay  25,  1854,  with  tlie  meridian  circle  of  the 
TJ.  S.  Naval  Academy,  the  upper  ajid  lower  transits  of  Polaris  and 
the  tmnsit  of  a  Arkti^  were  observed,  and  the  clock  times  reduced 
to  the  middle  thread  were  as  follows: 


Polaris  U.  C. 
a  Arid  is 
Polaris  L.  C. 


1*  14"  48'.24     (Ckmp  East) 
2     S      9AZ  ** 

13   14    40  J2 


AVith  the  spirit  level  and  mercury  collimator,  there  were  found 
6  =:  -f  0*.004,  0  =  —  0'.203,  The  hourly  nite  of  the  clock  on 
sidereal  time  was  ST=  —  0',224,  The  longitude  of  the  ioBtru- 
meut  wm  5*  5"*  55*  W.  of  Greenwich,  and  the  latitude  f  =^  38°  58' 
52", 5.     Find  the  constants  «,  m,  and  n. 

From  the  Nautical  Almanac  for  this  date  the  right  ascenstOQB 
and  declinations  of  tlie  stars,  reduced  to  the  time  of  the  obser- 
vations, are 


a 

« 

Kkt.  Ua  4 

Polaris  U.  C. 

1*   5-29'.41 

88»  81'  89" 

88.908 

a  Arietis 

1  58    56.05 

22   46    7 

0.420 

Polaris  L.  C. 

13     5    29.75 

91    28  21 

—  38.902 

HVe  find  for  the  constant  of  diurnal  aberration  for  the  given 
latitude,  O'.021cosf  ^  O'.OliS,  and  hence  c'=-  —  O-ZiOS  —  0*.016 
=^  —  0**219.  Computing  c'  see  <J,  b  cos  {f  —  S)  sec  d  for  each  star, 
and  reducing  the  times  for  mte  to  0*,  the  values  of  £,  according 
to  (110),  are  found  as  follows: 


Brians  U,  C. 
m  Arietis, 
Polaris  L,  a 


r 

K«d.  for 
nle  to  0*. 

Corr.  for 
collim. 

CoiT-  for 

1»  14-  48'.24 

2     8      9.13 

13   14    40.12 

—  0'.28 

—  0.48 
-2.97 

—  8'.52 

—  0.24 

+  8.52 

+  OM0 

0.00 

—  0.09 

1*  14-  ZQ'M 

2     8     8.41 

13  14   45.58 


To  exemplify  the  use  of  the  formula  (111),  we  will  firet  take 
Pblaris  U.  C,  and  a  Arietis  (acceuting  the  quantities  for  the 
second  star).     We  find 

.'  —  .  =  53-  26'.64  < '  —  f  =  63-  28'.87 

tan  d  — tan  <)'  =  88.482 
andhonco,  hy  (111), 

—  2'.23 


88.482  cos  f 


—  O-.OTS 
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17S 


To  exemplify  the  use  of  (111)  in  the  case  of  two  stars,  one 
above  and  the  other  below  the  pole,  we  will  take  a  Arietis  and 
Polaris  L.  C,  for  which  we  find 

a'  —  a  =  11*  6-  33*.70  t'—t  =  11*  6-  37M7 

tan  a  — tan  ^'==39.322 
whence 

-  3*.47 


a  = 


=  —  0M14 


39.322  cos  ip 

To  exemplify  the  use  of  (112),  we  will  take  Polaris  U.  C.  and 
L.  C,  for  which  we  have 


a'— a  =  12*0-0'.34 


whence 


d  = ; 


5*.70 


^'_t  =  12*0-6*.04 
2  tan  a  =  77.80 

=  —  0*.094 


77.80  cos  f 

We  adopt  this  last  determination  of  a,  and  then,  by  (80),  we  find 

m  =  —  0«.056  n  =  +  0«.076 

But,  where  m  and  n  are  required,  it  is  preferable  to  find  n 
directly  from  the  observations,  and  for  this  purpose  we  do  not 
correct  the  times  for  level.  Thus,  correcting  the  times  according 
to  (113),  we  find  i  as  follows : 


T 

Red.  for 
rate  to  0*. 

Corr.  for 
coll. 

t 

Potem  U.C. 
a  Arietis, 
Polaris  Ij-C. 

l»14-48'.24 

2    8     9.13 

13  14  40.12 

—  0'.28 

—  0.48 

—  2.97 

-  8'.52 

—  0.24 
+  8.52 

l»14-89'.44 

2    8     8.41 

13  14   45.67 

Taking  Polaris  TJ.  0.  and  a  Arietis,  we  find,  by  (114), 

+  2«.33 


n  = 


88.482 


=  +  O'.oei 


Taking  a  ArieHs  and  Polaris  L.  C,  we  find,  by  the  same 
formula, 

+  3'.56 


n  = 


89.822 


=  4-  C.OQl 
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Finally,  from  Pohm'U.  C,  and  L.  C,  we  find,  by  (115), 


n  ^ 


77.804 


=  +  0-.07S 


agreeing  exactly  with  the  value  above  found  from  the  same 
observatiouR.  We  now  tind  7n  by  (116),  w^hich  gives  as  before 
III  =  —  0*.056<  And  then,  if  a  is  required,  we  find,  by  (117), 
a  =  -  0*,094. 

THE   CLOCK    CORRECTION, 

162.  Uaving  determined  all  the  instrumental  constants,  the 
clock  correction  is  found  from  the  transit  of  any  knowii  star  by 
the  formula 

in  which  T  h  the  clock  time  of  the  star'ti  transit  over  the  middle 
thread,  or  the  mean  thread,  and  r  U  the  reduction  of  this  thread 
to  the  meridian,  computed  by  either  (81),  (86),  or  (87). 

The  finally  adopted  value  of  a  Twill  be  the  mean  of  all  the 
values  thus  found  from  a  number  of  stars ;  and  this  mean  will 
be  the  value  corresjtonding  to  the  mean  of  all  the  times  of  obaer- 
vation.  But  the  observations  thus  grouped  together  for  a  deter- 
mination of  ATshould  not  extend  over  so  great  a  period  of  time 
that  the  clock  rate  cannot  be  regarded  aa  constant  during  that 
period* 

Tlie  dock  rate  is  found  by  comparing  the  corrections  aT,  ^T\ 
corresponding  to  two  times  T,  T\  or 

4T'— aT 


dT^ 


T—  T 


The  value  ^7^  of  the  clock  correction  for  an  assumed  epoch  T^ 
will  be  found  by  taking 

It  is  evident,  from  Hansen's  formula  (86),  that  an  error  in  the 
determination  of  n  (or  of  «,  which  involves  n)  will  have  the  lean 
eflect  Upon  r  and  a  Tthe  lees  the  dilTerence  between  the  observer's 
latitude  and  the  starts  declination.  Hence,  assuming  that  b  and 
c  c^m  be  found  witli  greater  precision  than  w,  it  is  expedient  to 
use  for  dock  stars  ou\y  fundaraentiil  stiii*s  which  pass  near  to  tlio 
j&euitli.  If  two  circunizenith  stars  are  observed,  such  that  the 
meiui  of  the  tungentd  of  their  declinations  is  equal  to  the  tangent 
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of  the  latitude,  the  mean  value  of  a  Twill  be  wholly  free  from 
any  error  in  n. 

An  error  in  o  will  be  eliminatetlj  either  wholly  or  in  part,  by 
taking  the  mean  of  the  two  values  of  a  T  found  in  the  two  posi- 
tions  of  tlie  rotatlou  axis,  einee  the  t^igfu  of  f,  and,  consequetitly, 
( also  that  of  any  error  in  t\  is  changed  by  reverBing  the  axis.  An 
[  error  in  the  assumed  value  of  the  correction  />,  for  inequality  of 
pivots,  will  also  be  removed  in  this  manner;  but,  since  the  eo- 
efficient  of  f?  does  not  change  \U  sign  for  diflercnt  atars,  nor 
when  the  instrument  is  reversed,  there  is  no  method  of  elnai- 
;  sating  an  unknown  error  of  A.     It  is  nece3sarj%  therefore,  that 
the  astronomer  give  particular  attentiou  to  the  precise  determi- 
nation of  this  constant. 

(For  the  determination  of  the  clock  correction  by  a  transit  of 
the  aun,  see  Art.  155), 


DETERMINATION   OF  THE   RIGHT   ASCENSIONS   OF   STARS. 

153,  The  principal  application  of  the  transit  instrument  in  the 
observatory  is  the  determination  of  the  apparent  right  ascensions 
of  the  celestial  bodies.  The  instrumental  constant,^  and  the 
clock  correction  and  rate  being  found  from  known  stars  as  above 
explained,  the  right  ascension  of  any  other  star  is  innnediately 
deduced  from  the  time  of  its  transit  i»y  (82),  in  wliich  wc  may 
substitute  (SG)  or  (87).     The  form  in  which  the  observations  are 

L reduced  will  be  best  learned  by  referring  to  any  of  the  printed 

r observations  of  the  principal  observatories. 

In  making  a  catak^gue  of  stars,  the  instrument  is  clamped  at 
a  certain  declination,  and  all  the  stars  within  a  zone  of  the 
breadtli  of  the  field  of  the  telescope  are  observed  as  they  cross 
the  threads.     In  this  case,  it  will  be  expedient  to  find  the  clock 

^correction  from  fundamental  stare  nearly  in  the  parallel  of  decli- 
nation upon  which  the  instrument  is  set.  For  if  we  have  found 
^  T  from  a  star  whose  right  ascension  is  a,  by  the  formula 

AT^a  — (T+t) 
the  right  ascension  of  another  star  will  be 

that  is,  it  will  be  equal  to  the  right  ascension  of  the  fundamental 
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iter  ineretied  by  the  clock  interval  corrected  for  rate,  and  for 
the  difference  r'—  r  of  the  instrumental  corrections ;  and  if  the 
decliostiofis  are  the  same,  we  shall  have  t^—  t=  0^  and  all  the 
errori  of  the  instrament  will  be  eliminated.  Since,  in  this  appli- 
eation,  the  absolute  clock  correction  is  not  required,  we  may 
mbtititute  in  (82)  m^  for  a  7*+  wi,  and  m'  will  be  found  directly 
from  the  fundamental  stars  by  the  formula 

m'=  a  — (T  +  n  tan  J  4-  c'aec  B) 

Tbe  right  ascensions  will  then  be  obtained  by  adding  to  the 
observed  times  the  correction  m'  +  ntan  ^  +  c'sec^,  and  it  will 
not  be  nceesflar)^  to  separate  m'  into  its  constituents  ATand  m. 
Since  m'  involves  the  rate  of  the  clock,  its  hourly  variation  will 
be  taken  into  account  in  precisely  the  same  manner  as  that  of 
A 7".  Thin  mode  of  reduction  w^as  adopted  by  Besskl  for  hia 
Konigsbcrg  Zone  observatiouB* 

The  mean  right  ascensions  for  the  beginning  of  the  year  or 
for  iuiy  «s«unied  epoch,  are  found,  from  the  apparent  right 
ascensions,  by  the  tbrmula  (692)  uf  VoL  I, 

For  the  determination  of  the  absolute  right  ascensions  of  the 
fundamental  stars,  see  Chapter  XII.  Vol.  L 


TRANSITS  OF  THE  MOON,  THE  SUN,  AND  THK  PLANITS* 

lo4.  lyansits  of  the  mooTi. — The  hour  angle  of  the  moon's  limb, 
when  on  a  side  thread,  is  affected  by  parallax;  and  the  time 
rcqnirrrl  by  the  niuon  to  pass  from  this  thread  to  the  meridian 
dittVrs  IVoui  that  rcqniiTd  by  a  star  in  consequence  of  the  moon*a 
proper  motion  in  right  ascension*  If  o  is  the  true  declination  of 
Uie  moon,  <J'  the  apparent  declination  as  affected  by  parallax,  iJ' 
the  apparent  east  hour  angle  of  the  moon^s  limb  at  the  instant 
of  the  observed  tnmi<it  over  a  thread  whose  equatorial  interval 
Fif,  IS.  from  the  middle  thread  is  i,  then,  since  d'  is  the  dedi* 
^  nation  of  the  observed  point  on  the  thread,  we  have 

&  =  m  +  n  tmn  r  +  {i  +  if)eee  r 

Tims  &'  is  known,  but  to  reduce  the  observation  we 
must  find  the  true  hour  angle  &,  Let  PJ/,  Fig.  4S,  be 
the  meridian,  JP  the  pole,  Z  the  geocentric  zenith  of  the 
place  of  olMcrvatiou,  0  the  true  place  of  the  moon,  (/ 
itn  afiparent  place ;  and  denote  the  true  and  appar^ii 
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zenith  distances  ZO  and  ZO'  by  z  and  z'.  We  have  MPO  =  tf, 
MPCy  =  !>',  and  drawing  OMy  OM*  perpendicular  to  the  meri- 
dian,  we  find 

sin  MO      sin  MO* 


BuiMZO 


or 


whence 


sin  ZO        sin  ZO' 
sin  *  cos  d      sin  t9  cos  d' 


sin  ^  sin  / 

sin  zr  cos  a' 


*  = 


sin  ^i'  cos  d 


Now,  if 


X  =  the  moon's  increase  of  right  ascension  in  one  second  of 
sidereal  timej 

the  sidereal  time  required  by  the  moon  to  describe  the  hour 

JO 

angle  i>  is  - — -? ;  and,  therefore,  Tbeing  the  clock  time  of  transit 

of  the  limb  over  the  thread,  the  right  ascension  of  the  limb  at 
the  instant  of  its  transit  over  the  meridian  will  be 


and  if  we  put 

S  =  the  moon's  geocentric  apparent  semidiameter, 

the  hour  angle  of  the  moon's  centre  when  the  limb  is  on  the 

meridian  will  be  zt  zrz ^  and  the  time  required  by  the  moon 

15cos^  ^  ^ 

to  describe  this  hour  anrfe  will  be  ±  z-r— ; r.   Hence  the 

°  15  (1  —  X\  cos  ^ 

formula  for  computing  the  right  ascension  of  the  centre  at  th« 
instant  of  the  transit  of  the  centre  over  the  meridian  is 


\—X  ""15(1  — il)  cos  ^ 

in  which  the  upper  or  the  lower  sign  will  be  used  according  as 
the  first  or  the  second  limb  is  observed.  If  then  we  substitute 
the  values  of  tf  and  ^,  and  put 


TouIL— u 


2?'=?!£1 1 (118) 

sin/  (1  — .l)co8a  ^      ^ 
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we  have 


11=  T+A  T+iF+{m  +  n  tan  ^'+  c'  sec  d')FcoB  3'± 
To  compute  the  factor  J^  eouveniently,  put 


S 


15(1— ;)co»d 


(119) 


A^ 


Bin  z 


B  = 


then 


sin  /  I  —  X 

F=  ABsQO  S 


The  value  of  A  may  be  developed  in  a  simple  form.  If  we  put 
p'^  the  reduced  or  geocentric  latitude  of  the  place  of  observa- 
tion, p  =  its  geocentric  distance,  tt  =  the  moon's  equatorial 
horizontal  parallax,  we  have  z  =^  f'  —  8^  and 


whence 


sin  (/  —  2)  ^^  p  sin  ir  sin  sf 

.       gin  r  .^        X  .  ^ 

A  ^=^  - —  ==  cos  (/  —  2)  —  p  Bin  re  cos  z 
sin  2^ 


or,  neglecting  the  square  of  the  parallax, 

il  =  1  —  />  sin  ?r  cos  (^  —  3) 

which  is  the  form  employed  by  Bessel,  who  gives  the  value  of 
log  -4,  in  Table  XIII.  of  the  Tabula:  liegiomontancB^  with  the 
argument  log [/?  win  ?:  cos (^'  —  5)],  For  a  particular  observatory, 
where  these  reductions  are  frequent^  it  is  more  convenient  to 
prepare  a  special  table,  adapted  to  the  latitude^  giving  log -4  with 
the  argiimentH  3  and  *:.  In  Bessel's  tabk%  there  are  also  given 
the  values  of  log  ii  with  the  argument  "change  of  the  moon'a 
right  ascension  in  12*  of  mean  time/*  and  the  argument  U  ex* 
pressed  in  degrees  and  minutes  of  arc;  but  as  the  change  in  one 
minute,  expressed  in  secomlj*  of  time,  which  I  shall  denote  by  ^a^ 
is  given  in  the  American  Ephcmeris,  I  shall  take 


60.1043 


B  = 


60.1G4S 


6ai64S  ~  A. 


where  60.1643  is  the  number  of  sidereal  seconds  in  one  miniite 
of  mean  time.  The  following  table  gives  the  values  of  log  B 
computed  by  this  formula: 
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Argiimctit  Aa  =  chaDgo  of  tlie  moon's  right  kacenition  in  one  mlDule  of 
mean  time* 


Ao 

log/? 

As 

Iogi7 

Aa 

\ogS 

1'.65 

0.01208    ; 

2'.05 

0.01506 

2'.45 

0.01806 

1.70 

0.01245     ' 

2.10 

0.01543 

2.50 

0.01843 

1.75 

0.01282 

2.15 

0.01580 

2.55 

0.01881 

1.80 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85 

0.01356 

2.25 

0.01055 

2.63 

0.01956 

1.90 

0.01394 

2.30 

0.01693 

2.70 

0.01994 

1.95 

0.01431 

2.85 

0.01730 

2.75 

0.02032 

2.00 

0.01468     ! 

2.40 

0.01768 

2.80 

0.02070 

This  table  will  be  useful  also  m  coraputing  the  terai 

- — : =^  A  >S^  sec  d 

15(1— ;)  cos  5       *^ 

The  reduction  of  an  observed  transit  of  the  moon  iw  then  as 
follows.  The  tran.siit  over  each  thread  is  reduced  to  the  middle 
thread  (or  mean  thread)  by  adding  the  correction  il*^  to  the 
observed  times,  and  the  mean  of  the  geveral  results  ia  taken 
ad  the  clock  time  of  tniuBit  of  the  limb  over  the  middle  (or 
mean)  thread;  or  this  time  may  be  found  by  niultiplving  the 
mean  of  the  eqnatorial  intervals  of  the  observed  tliread-s  by  F 
and  adding  the  prodnct  to  the  mean  of  the  observed  times. 
This  time  is  then  reduced  to  the  meridian  by  adding  tho  correc- 
tion (m  +  ?i  tan  S^  -\-  c'  sec  <l')i^cos  S^  or  {m  cos  J'  +  n  sin  5'  +  e')F, 
in  which  we  may  take  5'  =  J  —  ^  sin  (p'  —  d).  Then,  adding  the 
clock  correction,  we  have  the  right  ascension  of  the  limb  at  the 
instant  of  its  transit  over  the  meridian.  Finallj^,  adding  or  sub- 
tracting the  term  —r— — -r --*  ^^^  have  the  right  ascension  of 

"=*  15  (1  —  k)  cos  n       ^  ^ 

the  moon's  centre  at  the  instant  of  its  transit  over  the  meridian. 
When  the  moon  has  been  observed  on  all  the  threads,  the 
computation  of  F  by  the  above  method  may  be  dispensed  with, 
as  an  approximate  value,  sufficient  for  computing  the  reduction 
to  the  meridian,  may  be  inferred  from  the  observed  times  on  the 
first  and  last  thread.  For,  calling  the  observed  interval  between 
these  threads  J,  and  the  equatorial  interval  i,  we  have  /=  iF^ 
whence 
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If  we  omit  tlie  tWtor  1  —  X  throughout,  the  riglit  aseeUmoS" 
<>htaiiied  is  that  which  corregpoiidB  to  tho  instant  of  the  obsen^a- 
tion  instead  of  the  instant  of  meridian  passage* 

Example. — The  transit  of  the  moon^a  first  limh  was  observed 
at  the  U.  S,  Naval  Academy  on  May  29,  1855,  as  follows : 


Thread. 

Clock. 

I 

15*  3-  57'.5 

II 

4    10.3 

(Clamp  east.) 

III 

4    23.2 

IV 

4    36.2 

V 

4    49.0 

VI 

5      1.8 

VII 

5    14.6 

For  the  Naval  Aoademy  we  have  f'=  38^  47'  38",  and  log/? 
=^  9.99943;  and  the  longitude  from  Greenwich  is  5*  5*  57*. 

Tht*  constants  of  the  transit  instrument  were  rn  =  +  0'.251, 
n^  —  0M62,  c  =  +  0*.093;  and  hence  (Art  126)  e' =  +  (K.09S 
~~  0*.016  =  -f  0',077.  The  clock  correction  to  sidereal  time  w^aa 
4-  1*  25M1.  The  equatorial  intervals  of  the  threads  from  the 
middle  thread  were 


—  23'.77 


+  35^65       +  23' J2       +  11'.78      -^  ll'w7 

From  the  American  Ephemeris  wo  find  for  the  culminutiati 
at  the  Naval  Academy  on  May  29,  1855, 

?r  =  57'4G'M  *S  =  15' 4G".5 

d  =  ^ir  58'  53"  ^a  =  2*.2147 

To  illustrate  the  method  of  reducing  the  observations  to  the 
middle  thread,  we  will  fir&t  find  the  factor  i^by  direct  eompntB- 
tion.  We  have  tp'  —  ^  ==  56°  4G'  31",  log  p8iuarc08(f '  —  3)  = 
7*96355;  and  hence 

log  A  =  9.99599 

log  B  =  0*01629 

log  sec  d  =  0.02175 

log  F  =  OMm 

Multiplying  the  equatorial  intervals  by  Fj  we  find  the  redurtlon* 
of  the  several  threads  to  the  middle  thread  to  be 

I  II  in  V  VI  vn 

+  a8'.56       +25*.65       +  12V74       — 12'.73       —  25MX       —Z»M 
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The  clock  times  of  transit  over  the  middle  thread,  according 
to  the  observations  on  the  several  threads,  were,,  therefore. 


I 

15*  4-  sc.oe 

n 

35.95 

III 

35.94 

IV 

86.20 

V 

86.27 

VI 

36.09 

VII 

36.02 

Mean!r=15  4    36.08 

To  compute  the  instrumental  correction,  we  have  n  sin  {(p'  —  S) 
=  48'.3,  whence  5'  =  —  18°  47'.2,  m  +  n  tan  5'  +  c'  sec  d'  = 
+  0'.387,  and  therefore 

im  +  n  tan  d'  -\- d sec  d')FQo^  ^' =  +  0'.40 
Applying  this  term  to  the  above  mean,  we  have 

Clock  time  of  transit  of  the  limb  =  15*  4"  36'.48 
Clock  correction,  aT   =  +   1    25  .11 

RA.ofthe  limb  at  transit  =  15  6      1.59 

==        1     8  .88 

15  (1  —  A)  cos  d      

E.  A.  ofmoon's  centre  at  transit,  a  =  15  7    10.47 

The  factor  F  might  have  been  approximately  deduced  from 
the  first  and  last  observations,  which  give  the  interval  J=  77M, 
and  the  equatorial  interv^al  between  the  extreme  threads  is 
I  =  35*.65  +  36*.67  =  7r.32,  whence 

log  F  =  log  -^^  =  0.0338 
^  ^  71.32 

which  is  sufficiently  accurate  for  reducing  the  instrumental  cor- 
rection. 

The  "  sidereal  time  of  the  semidiameter  passing  the  meridian," 

or  zTTT^ r: V  i^ay  be  taken  from  the  table  of  Moon  Culmi- 

15  (1  —  A)  cos  d       -^ 

nations  given  in  the  Ephemeris. 

The  clock  correction  employed  in  deducing  the  moon's  right 
ascension  should  be  deduced  from  stars  as  nearly  as  possible  in 
the  same  parallel  of  declination.  (See  Art.  153.)  The  "moon  cul- 
minating stars"  are  stars  lying  nearly  in  the  moon's  path  whose 
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positions  have  been  carefully  determined  for  tLis  purpose.  (See 
Vol.  L  Art.  229.) 

155.  TVansiis  of  the  sim  or  a  planet — Tbe  formula  (119)  is  applic- 
able in  general  to  any  celestial  body ;  but,  in  the  Qnse  of  the  sun 
and  planet.^,  the  parallax  in  bo  small  that  its  effect  upon  the  time 
of  transit  over  a  Bide  thread  is  inappreciable :  so  that  we  may 
take  simply 

F—- =BBeci 

(1  —  X)  COB  d 

and,  consequently,  also  put  i  for  8\  Tlie  formula  for  computing 
the  right  asceiiiiioii  of  the  centre  of  the  suu  or  a  planet  over  any 
given  thread  is,  therefore, 

a  =  !r+  A T+  I ^eeciJ  +  (m  +  n tan ^  +  / sec d}B ±  j\ SBboc S  (120) 

in  which  {i  denoting  the  change  of  right  ascensiotL  in  one  sidereal 

second)  we  have 

Tlie  logarithm  of  B  may  be  readily  computed.  Putting  ^a  tor 
the  change  of  right  ascension  in  one  hour  of  mean  time  (which 
change  ia  given  in  the  Ei>hemeris  for  the  sun),  we  have,  since 
one  mean  hour  is  equal  to  3610  sidereal  seconds, 

3610 


♦log5  =  —  logll 


Aa 


36101 
M 
S610 
in  which  if  =  0.48^9,  the  modulus  of  the  common  lyitem  of 
logarithms.    Performing  the  divieion  of  M  by  8610,  we  find 

log  B  ^  0.00012  X  Aa  (151) 

in  which  Aa  mu»t  be  expressed  in  second??  of  time. 

In  the  Britij*h  Nautical  Almanac,  the  change  of  right  aaccnsion 
Aa  in  one  hour  of  longitude  is  given  for  each  planet.  In  this 
case,  we  have 


*  Uj  ih«  formaU  log  (1  —  s)  s  —  M(t  -\-  ^t*-^  ke,),  wben  lb«  9(|iittrt  «Ad 
kigher  powers  of  .r  &r«  so  •ratll  At  to  be  iji«ppT««i«blo  In  tbe  preae&l  o«J«. 
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^^1  + 


Aa 


3600 


the  logaritlini  of  which  may  also  be  found  by  (121)  with  suffi- 
cient accuracy,  that  is,  within  a  unit  of  the  tifth  decimal  place. 

The  term  ^  SB  sec  3,  or  "  the  sidereal  time  of  the  semidiameter 
passing  the  meridian,'*  is  given  in  the  Ephemeris  for  the  eun  and 
each  of  the  planets,  "When  both  limbs  have  been  observed  on 
all  the  threads,  this  term  is  not  required,  since  the  mean  of  all 
the  observations  ia  evidently  the  time  of  the  passage  of  the  centre 
over  the  mean  of  the  threads.  If  this  mean  is  to  be  reduced  to 
the  middle  thread,  there  will  remain  the  small  correction  AiBBecd 
to  he  applied  (Art  133),  for  which  we  may  take  a?  sec  8.  We  may 
also  put  m  -f  >*  tan  <l  +  c'  see  3  instead  of  (m  +  ?i  tan  3  +  c'  sec  <J)  J?, 
unless  TUj  n,  and  c'  are  unusually  great. 

The  reduction  of  transits  of  the  sun  observed  with  a  sidereal 
clock  is  greatly  facilitated  by  the  use  of  Table  XTI.  of  Bessel's 
Tabula:  Heglomonitwmi  which  contains  every  thing  necessary  for 
the  purpose,  for  each  day  of  the  Jitiitiou^  t/ear  (Vol.  L  Art.  406). 

156.  lyansiis  of  the  sun  observed  with  a  mean  time  chronometer. — 
A  mean  time  chronometer  is  often  used  with  the  portable  transit 
InBtrnmeot,  and  transits  of  the  sun  are  then  obsciTcd  solely  for 
the  purpose  of  determining  the  chronometer  correction.  In  this 
case,  the  mean  motion  of  the  sun  corresponds  with  that  of  the 
chronometer,  and  therefore  the  factor  B  may  be  put  equal  to 
unity,  unless  we  wish  to  obtain  extreme  precision  by  taking  into 
account  the  small  diiference  between  the  mean  motion  of  the  son 
and  itB  actual  motion  at  different  seasons  of  the  year,  a  degree 
of  precision  i|mte  superflaous  in  the  use  of  a  portable  instrument. 
If  we  put 

JS  =  the  equation  of  time  for  the  instant  of  transit,  positive 

when  additive  to  apparent  timOj 
S'  =  -j^*5  S  sec  <J  =  the  moan  time  of  the  sun's  semi  diameter 

passing  the  meridian,  which  may  be  taken  from  the 

Ephemerls, 
T  =  the  redaction  to  the  meridian,  found  either  by  (82),  (86), 

or  (87), 
T==  the  observed  chronometer  time  of  the  transit  of  the 

sun's  limb  over  a  thread  whoso  equatorial  interval  ia  i*, 
aT^==  tho  chronometer  correction  to  mean  time, 

t  =  the  chronometer  tiaio  of  the  transit  of  the  sun's  centre, 
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then  we  have 

and 

or 


12^  +  E  =  t+  nT 

aT=12*  +  j&  — < 


(122) 


(123) 


Example. — On  May  17,  1856,  the  transit  of  the  sun  was  ob- 
served at  the  Naval  Academy  with  a  portable  instrument  as  below 
(Clamp  West): 


Thread. 

Mean  time  chronometer. 

let  T.imb. 

2d  Limb. 

I 

II 

TTT 

IV 

V 

11*  55-  42'.2 

55  57.4 

56  12.0 
lost 

56   42.3 

11»  67-  56'.6 
lost 

58    26.7 
58    41.7 
lost 

There  had  been  found  a  =  +  O-.SS,  6  =  —  0'.27,  c  =  —  O'.li 
The  thread  intervals  from  middle  thread  were 


h 
+  28-.25 


S 

+  14M5 


—  14'.27 


—  28'.31 


The  longitude  being  5*  5"*  57*  west  of  Greenwich,  we  find  from 
the  Ephemeris  for  the  transit  over  this  meridian. 


'8  DEFECTIVE   LIMB, 
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1st  Limb, 


2d  Limb, 


eftJ, 

Chronometer. 

I 

11*  67-  19*.41 

II 

19.65 

III 

19.24 

V 

19.51 

I 

19.83 

m 

19.46 

IT 

19.32 

Mean  =  11   57    19.42 


The  latitude  being  f  =  38^  58'.9,  we  find,  by  (87),  r  =  —  0'.27, 

and  hence,  finally, 

t^  1P57-IOM5 

12»  +  E  ^11   56    10.29 

£,T=—     I      8.86 

157,  Correction  of  (he  transli  of  (he  moo7i  or  a  plmut  when  ike 
defective  limb  has  hem  observed, — Let  hb  coiif^ider  the  general  case 
of  a  spht^roidal  planet  partially  illinuinated.  The  transit  of  the 
ohserved  limb  18  rednced  to  that  of  the  centre  by  employing 
instead  of  S  in  (119)  the  perpendicular  distance  from  the  centre 
of  the  planet  to  that  tangent  to  the  limb  ^vhich  lies  in  the  direc- 
tion of  the  transit  threads,  or,  in  the  case  of  meridian  transits, 
the  peqiendieular  upon  the  declination  circle  wbich  is  tangent 
to  the  limb.  The  formubt'  for  compnting  tbi«  peqtendieuhxr,  in 
general,  are  discussed  in  Vol.  L,  Occultalhns  of  Ffaneis^  where  we 
have  found  tliat  in  all  practical  cases  the  forinnhe  (628)  of  p.  580 
may  ho  considered  as  rigorous.  Li  those  formulie  the  angle  & 
is  the  angle  which  the  required  perpemlieular  makes  with  the 
axis  of  the  planet,  so  that,  p  being  the  angle  which  this  axis 
makes  witli  a  declination  circle,  we  have  bere 


270°  —  p        or 


90^  — i> 


according  as  the  first  or  second  limb  is  observed.  The  values 
of  ;>  as  well  as  of  V  and  e  required  are  found  as  in  VoL  L  Arts, 
351,  352. 

But  this  rigorous  process  will  seldom  be  required  ;  and  when 
we  regard  the  planet  as  spherical,  the  fonnulie  can  be  simplified 
us  follows.  For  a  spherical  planet  we  make  c  ^1^  and  substi- 
tute the  value  90^  —  p  for  «?,  which  applies  to  the  2d  limb, 
whence,  by  Vol.  I.  formula  (628)  and  (623), 

sin;^  =  cosp  sinF 
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or 


M 

Bin  ;f  =  --  COB  i>  sin  (o'  —  A} 

It 


$*'^  SQO»j^r=J  C08  X 


ilU) 


wbere  ct'  and  A  are  the  riglit  ascensions  of  the  planet  and  the 
Bun  respectively  (and  a'  —  A  h  therefore  in  the  present  eaae  the 
sun's  hour  angle  at  the  time  of  the  observation) ;  D^^  the  »uu*a 
deelhuition  ;  if,  i?'—  the  heliocentric  distances  of  the  earth  and 
the  planet  rcBpectivelj ;  ^  =^  the  apparent  semidianieter  of  the 
planet  at  the  time  of  the  ohservation ;  Sq  =^  the  mean  semi- 
diameter  (Vol.  L  p.  578) ;  r  =  the  geocentric  distance  of  the 
planet;  and  s^'  =  the  required  perpendicular  For  the  moon  we 
may  put  li  —  Ii\ 

The  above  vahie  of  sin^f  is  deduced  for  the  second  limb,  and^ 
therefore,  by  Vol.  L  Art,  354,  it  will  be  positive  wlien  the  second 
limb  is  defective.  Since  we  should  liave  to  substitute  270®  — p 
for  &i  or  —  cosp  for  sin  (J,  in  the  ease  of  the  first  limb,  which 
wouhl  only  change  the  sign,  it  follows  tltat  the  ralae  of  sin  jf  com- 
pitted  by  the  above  formula  will  be  positive  or  negative  according  as  the 
2d  or  the  1st  limb  is  defective. 

The  value  of  s''  is  to  be  substituted  for  S  in  (119). 


EFFECT   OF    REFBACTION  IN   TRANSIT   OBSERVATIONS, 

158.  Since  the  refraction  changes  the  zenith  distance^  its  effeel 
upon  the  time  of  transit  over  a  side  thread  has  the  same  form  as 
that  of  tlie  jmralhix.  If  then  z  and  z*  denote  respectively  the 
true  and  apjiarent  zenith  distances,  the  time  required  l>y  the  star 
to  describe  the  interval  i  is  iF^  where  Fh  found  by  (118);  or, 
denoting  this  time  by  /',  and  putting  >l  =^  0, 


r= 


BIDZ 


_£ 

cmS  sin/ 


Now,  the  refraction  is  represented  hy  the  formula  r  =  ktBUz'^ 
k  being  nearly  constant ;  and  for  values  of  z  not  gre^iter  than  85% 
we  may  here  assume  k  =  58",  and  z  ^  z'  +  Jl  tan  ^^  wlieuct 
we  find 


ain/ 


=  1  +  it  Binr^  100028 
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[ence  tlie  error  in  computing  the  interval  by  the  formula 
/=  I  sec  J  18  /X  .00028,  which  umounts  to  O'.Ol  when  /=  36'; 
and  this  is  as  great  an  interval  as  is  ever  used  for  an  equatorial 
star.  The  error  of  observation  for  other  stars  increases  with  the 
interval  /,  or  as  the  value  of  hcc(I:  so  that  the  error  produced 
by  neglecting  the  refraction  is  always  much  less  than  the  iirol)a- 
ble  error  of  observation.  Moreover^  the  error  is  wholly  elimi- 
nated when  the  star  is  obsenT^d  on  all  the  threads,  or  on  an  equal 
number  on  each  side  of  the  middle  thread. 

If,  for  any  special  purpose,  it  becomes  necessary  to  correct  an 
observation  on  an  extreme  thi'ead  for  refraction,  we  can  take,  as 
A  very  accurate  formula, 

J'^i8ec^(l  +  Jtsinl") 

k  being  found  by  Bess  el '8  Refraction  Table  (Table  II.),  and,  for 
a  near  approximation, 

r=i^ecd  X  1^00028 


MERIDUN   MAKE, 

159.  For  a  fixed  instrument,  it  is  desirable  to  have  a  perma- 
nent meridian  nuirk  by  %vhich  the  azimuth  of  the  telescope  may 
be  frequently  verified.  A  triangular  aperture  (for  example)  in  a 
metallic  plate  mounted  upon  a  tirni  pier,  with  a  sky  background, 
makes  a  good  day  mark,  the  thread  of  the  telescope  being  brought 
into  coincidence  with  it  by  bisecting  the  vertical  angle  of  the 
triangle.  If  the  mark  is  sufficiently  near,  a  light  may  be  placed 
behind  it  for  night  observations.  A  simple  mark  like  this,  how- 
ever, must  be  so  remote  as  to  be  distinctly  defined  in  the  tele- 
scope without  a  change  of  the  stellar  foeus,  and  even  for  instru- 
ments of  moderate  power  this  requires  a  distance  of  upwards 
of  a  mile. 

It  is  found,  how^ever,  that  the  apparent  direction  of  these 
distant  murks  is  often  subject  to  changes  from  the  anomalous 
ateral  refractions  which  take  place  in  the  lower  strata  of  the 
losphere,  produced  chiefly  by  variations  of  temperature.  If 
"a  sheet  of  water  intcr\'enes»  the  mark  is  found  to  be  especially 
unsteady.  It  was  to  remedy  this  difficulty  that  Rittknuouse 
first  proposed  the  plan  of  placing  the  mark  comparatively  near 
to  the  instnunent,  l>ut  in  the  focus  of  a  lens  wdiieh  receives 
the  divergent  rays  from  the   mark  and  tmnsmits  them  to  the 
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telescope  in  parallel  lines;  a  suggestion  wliieb  has  resulted  in 
various  important  improvemerittn  in  the  methods  of  inveBtigat- 
ing  instnimental  errors,  s^uch  as  the  colli  mating  telescopes?,  the 
mercury  collimator,  &c.,  which  have  already  been  fully  treated 
of  iTi  the  preceding  pages.  The  apparent  direction  of  the  mark 
will  be  that  of  the  line  joining  the  optical  centre  of  the  lena 
and  the  mark*  At  Pulkowa,  the  lens  for  this  pnrjiose  is  placed 
on  a  pier  within  the  trai^sit  room,  and  has  the  extraordinary 
focal  length  of  about ^50  feet,*  which  is,  therefore,  the  distance 
of  the  mark  fi*om  the  pier.  The  mark  consiets  of  a  circular 
aperture  ^  of  an  inch  in  diameter,  in  a  metallic  plate,  ]>re6enting 
in  the  telescope  a  planetary  disc  of  only  2"  in  diameter,  which 
can  be  bisected  by  the  thread  of  the  telescope  with  the  greatest 
precision.  The  merit  of  such  a  mark  depends  on  the  stability 
of  the  two  points,  the  mark  and  the  lens,  which  determine  the 
direction  of  its  optical  line.  These  points,  mounted  as  they  are 
upon  solid  stone  piers,  are  not  liable  to  greater  relative  changes 
than  the  piers  of  the  telescope  itself,  and  therefore  the  changes 
of  direction  of  their  optical  line  will  be  less  than  those  of  the 
telescope  in  tlie  proportion  of  the  focal  length  of  the  lens  to  the 
length  of  the  rotation  axis  of  the  telescope,  which  in  this  case 
was  as  556  feet  to  3.61  iQi^t,  or  as  154:  1.  Now,  according  to 
8TRUVK,t  the  diurnal  changes  in  the  direction  of  the  axis  of  a 
well  mounted  transit  in.strnment  are  seldom  more  than  <ine  or 
two  seconds  of  are ;  but  ^^^  of  a  second  of  arc  is  a  quantity  abso- 
lutely imperceptible  even  in  the  best  transit  telescopes.  Ttro 
marks  of  the  same  kind  were  used  by  Struve,  one  north  and 
the  other  south  of  the  tele:?coi)e,  and  they  served  not  only  as 
meridian  marks,  but  as  coUimators  according  to  the  method  of 
Art.  145. 

In  the  same  manner,  one  of  the  collimators  of  the  Greenwich 
transit  circle  is  used  as  a  meridian  mark,  although  it  is  withm 
the  transit  room*  In  this  case,  the  advantage  gained  is  com* 
paratively  small 

It  is  not  necessary  that  the  mark  be  precisely  in  the  meridian 
of  the  instrument.  It  is  sufficient  if  it  is  so  near  to  it  that  its 
deviation  in  aEinmth  can  he  measured  with  the  telescope  micro* 
meter.  Let  A  be  its  azimntli  west  of  nt>rth.  Direct  the  telescope 
to  it,  and  measure  its  distance  m  from  the  middle  tliread,  givlag 


» Pem^tkm  4§  rOhnrwatoir^  d«  PiimUh>va,  p.  129* 
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the  measure  the  positive  sign  wlieu  tlie  mark,  as  seen  in  the 
field,  is  to  the  apparent  west  of  tl^e  thread ;  tlien,  a  being  the 
azimuth  congtant  of  the  telescope  determined  bj  siui*B,  aud  c  the 
coUimatiou  constant,  we  have 

A=a^m-^c  (125) 

So  long  as  the  values  of  A  thus  fonnd  appear  to  vary  only  M'ithin 
the  liuiitjB  of  the  probable  errors  of  ohsiervation,  their  menu  is  to 
be  taken  as  expreeaing  the  constant  position  of  the  mark,  and 
during  this  period  the  azimuths  of  the  transit  instrument  will  bo 
found  at  any  time  by  the  fonnula 

If  the  instrument  is  reversed  and  the  micrometer  distance  of 
the  mark  west  of  the  middle  thread  is  now  m\  we  have 

a  ^^  +  *'i'^ —  ^ 
which,  combined  with  the  former  equation,  gives 

c  =  )  (i?i^  —  m) 

which  last  equation  gives  c  with  its  proper  sign  for  the  first  posi- 
tion of  the  ini^trument. 


PEKSONAL   EQUATION. 

160*  It  is  often  found  tliat  two  observei's,  both  of  acknowledged 
skill,  will  differ  in  the  time  of  transmit  of  a  star  obeserved  by  **eye 
and  ear,"  by  a  quantity  which  m  nearly  the  same  for  all  stars. 
Such  a  constant  ditference  does  not  necessarily  prove  a  want  of 
skill  in  subdividing  the  second  according  to  the  method  of  Art. 
121,  but  may  proceed  from  a  discordance  bt^twcen  the  eye  and 
the  ear,  which  affects  the  judgment  as  to  the  point  of  the  field  to 
wliich  the  clock  beats  are  to  be  referred.  Thus,  if 
a  and  6,  Fig.  44,  are  the  true  positions  of  a  star  at 
two  sueeesBive  beats  of  the  clock,  we  may  suppose 
the  observer  to  allow  a  certain  interval  of  time  to 
elapse  after  each  beat  before  he  associates  it  w^ith  the 
starts  position  (possibly  in  some  cases  he  may  antici- 
pate the  beat) :  so  that  he  refers  the  beats  to  two  different  points 
a'  and  b%  whose  distance  from  each  other  is,  however,  the  same 


Fig.  44. 
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m  that  of  a  \mt\  b.  Tlic  ratio  m  which  the  distanee  a'b'  is  divided 
he  may  still  estimate  correctly. 

The  diHtauee  between  a  and  a'  may  be  called  the  absolute  per- 
sonal equation  of  the  observer,  and,  if  it  conld  be  determined, 
might  bo  applied  as  a  correction  to  all  his  ob^ervatione.  But^  so 
long  as  bis  observations  are  not  combined  with  those  of  another 
observer,  the  existence  of  such  an  error  cannot  be  discovered; 
nor  is  it  then  of  anj^  coiiseqiience.  For  the  process  of  deter- 
mining the  right  ascension  of  an  imkiKn\ii  star  consists  essen- 
tially in  applying  to  the  right  ascension  of  a  known  star  the 
difference  of  the  clock  tirnet^  of  the  transit  of  the  two  stars  (cor- 
rected for  instrumental  errors  and  rate),  and  this  ditfcrence  will 
e\idently  be  tlie  same  as  if  the  observer  had  no  personal  equation. 

In  order  to  combine  the  observations  of  two  individnals — for 
example,  to  deduce  the  riglit  ascension  of  au  unknown  star 
whose  transit  is  observ^ed  by  A^  from  the  time  of  transit  of  a 
known  star  observed  by  B — it  is  necessary  to  know  the  diftercnee 
of  tlicir  absolute  equations, — ue.  their  rdaliir.  jicrsunal  equation. 
Thus,  if  the  times  observed  by  A  are  later  than  those  obsen*ed 
by  B  by  the  quantity  E,  then  B*s  observations  may  be  reduced 
to  A's  (that  is,  to  what  they  would  have  been  if  observed  by  A) 
by  increasing  them  all  by  J?. 

The  relative  personal  equation  may  be  found  by  the  following 
methods ; 

First  MethofL — Let  one  observer  note  a  starts  transit  over  the 
first  three  or  four  threads,  and  the  other  observer  its  transit 
over  the  remainin<r  threads.  Reduce  the  oliservations  of  each 
to  the  middle  thread  (or  to  any  assurticd  thread)  by  applying  the 
known  equatorial  intcn^als  multiplied  by  sec  5.  The  difference 
between  the  mean  results  for  the  two  obser\'ci*s  will  be  a  value 
of  tlicir  required  personal  equation.  The  mean  of  the  vatuea 
found  from  twenty  or  thirty  {or  more)  such  observations  will  be 
adopted,  pnjvided  the  probable  error  of  such  a  detennination  (as 
found  from  the  discrepancies  of  the  individual  results)  is  not 
greater  tlian  the  equation  itself:  in  whiili  case  tlie  ditterence 
between  them  should,  of  course,  be  regarded  as  accidental,  and 
the  use  of  a  constant  equation  would  introduce  error  instead  of 
eliminating  it  This  remark  nuiy  be  nceemiary  to  guard  inexpe- 
rienced ob«ervers  against  an  incautious  adoption  of  an  equation 
derived  from  insufficient  data.  We  may  also  remark  here  that 
constant  personal  equations  are  more  apt  to  exist  between  trained 
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observers  than  between  inexfierienecd  ones,  the  former  haviug 
by  practice  acquired  a  fixed  habit  of  observation. 

Second  Mdhod. — The  preceding  method  is  liable  to  the  objection 
that  as  the  second  observer  takes  the  place  of  the  first  in  a  eome- 
what  hurried  manner,  his  usual  habit  of  observation  may  he 
disturbed.  To  obviate  this,  let  each  observer  indei>cndently 
determine  the  clock  correction  by  fundamental  stars;  then  the 
difference  of  these  corrections,  both  reduced  for  clock  rate  to  the 
eame  epocb,  will  be  the  pei*sonal  equation.  The  equation  thus 
found  involves  the  errors  of  the  stars'  places  and  of  the  clock 
rate.  The  first  will  be  inconsiderable  if  onlv  fundamental  stars 
are  used,  but  may  be  entirely  eliminated  by  the  observers'  ex- 
changing stars  on  a  following  day  and  taking  the  mean  of  the 
two  results*  The  effect  of  error  in  the  rate  will  be  insensible  if 
the  stars  are  so  distributed  that  the  means  of  the  right  ascensions 
of  the  stars  of  the  two  groups  employed  by  the  two  ohser%*ei*8 
are  nearly  equaL 

Third  Jlethod, — An  equatorial  telescope  is  sometimes  used  for 
the  pui'pose,  as  follows.  Two  tmiiHit  threads  of  the  micrometer 
adjusted  in  the  direction  of  a  declination  circle,  and  the  tele- 
"(Bcope  is  directed  towards  a  point  in  advance  of  any  star  not  far 
from  the  nieridian,  and  clamped.  The  obser\^er  A  notes  tlic 
transit  of  the  star  over  the  first  thread,  and  the  obseinrer  B  the 
transit  over  the  second  thread.  The  telescope  is  then  n)Oved 
jrward  again  in  advance  of  the  star,  and  damped.  The  ob- 
srver  B  now  notes  the  transit  over  the  first  thread,  and  A  the 
transit  over  the  second  thread.  This  gives  one  determination 
of  their  pei*soiml  equation :  fi>r,  putting  S  ^  the  reduction  of 
B*s  observation  to  A*s,  and  I^^  the  interval  of  the  threads  for 
the  observed  star,  3/ and  M^  the  observed  intervals,  we  have 


M^I  +  E 


M'=I—E 


wiience 


E=^ 


M—J\r 


This  process  being  repeated  a  nnniber  of  times,  3/ will  be  the 
mean  of  all  the  inten^als  when  A  begins,  and  Jf '  the  mean  of 
those  when  B  begins. 

This  method  is  also  open  to  the  objection  that  the  observers 
succeed  each  other  so  rapidly  that  their  UPind  habit  of  deliberate 
observation  is  likely  to  be  disturbed.     Moreover,  if  their  per- 
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gonal  equation  is  required  to  reduce  tbeir  observations  made 
with  a  transit  instrument,  it  should  be  determined  with  this*  in- 
etmment;  for  it  is  possible  that  the  equation  maj' not  be  the 
same  with  instruments  of  diiferent  powers. 

The  same  clock,  also,  should  be  used  in  determining  the  per- 
sonal equation  that  is  used  in  the  observations,  for  it  is  very 
probable  that  the  peculiarity  of  the  clock-beat  affects  the  equa* 
tion.* 

It  is  one  of  the  advantages  of  the  American  (the  electro-chro- 
nographic)  method  of  recording  transits  that  the  personal  equa- 
tion is  very  much  reduced :  still  it  is  not  wholly  destroyed*  The 
same  methods  may  be  employed  to  determine  its  amount  as 
when  the  observ^ations  are  made  by  eye  and  ear. 

It  may  also  be  remarked  that  not  only  should  the  same  tele- 
scope and  the  same  clock  be  employed  in  determining  the  per- 
sonal equation,  as  in  the  observationa  to  which  it  is  to  be 
applied^  but  also  the  observer's  general  physical  condition  should 
be  as  nearly  as  possible  the  same-  Even  the  posture  of  the  body 
has  been  found  to  have  some  effect  upon  the  observer  s  estimate 
of  the  time  of  transit ;  and  it  can  hardly  be  doubted  that  the 
personal  equation  vnW  fluctuate  more  or  less  with  the  obdenrer'a 
health,  or  the  condition  of  his  nervous  system. 

That  the  personal  equation  depends  npon  no  organic  defect 
of  either  the  eye  or  the  ear»  but  upon  an  acquired  babtt  of  oh* 
8er%  ation,  seems  to  follow  from  the  fact  that  it  is  usually  greatest 
in  the  ease  of  the  most  practised  observers.  In  1814  there  wsa 
no  personal  equation  between  those  eminently  skilful  astrono- 
mers BsssBL  and  Struve;  but  in  1821  they  difiered  by  O'.g, 
and  in  1828  by  a  whole  second ;  a  progreisive  iiiereaAe  indiea^ 
ing  file  gradnal  formation  of  certain  fixed  habits  of  ol*tWM  i  ■liuu. 
8o  fiir  from  invalidating  the  results  of  either  observer,  this  bet 
would  indicate  that  their  absolute  personal  eqnatioiia  wef«  in  all 
protMibility  very  constant  for  moderate  intervmb  of  time,  and 
therefore  hjul  no  appreeiable  effect  npon  their  results  ao  Umg  as 
the«e  results  did  not  depend  upon  a  combination  of  their  obta 
ynAmB  with  thoee  of  ofiier  aheervers. 


*  BlMBl  §9mmi  ^mM  with  •  ckrooomHcr  I 
a^M  IMT  tkia  with  m  clo«k  bofttrng  vbola  i 
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161.  Prof.  Petece  has  called  attention  to  the  fact  that  expe- 
rienced ohy enters  often  acqniro  a  fixed  erroneous  habit  of  esti- 
mating particLihir  fractious  of  the  second.  Thus,  when  a  star  ia 
really  at  O'.B  from  a  thread,  one  observer  may  have  a  habit  of 
calling  it  0,4,  while  another  may  incline  rather  to  0',2;  or,  again, 
when  the  fmction  is  \em  than 0.1, one  invariably  takes  0,1,  while  the 
other  as  invariably  neglects  it  and  puts  0,0.  Thus  each  observer 
ia  conceived  to  have  his  own  personal  scak  for  the  division  of  the 
second. 

In  a  very  large  number  of  individual  transits  over  threads  by 
the  same  observer,  there  is,  according  to  the  doctrine  of  proba- 
bilities, the  same  chance  for  the  occurrence  of  each  of  the  deci- 
mals .0,  *1,  .2,  &c.,  if  the  ohservaiions  are  perfecili^  made^  or  if  the 
errors  of  tfte  observers  are  purel*/  aeeidenlal ;  otherwise,  one  or  more 
of  these  decimals  will  occur  more  frequently  than  the  rest. 
Hence,  by  simply  counting  the  number  of  times  each  decimal 
occurs  in  a  very  large  number  of  observations  by  the  same 
observer,  the  personal  scale  of  this  observer  may  be  determined. 

It  is  easily  shown  that  the  effect  of  an  erroneous  personal 
scale  is  to  increase  or  diminish  the  mean  result  of  a  large 
number  of  observations  by  a  constant  quantity.  For  example^ 
suppose  that  in  1000  observations  of  a  certain  observer  the  frac- 
tion 0.3  appears  but  20  times,  while  0.4  appears  180  times,  and 
that  each  of  the  other  fractions  appears  100  times.  Then,  since 
each  fraction  should  appear  100  times,  the  mean  of  any  largo 
number  of  observations  by  this  observer  will  probably  be  too 
great  by  the  quantity 

(0.4  X  180  +  0.3  X  20)  -  (0.4  X  100  +  03  X  100)  _  ^ ^^g 
1000 

The  effect,  therefore,  being  constant,  will  be  combined  with 
the  personal  equation  determined  from  a  large  number  of  obser- 
vations, and  may  be  regarded  as  always  forming  a  part  of  it* 
Hence  it  follows  that  the  application  of  the  personal  equation, 
which  involves  the  errors  of  the  personal  scale,  does  not  neces- 
Barily  eliminate  the  observer's  constant  error  from  ea^'k  observa- 
tion, but  that  it  probal>ly  does  eliminate  it  from  the  mean  of  a 
large  number  of  observ^ations. 
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PROBABLE  ERROR   OF   A   TRANSIT   OBSERVATION. 

162.  Tluit  part  of  the  error  in  tlie  observed  time  of  traiieit  of 
a  star  which  is  iodepcndent  of  the  personal  equation  and  other 
conatant  errors,  and  is  irregular  or  accidental,  may  be  distin- 
guished  as  the  probabk  error;  and  it  will  be  the  only  error  of 
observation  which  will  affect  the  final  result,  if  the  obser\*ation8 
of  trv^o  observers  are  not  combined.  It  may  be  determined  for 
each  observer  by  comparing  the  several  values  of  the  thread 
intervals  given  by  his  observations.     Let 

/  -^  the  observed  interval  of  two  threads  whose  equatorial 
interval  is  t; 

then,  since  we  shonld  have  i  =  7  cos  (5,  each  observation  furnishes 
a  value  of  i;  and  from  a  great  number  of  values  the  probable 
error  r  of  each  single  determination  is  deduced  by  the  formula* 


r  =  0.6745 

in  which  the  values  of  v  are  the  residuals  found  by  subtmcting 
the  known  value  of  i  from  each  value  found  from  observation, 
and  m  is  the  number  of  observations. 
Now  put 

c  =:=  the  probable  error  of  the  observed  time  of  tranait  of  an 
equatorial  star  over  a  thread  i 

then^  since  the  time  of  transit  over  each  thread  is  affected  by 
this  error,  we  have 

2€^=r* 
whence 


t  =  0.6745 

Example. — From  the  transit  observations  made  by  Mr,  Ellis 
at  the  Greenwich  Observatory  in  1843,  the  observed  intervals 
between  the  successive  threads  (ix.  from  1st  to  2d^  trom  2d  to  3d, 
&c.)  were  found  as  in  the  following  table:  the  true  equatorial 
intervals  being  those  given  in  the  fourth  column.   The  difference 
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between  the  computed  and  the  true  equatorial  interval  {v)  is 
given  in  the  fifth  column,  and  the  last  column  gives  v*. 


1848. 

Obserred 

/ 

Computed 
t=/seoit 

Tru« 

i 

» 

»• 

March  8. 

13'.8 

12'.79 

12'.89 

—  O-.IO 

0.0100 

/  Tauri 

13.8 

.79 

.76 

+    .03 

9 

a  =  +  22»  2r 

14.0 

.93 

.87 

+    .06 

86 

14.0 

.93 

.91 

+    .02 

4 

13.7 

.66 

.88 

—    .22 

484 

13.6 

.57 

.86 

—    .29 

841 

18.8 

.85 

.89 

—    .04 

16 

t  Tauri 

18.8 

.85 

.76 

+    .09 

81 

»  =  +  21'  21' 

18.9 

.94 

.87 

+    .07 

49 

18.9 

.94 

.91 

+    .03 

9 

13 -.8 

.85 

.88 

—    .08 

9 

13.7 

.76 

.86 

—    .10 

100 

13.7 

.65 

.89 

—    .24 

576 

n  Geminor. 

14.0 

.93 

.76 

+    -17 

289 

«  =  +  22"  85' 

14.0 

.93 

.87 

+    .06 

86 

14.0 

.93 

.91 

+     .02 

4 

13.9 

.84 

.88 

—    .04 

16 

13.8 

.74 

.86 

—    .12 

144 

m  =  18, 

^(f)  = 

=  0.2803 

Hence  we  find,  by  the  above  formula, 

«  =  0*.06 

Taking  a  much  greater  number  of  the  observations  made  by 
Mr.  Ellis  of  stars  from  the  8d  to  the  5th  magnitude,  I  found 
e  =  0'.056,  which  is  probably  smaller  than  will  be  found  for 
most  observers.  In  the  case  of  another  well  trained  observer,  I 
found  €  =  0*.08. 

In  the  same  manner,  from  a  large  number  of  Mr.  Ellis's  ob- 
servations of  the  moon  I  found  his  probable  error  in  observing 
the  transit  of  the  first  limb  over  a  single  thread  to  be  0*.074,  and 
for  the  second  limb  0*.071.  In  the  case  of  another  observer,  I 
found  for  the  first  limb  COTS,  and  for  the  second  limb  0'.094. 
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If  we  assume,  tlien,  tliat  for  moderately  skilful  obscrrcrs 
e  —  O^.OS  for  a  star,  the  probable  error  of  the  mean  of  the  ob- 
servations over  seven  threads  \\'ill  he  0*,08  -h  i/7,  or  only  O',030, 
the  etar  being  in  the  equator.  For  the  decimation  3  the  pro- 
bable error  will  be  CK^OSseeJ. 

The  probable  en*or  thus  found  is  the  accidental  error,  com- 
posed of  the  error  of  the  observer  in  estimating  the  fractions  of 
a  second  (including  the  errors  of  his  per>?onal  Rcale),  and  of  the 
error  arising  from  uiiBteadiness  of  the  star;  hut  it  must  not  be 
taken  as  the  measure  of  the  de^ee  of  precision  in  the  deduced 
right  ascension  or  time.* 

163,  The  error  of  the  right  ascension  derived  from  a  single 
complete  transit  is  composed  of  the  following  errors : 

1st.  The  undetermined  instrumental  errors,  deponding  npon  the 
eiTors  in  the  determination  of  the  coastaals  a,  6,  and  c; 

2d.  The  errors  oftlie  assumt'd  clock  eorrfction  and  ratej 

3d.   The  error  arising  from  irregularity  of  the  chx'k ; 

4th.  The  error  in  the  observer's  pei*Honal  e<|uation,  arising  from 
an  imperteet  determination  of  the  equatiotn  or  from  fltictuo* 
tions  in  its  value,  depending  on  the  observer  s  physical  and 
mental  condition ; 

5th.  The  accidental  crrrir  of  observation,  composed  of  the  ob- 
server's error  in  estimating  the  fractions  of  a  second,  and  of 
errors  arising  from  unsteadiness  of  the  star; 

6th.  The  error  arising  from  an  tttmospheric  displacement  of  tho 
star,  which  miiy  possibly  be  constant  during  the  transit  over 
the  tie  Id  of  the  telescope^  and  may  be  called  the  cu(m(na(i<m 
error. 

We  may  form  an  estimate  of  the  total  effect  of  all  these 
sources  of  error  by  examining  the  several  values  of  the  right 
a^soension  of  a  fundamental  star  deduced  fn>m  different  culmi* 
nations,  and  reduced  for  precession  and  nutation  to  a  common 
epoch.  Thus,  there  were  found  from  the  different  observations 
of  the  transit  of  a  Arktis^  in  the  year  1852  at  the  Greenwich  Ob- 
serv^ator)";  the  following  values  of  its  mean  right  ascension  on 
Jan.  1,  1852.   Putting  a  =  1*  58*  50*  +  x,  the  values  of  x  were — 


*  In  tbit  eonneciioik  leo  Um  renftrkt  of  Bitsst  in  tbe  Berlin  J&hrbneh  for  ta2S, 
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X 

z 

X 

Z 

0'.40 

0'.34 

c.sg 

O-.ST 

.44 

.81 

.42 

.34 

.89 

.42 

.42 

.84 

M 

.45 

.46 

.59 

JS 

.53 

.33 

U 

.40 

.35 

.32 

31 

The  mean  is  x=  0*.40;  and  from  the  differences  between  this 
mean  and  the  several  values  of  x  we  deduce  r  =  O',057  a^  the 
probable  error  of  a  single  determination  of  tbe  right  ascension 
of  this  star.  In  the  same  manner^  I  find  from  the  obBervatious 
of  j^  CcU  during  the  game  year  r  —  0\063,  and  foraUrsw.  3I(fjons 
r  ==  O'.lSl.  If  these  be  multiplied  by  the  respective  values  of 
cos  5,  we  have  0-.053,  0^.003,  0\063,  the  mean  of  which,  or  O-M, 
expresses  nearly  the  probable  error  of  a  single  determination  of 
an  equatorial  star  with  tlie  traosit  circle  of  the  CTfeonwich  Ob- 
servatory in  1852.  A  larger  number  of  stars  should  be  ex- 
amined to  determine  this  error  with  certainty;  Imt  the  above 
will  suffice  to  illustrate  the  mode  of  proceeding.  It  must  not 
be  forgotten,  however,  that  this  instrument  is  never  reversed, 
and  all  its  results  mai/  be  affected  by  small  constant  errors 
peculiar  to  the  several  stars. 

If  we  denote  the  probable  error  of  observation,  or  the  5th  of 
tbe  above  enumerated  errors,  by  e,  and  the  combined  effect  of 
all  the  rest  by  ej,  we  have 

whence,  taking  r  =  0*.00,  and  e  =  0*,03,  as  above  found,  we 
deduce  Cj  —  0'.052:  so  that  if  e  were  reduced  to  zero— that  is, 
if  tbe  observations  were  made  perfeciltf — tbe  right  ascension 
determined  hy  a  siiigle  transit  would  be  improved  by  only  O'.Ol. 
Hence  it  follows  that  an  mcreasc  of  the  timnher  of  thremls  for  the 
purpose  of  rethicing  the  error  of  observation  would  be  aiimded  by  no 
important  advanimjc, 

Bessel  thousrht  five  threads  sufficient. 


164.  We  see  from  these  principles  that  the  weight  of  an  ob- 
served transit  is  not  to  be  assumed  to  vary  as  the  number  of 
threads,  as  it  wonhl  do  were  there  no  culmination  error  or  un- 
known instrumental  errors.  For  practical  purposes  it  will  be 
sufficient  to  regard  the  probable  error  of  a  transit  as  composed 
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only  of  the  error  of  observation  and  the  culmination  «rror.  The 
latter  will  then  be  the  quantity  denoted  above  by  e^ ;  and,  if  we 
now  put 

f  ==  the  probable  error  of  a  transit  over  a  single  thread, 

n  =  the  number  of  threads  observed, 

r  =  the  probable  error  of  the  observed  right  ascension. 


we  shall  have 


If  then  we  also  put 


*       n 


E  =  the  probable  error  of  an  observation  whose  weight  is 

unity, 
p  =  the  weight  of  the  given  observation, 


we  shall  have,  according  to  the  theory  of  least  squares, 

E' 


P  = 


V+S 


(127) 


The  unit  of  weight  is  arbitrary,  and  hence  E  also  is  arbitraiy. 
If  iV  is  the  total  number  of  threads  in  the  reticule,  and  a  complete 
observation  on  them  all  is  to  have  the  weight  unity,  we  shall 
have 


and  the  formula  will  become 
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This  will  be  a  very  eonvctiient  formula  in  practice  in  cases 
where  there  is  no  reason  to  depart  from  the  above  assumed  values 
of  £,  and  e.  The  observer  who  has  determined  theae  quantitiea 
for  himself  will,  of  course,  employ  (128)  directly. 

It  may  be  useful  to  illustrate,  by  the  aid  of  this  formula,  the 
proposition  announced  at  the  end  of  tlio  preceding  article.     If 
I  JV=  7  and  £=  O',062,  the  weights  and  probable  errora  of  obser- 
vatione  on  one  or  more  threads  wilt  be  as  below ; 


fl 

p 

E 

1 

0.36    ' 

OM04 

2 

0.57 

0.082 

3 

0.71    , 

0.073 

4 

0.82 

0.069 

5 

0.90 

0.065 

6 

0.95 

0.063 

7 

1.00 

0  .062 

25 

1.25 

0 .055 

oo 

1.43 

0  .052 

We  see  that  the  advantage  of  seven  threads  over  five  is  almost 
insignificant,  and  Bissel's  opinion  is  confirmed, 

165.  The  probable  error  of  a  single  transit  of  a  star  recorded 
by  the  electro-chronograph  does  not  appear  to  be  much  less 
than  that  of  one  observed  by  eye  and  ear  by  experienced  ob- 
servers;* but  it  must  be  remembered  that  it  takes  but  a  short 
time  to  acquire  the  requisite  skill  in  tlie  use  of  the  chronograph, 
while  the  small  probable  errors  by  eye  and  ear  above  adduced 
are  evidences  of  long  training.  The  personal  equation,  however, 
is  much  less  in  the  use  of  the  chronograph,  and  probably 
more  constant.  It  is  not  unlikely  that  a  considerable  portion  of 
the  total  error  of  a  determination  of  right  ascension,  as  above 
found,  is  the  result  of  variations  in  the  observer's  personal  equa- 
tion ;  andj  if  so,  the  substitution  of  the  chronograph  for  eye  and 
ear  will  carry  these  determinations  to  a  still  more  remarkable 
degree  of  accuracy. 


*  8ee  Pr.  B.  A,  GovIiD*8  Report  in  the  IT.  S.  Ct^ast  Surye/  Eeport  for  1867,  p.  307, 
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APPLICiTION  OF  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATION OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN   THE    MERIDIAN. 

166,  In  tlie  use  of  the  portable  transit  instrument  in  the  fields 
it  is  not  always  possilile  to  mount  it  so  firmly  that  its  azimuth 
and  level  can  be  absolutely  relied  upon  as  constant  for  a  wbolo 
day.  Frequently  it  is  necessarj-  to  take  all  the  observations  at 
a  given  place  within  a  few  houi-s.  VTe  niUist  then  observe  such 
stars  as  are  available  at  the  time,  and  so  conduet  the  observations 
and  their  reduction  as  to  obtain  the  most  probable  result. 

First,  as  to  the  observatiuns.^ — The  instrument  having  been 
brought  very  near  to  the  meridian  (see  Art.  125),  a  number  of 
stars  must  be  observed  in  both  positions  of  the  rotation  axis, 
and,  in  general,  about  the  same  number  of  stars  in  each  positioii. 
Among  tliese  must  be  included  at  least  one  eircumpolar  star, 
and,  if  possible,  two  or  three,  one  or  more  being  below  the  pole. 
The  level  should  be  observed  at  the  beginning  and  end  of  the 
series,  and  before  and  after  each  reversal  of  tlie  axis. 

Secondly,  as  to  the  eompntation. — We  assume  that  the  thread 
intervals  have  been  well  determined,  as  also  the  value  of  a 
division  of  the  level.  If  they  have  not  been  found  bffarc  the 
obser\"ations^  they  must,  of  course,  be  determined  subsequently, 
only  observing  that  no  change  of  the  instrument  has  occurred 
which  might  change  the  value  of  the  thread  intervals.  The 
mean  of  all  the  level  determinations  should  be  adopted  be 
the  constant  value  of  fr  for  all  the  obaen^ations,  unless  the  dif- 
ferences of  the  several  values  are  greater  than  the  probable 
errors  of  observations  made  with  tlie  particular  spirit-level  used, 
in  which  case  it  will  be  better  to  interpolate  a  value  of  b  for 
each  star  from  the  actually  observed  values.  The  chronometer 
time  T  of  transit  over  the  middle  thread  or  the  mean  thread 
being  found  for  each  star  by  employing  the  thread  intenals  when 
necesaar}',  we  shall  suppose  that  ob8er\^ation  has  furnished  only 
7*  and  6  for  each  star*  The  rate  iTof  the  chronometer  is  also 
euppofled  to  be  approximately  known.  The  constants  a  and  e^ 
and  the  clock  correction  a  7*,  are  then  to  be  foand  by  a  proper 
combination  of  tlie  obftervations.  Let  us  put  iu  formula  (87),  far 
each  &tar» 

it  ^=:r  the  azimuth  fVictor  =  ain  (f  —  J)  see  i^ 
B  ==  the  level  tactor  =  eos(f  —  f)  b^  ^^ 
C  ==  the  collimation  factor  =  see  #; 
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also,  let  each  observation  be  reduced  to  some  assumed  time  7^^, 
and  jiut 

Ar^=  the  chronometer  correction  at  the  time  T^ 


80  that 


aT  =  a7;h-  dT(T—  TJ 

^  ^  an  asBumed  approximate  vahie  of  aT^ 
Ai5  =  the  required  correction  of  ^ 


then  the  formula  (82)  becomes 

a  =^  r  +  ^  +  A'!^  +  ST(T—  TJ  +  Aa  +  ^^+  <^ 

in  which  every  thing  is  known  except  the  small  quantities  At?,  a^ 
and  e.     If  we  now  put* 

t=  T+ JTCT  — TJ+  Bb 

then,  since  a  —  t  and  &  are  each  nearly  equal  to  the  clock  cor* 
rection,  w  is  a  small  residual,  and  the  equation  is 


Aa  +  Ce  -f-  A»?  +  u?  =  0 


(130) 


Each  star  gives  an  equation  of  condition  of  this  form,  and  from 
all  tliese  equations  the  most  probable  values  of  «,  c\  and  a<?  will 
be  found  by  the  metliod  of  least  squares.  The  sign  of  the  term 
On  will  be  changed  when  the  axis  of  the  instrument  is  reversed* 

If  the  observations  are  extended  over  a  number  of  hours,  it 
will  not  always  be  safe  to  assume  that  the  azimuth  a  has  been 
constant  during  the  whole  time.  We  may  tlieu  divide  the  obser- 
vations into  two  groups,  in  one  of  which  tlte  azimuth  will  be 
denoted  by  a  and  in  the  other  by  «^'.  The  normal  equations, 
formed  by  combining  all  the  equations  in  the  usual  niaaner,  will 
then  involve  the  four  unknown  quantities  a^  a%  c,  and  Ai>, 

To  determine  the  mean  error  of  the  resulting  value  of  a^?,  it 
must  be  remembered  that  when  a  and  e  have  been  eliminated  by 

*  For  greater  precision  (not  alwajt  requirchd  in  the  use  of  a  porUble  infltrument), 
we  may  aUow  tar  Lhe  diurnal  abenriition.  Since  a  requires  the  correction  +  COSl 
eos^seecl,  we  h&ve  merely  to  take 

t^T+  eT(T—T^)  +  iffi  — 0»,  021  co8^  seed 
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successive  substitution,  takhig  care  to  introduce  no  new  factor 
into  the  equations,  the  coefficient  of  a&  iu  the  resulting  fiiuil 
equation  will  be  the  weight  p  of  the  value  of  aS  thus  determined,^ 
Then,  substituting  the  values  of  «,  r,  and  ai?  in  the  equations  of 
condition,  and  denoting  the  residual  in  each  by  r,  we  have  the 
mean  error  of  a  single  observation  by  the  formula 


in  which  [rr]  =  the  sum  of  the  squares  of  the  residuals,  m  =  the 
number  of  observations,  and  fi  ==^  the  number  of  unknown 
quantities. 


The  mean  error  of  a(?  and  a  T^  will  be 


and  if  we  wish  the  probable  errors,  we  multiply  the  mean  erroiB 
by  0.6745. 

If  any  residuals  are  so  large  as  to  throw  a  doubt  upon  the 
observations,  such  doubtful  observations  may  be  examined  by 
PEIRCE*S  Criterion-t 

If  an  observation  consists  of  transits  over  only  a  portion  of  the 
threads,  it  may  be  well  to  give  it  a  diminished  weight,  multiply* 
ing  its  cijuation  of  condition  by  the  square  root  of  the  wei^t 
found  by  (1-29). 

I£  the  collimation  constant  c  has  been  previously  determined, 
we  have  only  to  include  the  term  Cb  in  the  quantity  t;  thujs, 
putting 

t=  T+  6T{T^  2;)+ £6+  Co 


the  equation  for  each  star  will  be 


asi) 


and  the  determination  of  a  and  a&  from  these  equations  is  then 
exceedingly  simple. 

Example,— The  foUomng  obser^'ationa  were    taken  on  the 
United  States  North- Westeni  Boundary  Sur\'ey  with  a  portable 
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transit  inetramGnt  in  the  meridian.  The  stars  were  mostly 
selected  from  the  British  Afcisociatioii  Catalogue,  and  are  eon- 
%^enieutly  designated  by  their  numbers  in  thirf  catalogue.  But 
their  apparent  places  have  been  derived  from  the  more  reliable 
authority  the  Greenwich  Twelve  Year  Catalogue.  The  apparent 
place  ofaUrs(E  Ihjoris  is  derived  from  the  American  Ephemeris, 
Other  stars  from  the  British  Association  Catalogue,  observed 
on  the  same  evening,  have  been  excluded  because  they  are  not 
given  in  the  later  catalogues. 


Camp  Simiabmoo, — ' 

t867, 

July  27. 

Latitad«  49<'  0'  N 

^ 

Thmuit, 

Wo. 

1 

Bter. 

Uec" 

LcToL 

X 

I 

n 

m 

IV 

V 

Tl   ' 

Vll 

B.  A.  C.  6390 

w. 

15*.3 

43'.6 

12',3 

40'.8 

9».2' 

87'.  9 

6'.  2 

22*    4"< 

40*.  76 

+  0-.76: 

2 

«'      6434 

27.2 

16,2 

88.8 

2,3 

26,3 

60.1 

22    10 

38  .68 

8 

"      G441 

23,8 

47.8 

1U8  35,3 

58.6 

22.6 

46,3 

22    11 

35,10 

M 

4 

"      6489 

21,846.8 

12  .5 

37.8 

2.8 

22   18 

37  .58 

14 

5 

••      68861 

30.8 

33,8 

38,2 

42,0 

23   13 

41  Ml 

H 

I  e 

E. 

52,8 

48,243.9 

23   13 

40  .49 

^0.70 

7 

•*      3232  8.  P. 

32  J 

36, til  48  .2 

49.4 

54 .6 

59  ,9 

5.9 

0  46 

48  .84 

—  0.51 

8 

•*      3346  a  P. 

39.7 

22:7;  7,0 

50.1 

33,6 

16.9 

0.3 

I     6 

50.04 

—  0  ,48 

9 

**      7G86 

68,1 

40.0 

26,7 

13.9 

0.7 

48.6 

85,3 

1   22 

14,04 

-0.44 

10 

**      7778 

48.8 

8.9 

29,2 

49.4 

10.8 

SO  .8 

61 .2 

1   34 

49.78 

,—  0  ,42 

11 

*<      3647  a  P. 

26,8 

20,7  17.6 

n.s 

7.3 

1.9 

57.0 

I   57 

11,86 

-  0  ,88 

12 

ttUiii.  M»j.   8.  P.i  ** 

82.7 

19.8    7,9 

55,0 

42.6 

30,0 

17.4 

2   19 

55.06 

-^0.38 

The  threads  are  numbered  from  the  end  of  the  axis  at  which  the 
illuminating  lamp  ia  placed,  and  the  seconds  of  the  chronometer 
are  recorded,  not  in  the  order  of  obsen-ation,  but  in  the  columns 
appropriated  to  the  several  threads*  The  column  **  Mean"  gives 
the  time  of  pas^ge  over  the  mean  of  the  threads,  em|doying  in 
the  case  of  the  defective  transits  the  following  equatorial  iuter- 
Tals  from  the  mean ; 


+  65'.82    +44'.05    -f2K84    —  0-.08    —22*M    —  43-.79    —  65*.85 


where  the  signs  arc  given  for  Lamp  "West.  The  column  marked 
X  gives  the  position  of  the  lamp  end  of  the  axis.  The  value  of 
one  division  of  the  level  was  0*,105.  Ouly  one  observation  of 
the  level  was  made  during  the  observations  ^^lamp  west.'*  Two 
obserN-ations  of  the  level  were  made  during  the  obsen-ationfl 
"lamp  east,*'  one  near  the  beginning,  the  other  near  the  end,  of 
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the  series^  from  wliieh  those  given  in  the  tahle  are  obtained  by 
interpolation. 

Stars  observed  at  their  lower  culminationB  are  marked  8.  P. 
(sub  polo). 

The  chronometer  was  sidereal,  and  its  rate  was  losing  0',40 
daily, 

A  first  computation  of  tiie  obsei'vations  having  ahown  that  the 
observations  lamp  weet  and  lamp  east  give  very  ditierent  results, 
the  presumption  i^  that  in  reversing  the  axis  the  observer  dis- 
turbed the  instrument^  a  supposition  rendered  still  more  probable 
by  tl)e  ehange  of  level.  It  will,  therefore,  be  proper  to  compute 
the  observations  upon  the  supposition  of  a  different  azimuth  for 
the  two  positions  of  tJie  axis. 

The  apparent  places  of  the  stars  on  the  given  date  were  a« 
follows : 


8Ur. 

a 

S 

B.  A. 

C.  6390 

18» 

39- 

88-.71 

■j-  390  31' 

(I 

6434 

18 

45 

35.70 

—  22  55 

u 

6441 

18 

46 

31.91 

—  22  51 

a 

6489 

18 

53 

84.36 

—  30   5 

It 

6836 

19 

48 

41.61 

+  69  53 

t( 

3232 

9 

21 

40.70 

+  70  29 

K 

8346 

9 

40 

48.22 

+  59  44 

It 

7686 

21 

57 

14.44 

+  72  28 

It 

7778 

22 

9 

49.07 

+  56  18 

It 

3647 

10 

32 

9.78 

+  66  30 

«Ur8 

.  Maj. 

10 

54 

53.21 

+  62  31 

The  observed  times  of  transit  are  to  be  reduced  for  the  chro- 
uometcr's  rate  to  some  common  epoch,  which  we  sliall  here 
assume  to  be  T^=  0^  by  the  chronometer.  The  assumed  correc- 
lion  of  the  chronometer  at  this  time  will  be 

i>  =  —  3*  26*  0*. 


The  formation  of  the  equations  of  condition  for  the  first  and 
last  stars  is  as  follows; 
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l.W. 

L.E. 

B.A.C.6890. 

aUranMi^.  S.P. 

+  39"  81' 

117"  29* 

+    9    29 

—  68    29 

0.1127 

nO.3358 

9.9940 

9.5644 

9.2169 

n9.9686 

0.1067 

n9.9002 

9.3296 

0.3044 

+    0.214 

+  2.016 

+     1.296 

—  2.166 

+      O-.OS 

+  0'.03 

22»    4-40'.76 

2»  19-  SS'.Oe 

—   0.03 

+  0.04 

+    0.10 

+  0.02 

—    0.02 

+  0.03 

22     4    40.81 

2  19    55.15 

18  39    38.71 

22   54    53.21 

—  3  25      2.10 

—  3   25      1.94 

—  3  25      0. 

—  3  25     0. 

+  2.10 

+  1.94 

9 

ip  —  d 

log  Bee  d 

log  COB  {«p  —  d) 

log  sin  {f  —  S) 
log  COB  (jip  —  d)  sec  d  =  log  B 
log  sin  (jp  —  d)  sec  d  =  log  A 

A 

seed  =  C 

b 

Observed  mean 

Kate  to  0» 

Bb 

Diurnal  ab.  =  —  0*.021  cob  ^  sec  d 

t 

a 

Assumed  ^ 
w 

Denoting  the  azimuth  of  the  instrument  for  L.  W.  by  a,  and 
that  for  L.  E.  by  a',  and  changing  the  sign  of  c  for  L.  E.y  the 
equations  of  condition  for  these  two  stars  are,  therefore, 

+  0.214  a  +  1.296  c  +  a^  +  2M0  =  0 
+  2.016  a'+  2.166  (?  +  a*  +  1 .94  =  0 

The  equations  for  the  other  stars  being  found  in  the  same 
manner,  we  have  then : 

1.  +  0.214  a  +  1.296  c+  Ai>  +  2M0  =  0 

2.  +  1.032  a  +  1.086  c+  a^  +  2  .96  =  0 

3.  4- 1.081a  4- 1.085 c+  a^+ 3.17  =  0 

4.  +  1.135  a  +  1.156  c+  a*  +  3 .19  =  0 
6.  —  0.732  a  +  2.056  c  +  0.707  a*  +  0 .15  =  0 
6.  —  0.732  a'  —  2.056  c  +  0.707  a^  —  0 .97  =  0 
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7.  '+  2.606  a'  +  2.993  c  +  a^  +  2 .22  =  0 

8.  +  1.879  a' +  1.984  e  +  A*  +  IJl  ^  0 

9.  ^  L322  a'  —  3.319  c  +  a*  —  0 ,58  =-  0 

10.  —  0.229  ^'  ^  1.802  c  +  A^  +  0  .58  ^  0 

11.  +  2.264  a'  +  2.508  c  +  a»5  +  2  .18  =  0 

12.  +  2.016  a*  +  2.166  c  +  A.?  +  1 .94  =  0 

where  the  5tb  and  6th  equations  have  been  multiplied  by  |/|, 

thus  giving  each  but  one-half  tlie  weight  of  an  ordinary  obser- 
vation, becauBO  tlie  star  was  observed  on  but  half  the  threads,* 
The  normal  er^uations  are 

8.908  a+  0     +    2.325  c  +    2.894  a«  +  10.288  =  0 

0     +  21,848  a'  +  27.881  c  +    6.697  ^S-  +  19.569  =  0 

2.325  a  +  27.881  a'  +  51.969  c  +    9.153  Ad  +  36.352  =  0 

2.894a  +    6.697a'  +    9.153^  +  11.000  a^  +  19.090  =  0 

from  which  we  find 

a  =  -  1'.681 
a':=  —  0  .083 
I?  ^  —  0 .423 
A«  ^  —  0  .891  with  the  weight  ;>  =  6.775 

This  example  is  instructive  in  several  respects.  The  instru- 
ment was  reversed  upon  the  star  B.  A*  C\  6836  for  the  purpose 
of  deducing  the  value  of  c.  But,  upon  the  supposition  that  the 
azimuth  remained  uncliangc^d  during  the  re  vertical,  wc  find 
e  =  —  0'.267.  The  danger  of  disturbing  the  instrument  in  re- 
versitig  the  axin  is,  of  coursCj  greater  with  small  instrumentsi, 
and  always  requires  great  caution.  Again,  tlie  obnerver  neglected 
to  observe  the  level  immediately  before  and  after  the  reversal, 
tlie  values  of  b  given  in  the  table  being  inferred  from  observa- 
tions taken  at  the  time  of  the  transits  of  Xos.  1,  7,  and  11.  If 
the  level  had  been  observed  more  frequently,  as  it  should  be, 
the  disturbance  of  the  azimuth  might  have  been  Buggested  to  the 
observer  Innirtelf,  who,  however,  appears  not  to  have  euspectod  it. 

But  we  shall  obtain  still  further  instruction  from  this  example 
by  substituting  the  values  of  a,  a\  e^  Ae?  in  the  original  equa^ 
tions  of  condition.  The  residuals  r  will  exhibit  to  us  the  ana- 
tnalous  observations.     We  find  : 


«  To  pTocmtd  nofe  ftecarMeljr,  we  should  Hftre  computed,  hy  (120),  t1i«  wd^tt  of 
tbf  /odf  dftfeetife  ob»«r«^iiiionii,  the  2d,  4lh,  dib,  mud  6th,  Wf  vhould  limTo  found 
Uif  wtighU  0,Ut  9.89,  0.82,  0.71  rcff»Mtifol/. 
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No. 

« 

w 

1. 

+  0'.802 

0.0912 

2. 

—  0.125 

.0156 

8. 

+  0.086 

.0074 

4. 

—  0.098 

.0096 

5. 

—  0.120 

.0144 

6. 

—  0.669 

.4475 

7. 

—  0.158 

.0284 

8. 

+  0.024 

.0006 

9. 

+  0.048 

.0018 

10. 

+  0.470 

.2209 

11. 

+  0 .040 

.0016 

12. 

—  0.034 

.0012 

[vv']  =  0.8352 
Hence,  tiie  number  of  observations  being  denoted  by  m  =  12, 
and  the  number  of  unknown  quantities  in  our  equations  by 
/!£  =  4,  we  have  the  mean  error  of  an  observation  of  the  weight 
unity. 


=  JJ?!?!L=0..323 


The  large  residuals  of  Nos.  6  and  10  point  them  out  as  probably 
anomalous;  but,  before  rejecting  them,  we  will  apply  Peircb's 
Criterion.  Since  Table  X.  is  adapted  only  to  the  cases  of  one 
and  two  unknown  quantities,  we  shall  have  to  employ  Table  X.  A, 
Commencing  with  the  hypothesis  of  but  one  doubtful  observa- 
tion, we  assume  for  a  first  trial  x  =  1.5. 


m  =  12,  /s*  =  4,  n  =  1 


Ist  Approx. 
X    1.5 

Table  X.A.  log  T    8.5051 
"       '*      log  a    9.3978 


9.1078 


2n 


m  —  n 


m  —  fi ' 


1  log  A' =  log  (I  j*^    9.8378 


1  —  A»    0.3117 


=  7,*'- 1  =  7(1 -A') 


2.1819 
3.1819 
1.78 


2d  Approx. 
1.78 
8.5051 
9.3464 

9.1587 

9.8470 

0.2970 

2.0790 
8.0790 
1.76 
x«  =  0'.568 
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The  resitliial  0,669  surpasses  the  limit  0'.568,  and  hence  the 
6th  observation  is  to  be  rejected.  We  Diust  then  pasa  to  the 
hypothesis  of  two  doubtful  observations,  for  which  we  com- 
mence by  assuming  x  ^=  1,5,  aud  then  with  n  ==  2  we  find 
X  =  1*49,  xs  ==  0*.481.  Hence  the  10th  observation  is  not  to  ho 
rejected.  Thus  the  only  observation  to  be  rejected  as  anomalous 
is  the  6th ;  and  our  hypothesis  of  a  disturbed  state  of  the  instru- 
ment produced  by  reversal  is  confirmed. 

If  we  now  form  normal  equations  from  the  remaining  eleven 
equations  of  condition,  we  shall  find  the  values  of  the  unknown 
quantities  to  he 

a  =  —  1-  6S6 
«'=  — 0  092 
c  =  —  0  Ml 
Ai»  c=  -^  0 ,999  with  weight  p  ^  6.963 

and  the&e  values  substituted  in  the  equations  of  condition  give 

the  residuals  and  meau  errors  as  follows ; 


No. 

p 

["•■] 

1. 

+  O-.'l-Q 

0.0763 

2. 

—  0  .126 

.01.59 

8. 

+  0 .086 

.0074 

4. 

—  0 .089 

.0079 

6. 

—  0.114 

.0130 

7. 

—  0 .120 

.0144 

8. 

+  0.010 

.0001 

9. 

—  0 .239 

.0.571 

10. 

+  0.264 

.0697 

11. 

+  0.051 

.0026 

12. 

—  0.040 

.0016 

m  - 

-/«  =  7 

[vv\  =  0.2659 
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The  10th  observation  is  now  well  represented,  and  the  Crite- 
rion  does  not  reject  any  of  them. 
The  mean  error  of  tk&  ia 


f,=  4-  =  0'.08 


VP 


And  the  probable  error  0.05. 
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Hence  we  have,  finally,  the  chronometer  correction  at  0*, 
aT^=^  +  A(^  =  —  3*  25-  I'M  ±  O-.OS 

THE  TKANSIT   INSTRUMENT   IN   ANY  VERTICAL    PLANE. 

167.  The  formulfe  (78)  and  (79)  apply  to  any  position  of  the 
instrument.  When  the  instrumental  constants  m  and  n  are  laiown, 
or  when  a  and  b  are  given,  from  which  in  and  n  can  be  found  by 
(78),  the  fonnula  (79)  determines  the  apparent  ea§t  hour  angle 
r  of  the  observed  object  at  the  time  of  its  transit  over  any 
I  given  thread  whose  distance  from  the  collimation  axis  is  e.  The 
'constants  are  found  by  combiniug^  observations  of  stars  near  to 
and  remote  from  the  pole,  as  will  be  iUustrated  liereafter. 
If^'hen  the  transits  over  several  threads  have  been  observed, 
each  may  be  separately  reduced  by  the  gcnend  tbrnmlfe ;  but  it 
is  necessary  also  to  have  the  means  of  reducing  them  all  to  a 
common  instant.  I  shall,  therefore,  here  consider  the  most 
general  ease  of  an  observation  of  the  moon's  limb  on  any  given 
thread,  and  investigate  the  formula  for  reducing  it  to  the  middle 
thread,  or  to  the  collimation  axis  of  the  instrument.  This 
general  formula  will  be  applicable  to  any  otlier  object  wMctj 
hoB  a  proper  motion  and  a  sensible  diameter.     Let 

8  =  the  sidereal  time  of  tho  observed   transit  of  the 

moon's  limb  over  tho  given  thread, 
t  =  the  equatorial  interval  of  the  thread  from  tho  middle 
thread, 
ft,  ^  =  the  trae  RA,  and  decl  of  the  moon's  centre  at  the 

time  0, 
a'jd'^  the  apparent  RA.  and  declination, 
8  =  the  moon's  geocentric  semidiameter, 
y  =  the  moon*8  apparent  semidiameter. 

At  the  instant  the  moon*s  limb  touches  the  thread  whose  dis- 
tance from  the  middle  thread  is  i\  the  centre  of  the  moon  is  at 
the  distance  i  ±  ^  from  the  middle  thread,  and,  consequently,  at 
the  distance  c  -\-  i  ±s*  from  the  collimation  axis  of  the  telescope. 
The  apparent  east  hour  angle  of  the  moon's  centre  at  this 
Instant  is 

r  ^  tt'  —  e 

Putting  then  c  -\-  i  ±  s'  for  c  and  a'  —  0  for  r  in  (79),  we  have 

Vol.  IL-U 
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sin  (c  +  1  ±  ^  =  —  sin  n  ein  y  —  cos  n  cos  d'  sin  (9  —  a'  +  m) 
:=  —  sin  n  sin  d'  —  cos  n  cos  m  cos  ^'  sin  (8  —  of) 
—  COB  n  sin  m  cos  ^'  oo8(8  —  •') 

where  the  apparent  declination  and  right  ascension  are  employed, 
eincc  it  is  the  moon's  apparent  place  which  is  observed.  To  in- 
troduce the  geocentric  quantities,  let 

V  :==  the  moon's  equatorial  horizontal  parallax, 
^,  /=  the  eartirs  radius  and  reduced  latitude  of  the  place 

of  observation, 
J,  J'^=  the  moon's  distance  from  the  centre  of  the  earth 

and  the  observer  respectively ; 

then,  putting 


we  find  from  VoL  I.,  equations  (132), 

/  cos  d'  sin  (9  —  a')  =  cos  d  sin  (O  —  a) 

/  cos  S'  COB  (6  —  tk)  =•  COS  d  COS  (6  —  a)  —  p  Bin  iT  COS  f* 

/sind'  =  sin  d  — /^sinireinf' 

Substituting  these  values,  we  obtain 

/(<?  +  »  ±  «')  ein  1"  =  —  sin  n  sin  S  —  cos  n  cos  ^  sin  (B  —  •  +  m) 
4^  ^  sin  -  sin  f'  sin  n  -f  /» sin  tt  cos  f'  cos  n  sin  m 

(188) 

The  light  aseension  and  declination  are,  however,  variable^  and 
we  should  introduce  into  the  formula  their  values  for  some 
assumed  epoch.  Let  this  epoch  bo  the  sidereal  time,  &^  which 
is  the  common  instant  to  which  the  observations  on  the  several 
threads  are  to  be  reduced.     Let 


a^  S^T=z.  the  tme  right  ascension  and  declination  at  the  time 

Aa  =::  the  increase  of  the  right  ascension  in  one  minnte 

of  mean  time^ 
a9  =  the  increase  of  the  declination  (towards  the  north) 

in  one  minute  of  meau  time. 


and  put 
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J=  0^  —  0  =  the  required  redactioD| 

^  =  :rrTT:  =  ^^  increase  of  a  in  1*  of  sidereal  time 
60.164 

X'=^-^=  «  rf  «  « 

60.164 

then,  if  /  is  expressed  in  seconds  of  arc,  we  have 

0-a  =  0,-a,-(0o-0)  +  (a,-a)=©.-a,-(l-^)Z 

sin  (0  —  tt  +  m)  =  sin  (0^  —  o^,  +  m) 

—  (1  — ;i)cos[0.  — •o  +  »w  — }(!— ^)J12sin}Z 

[in  which  (1  —  >l)8in  J  Jis  put  for  sin  J(l  —  >l)  J] 

sin  ^  =  sin  ^j,  —  --  cos  d. .  2  sin  }  J 
15 

X' 

cos  d  =  cos  ^0  +  77  8'^  ^0  •  2  sin  }  J 
15 

Substituting  these  values,  our  formula  becomes  (omitting  a  term 
multiplied  by  the  exceedingly  small  quantity  ^i'sin*  J  J) 

/(^+t it «')  sinr'=  —  sin  n  sin  d^  —  cos  n  cos  d^  sin  (0,, — a©  +  ^) 
+  /» sin  TT  sin  ^'  sin  n-{-p  sin  ;r  cos  /cos  n  sin  m 
+(1— A)cos  n  cos  d^cos  [0^— Oo+m— }(1— -A)/]  2  sin  }/ 
+  W^'  l^^^  ^  ^^^  ^^— -cos  n  sin  ^o8in(0„— -a^-fm)]  2  sin}  J 

(188) 

In  this  formula,  we  may  consider  J  as  the  only  quantity  which 
varies  with  the  time ;  for,  although/,  5',  and  tt  vary  slightly,  their 
variations  will  not  usually  be  sensible,  or,  if  sensible  for  a  single 
thread,  their  effect  will  disappear  when  the  epoch  is  nearly  the 
mean  of  all  the  observed  times. 

K  now  ©^  is  the  time  of  transit  of  the  moon's  centre  over  the 
great  circle  of  the  instrument,  this  formula  gives 


0  =  —  sin  n  sin  d^  —  cos  n  cos  d^  sin  (0,,  —  a^^m) 
■^  pBinn sin y/ sin  n -f  /» sin n cos f>'cos n sin m 

Subtracting  this  from  (133),  and,  for  brevity,  putting 

t  =e^  —  a^  +  m 

J{  =  sin  n  cos  d^  —  cos  n  sin  d^  sin  t 


}   (184) 
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(I  -^  A)  COS  n  008  J^  cos  p  -^  J  (1  --  A)  J]  +  j\  X'B 

This  ie  equivalent  to  the  formula  given  by  Sawitsch  {PracL 
Astron.^  Vol.  L  p,  303) ;  Imt  he  has  not  observed  that  the  expres- 
sion for  It  may  be  put  imder  a  much  more  simple  form.  In  so 
email  a  term  a^^  ^A'i?,  we  ueed  not  consider  the  effect  of  the 
parallax  upon  the  factor  M;  but  when  we  neglect  the  parallax 
we  liave,  by  (134), 

0  ^  —  sin  n  sin  ^^  —  cos  n  cos  ^^  sin  t 

Multiplying  this  by  sin^^,  and  subtracting  the  product  from 
B  cos  d^  we  find 


^cos^,,  ^  sin  n, 


or 


12  ^  sin  fi  sec  S^ 


It  is  also  to  be  observed  that  by  the  formula  (246)  of  Yol.  I- 

we  have 

ftf^s^  the  true  semidiamoter. 


Hence  our  formula  becomes 

/(<?  +  t)  sin  r  jr  8  ain  l'^ 


2aini/= 


(1  —  X)  cos  n  cos  ^^eoe  \t—  lU  ~  ^)  ^  +  A  ^I'siii  nsec^p 
or,  when  J  is  small,  as  it  usually  is, 


(las) 


j= 


/(o  +  Qdi^ 


(1  — i)  COB  n  cos  ^^jCos  [t—  i  (1  —  '^)  /]  +  iV  ^'^^^  ^  ^^  ^» 


(135*) 


Tills  formula,  then,  gives  the  reduction  of  the  observed  time 
of  transit  of  the  moon's  limb  over  any  given  thread  to  the  time 
of  transit  of  the  moou*8  centre  over  the  great  circle  of  the  inatrn- 
ment. 

If  we  omit  s  in  the  numerator  of  the  second  member^  / 
becomes  the  reduction  to  the  time  of  transit  of  the  limb  over  the 
great  circle  of  the  instrument 

If  we  omit  fc  ±  5,  /becomes  the  reduction  to  the  time  of 
transit  of  the  limb  over  the  middle  thread. 

The  factor/ is  determined  rigorously  by  (137),  Vol.  L;  but  il 
generally  suffices  to  take 

sin  C 


/- 


sin  C 
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which  is  very  nearly  exact,  according  to  (101)  of  Vol.  I.  The 
finder  of  the  instrument  will  give  the  apparent  zenith  distance 
f ',  and  the  diflTerence  between  this  and  the  true  zenith  distance 
(^  will  be  found  with  sufficient  accuracy  by  the  formula 

sin  (C'  —  C)  =  /»  sin  TT  sin  (C'  —  y) 

in  which,  a  being  the  azimuth  constant  of  the  instrument, 

Y  =Qp  —  /)  cos  a 
or,  very  nearly, 

Y  =^{9  —  ^')  cos  n  cos  m 

For  the  sun  or  a  planet  we  can  always  put  X'=0  and  Q  =  f ', 
and  the  formula  becomes 

j  = c_±i±± (186) 

(1  —  X)  cos  n  cos  d^  cos  (t  —  }  J) 

For  a  fixed  star,  we  further  put  A  =  0,  5  =  0,  <  =  ©o""  *  +  rri, 
and  the  formula  becomes  for  stars  near  the  pole, 

o   •    1  r  ((?  +  i)sin  1"  ,-oPTN 

2  sm  }  /  = ^^ — ' — ^- (137) 

cos  n  cos  ^  cos  (f  —  }  J) 

and  for  other  stars, 

I  = ^-±i —  (187*) 

cos  n  cos  d  cos  (t  —  }  J) 

In  all  cases,  we  must  carefully  observe  the  sign  of  I  in  the 
denominator  of  the  second  member.  J  will  be  negative  when 
the  observed  time  is  later  than  the  time  to  which  the  reduction 
is  made,  and  then  —  J  J  will  be  essentially  positive.  An  approxi- 
mate value  of  J  must  first  be  found  by  neglecting  Jin  the  second 
member,  and  then  a  more  precise  value  by  the  complete  formula* 
If  the  azimuth  a  and  the  level  b  are  given,  m  and  n  must  first 
be  found  by  (78),  in  which,  however,  we  may  usually  neglect  h 
when  our  object  is  merely  to  reduce  the  several  threads  to  a 
common  instant 

168.  For  a  fixed  star,  another  formula  has  been  ^ven  by 
Hansen.    We  have 

8in((?  -|-  t)  =  —  sinnsin^  —  cos n cos ^ sin (f  —  7) 

=  —  sin  n  sin  d  —  cos  n  cos  d  sin  f  cos  7+  cos  n  cos  d  cos  t  sin  I 
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If  the  reduction  is  made  to  tlie  collimation  axis,  we  Imve 

0  =  ^  Bin  n  Bin  ^  —  cob  n  cob  d  ain  t 
whichj  subtracted  from  the  above,  gives 

sin {c -)- 1)  =; 2coB  n  coa  i  sin  t  sin^  i  1+  cos  n  cos  d  cos  tsml 
whence 

sin  I  ^      ^^^  f  ^  +  0      _  2  tan  *  sin*  i  I  (138) 

cos  n  cos  3  cos  f 

which  is  a  rigorous  formula.    Wo  see  also  that  i  may  be  found 

by  the  formula 

sin  t  =  —  tan  n  tan  d  (ISd) 

169.  Tb  deduce  the  moon's  right  asceTision  from  an  observed  irangti 
in  any  given  position  of  the  instrument. — We  first  find  the  clock  time 
of  transit  of  the  moon's  centre  over  t!ie  great  circle  of  the 
instrument,  from  each  thread,  by  applying  to  the  observed  time 
the  reduction  given  by  the  formula  (135).  Let  T^  be  tlic  mean 
of  the  resulting  times,  and  aJJ,  the  corresponding  correction  of 
the  clock ;  then  we  have  0^=  T^  +  aT^,  and  from  (134)  we  deduce 


sin  (6^ —  a„+  m)^  —tan  ;i  tan  \+fi  sia  rr  ( 


sin  f'tan  n  +cos/sin  m  ] 


in  which  a^  and  d^  are  the  true  right  ascension  and  declination 
at  the  sidereal  time  0^. 

If  it  is  preferred,  we  may  first  find  the  apparent  right  aaeen* 
sion  by  the  fonnula 

aln  (B^ —  a^'-f  tw)  =  —  tan  n  tan  S^' 

and  deduce  the  true  right  ascension  by  applying  the  parallax 
computed  by  Art,  1Q2,  Voh  I;  but  it  will  then  be  neceaaary  to 
compute  the  apparent  declination  8^\ 

It  will  be  easy  to  deduce  from  (140)  the  formula  for  the  ctme 
where  the  instrument  is  in  the  meridian,  which  has  already  been 
given  \n  Art  154. 

The  constants  m  and  n,  above  supposed  to  be  known,  may  be 
found  from  the  transits  of  two  stars  aa  in  the  next  article* 
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170.  The  number  of  Nautical  Almanac  stars  near  the  pole  ia 
SO  email,  that  the  observer  m  the  lic4d,  when  preagcd  for  timOj 
cannot  always  wait  for  their  transits  over  the  meridian,  anj 
must  then  either  employ  catalogue  stars  whose  places  are  not  so 
well  determined^  or  have  recourse  to  extra-meridian  obser^^ationa. 
If  the  transit  iiistmment  is  mounted  so  m  to  be  readily  revolved 
in  azimuth  and  clamped  in  any  assumed  position  (as  is  the  case 
with  the  ^'imivereal  instruments"),  it  may  be  directed  at  once  to 
a  fundamental  star  near  the  pole,  and  then,  its  rotation  axis  being 
levelled,  its  collimation  axis  will  describe  a  vertic-al  circle  not  far 
from  the  meridian.  The  transit  of  any  Bt^r  over  this  circle  being 
observed,  the  general  equations  of  Art.  123  will  enable  us  to  find 
the  hour  angle  of  this  star,  and  hence  the  time,  when  we  have 
determined  the  constants  m  and  n  for  the  assumed  position  of 
the  instrument. 

The  stai's  best  adapted  for  the  purpose  in  the  northern  hemi- 
sphere are  Pohris  (a  Ursm  Minom)  and  3  Ursm  Minoris,  one  of  these 
being  always  near  the  meridian  when  the  other  is  most  remote 
from  it;  and  it  will  be  advisable  always  to  employ  that  which  ia 
nearest  to  the  meridian.  In  the  southern  hemisphere,  the  best 
star  is  a  Odands,  which  is  less  than  1°  from  the  pole ;  but,  as  it 
ia  of  the  6th  magnitude,  it  may  be  necessary,  with  email  instru- 
ments, to  use  either  ^  Mi/dri  or  ^  Ommaihmitis, 

To  take  the  observation,  make  the  axis  approximately  level, 
and  turn  the  telescope  upon  the  circum-polar  star.  The  star 
moving  very  slowly,  set  the  instrument,  so  that  a  few  minutes 
must  elapse  before  the  star  will  cross  the  middle  thread*  During 
this  interval^  apply  the  spirit  level  and  determine  the  constant  b. 
Observe  the  transit  of  the  star  over  the  middle  thread  by  the 
chronometer.  The  instrument  now  remaining  clamped  in  azi- 
muth, revolve  the  telescope  upon  its  axis,  and  observe  the  transit 
of  au  equatorial  star  over  all  the  threads.  Then  determine  the 
constant  b  again,  and  employ  the  mean  of  its  two  values. 

In  order  to  eliminate  an  error  of  eotUmation,  the  rotation  axis 
is  to  be  reversed,  and  another  similar  observation  is  to  be  taken, 
the  instrument  being  set  at  a  new  azimuth  slightly  in  advance 
of  the  polar  star  as  before.  Each  observation  of  a  pair  of  stars 
must,  of  course,  be   separately  reduced.    We   may,  however, 
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combine  eacb  transit  of  the  polar  star  with  the  transits  of  several 
equatorial  stars. 

The  coUimation  constant  should  have  been  made  as  small 
as  possible  before  tlic  observations  j  but,  in  anj  case,  we  shall 
assume  that  its  value  is  known. 

To  reduce  the  obsei'vatious,  we  must  first  find  the  constants 
which  determine  the  position  of  the  instrument.  For  this  par- 
pose,  we  use  only  the  observ^ations  on  the  middle  thread.  Let 
then  T*  and  T  be  the  observ^ed  chronometer  times  of  transit  of 
the  polar  and  equatorial  star  respectively  over  the  middle  thread, 
reduced  for  rate  to  an  assumed  time  T^\  and  let  ^T^  be  the  chro- 
nometer correction  at  this  time;  a',  a,  the  right  ascensions,  d\  d^ 
the  declinations ;  r',  r,  the  east  hour  angles,  or  reductions  to  the 
meridian;  90*^ — m,  and  7i,  the  hour  angle  and  declination  of 
the  point  in  which  the  rotation  axis  produced  towards  the  west 
meets  the  celestial  sphere ;  e  the  collimation  constant :  then  we 
have,  by  (79), 

mn  (r  —  m)  ==  tan  n  tan  a  -f  sin  c  sec  n  sac  ^       1 

sin  (t' —  III)  ^s  tan  n  tan  d'+  sin  c  sec  n  sec  d'      J    K^^^i 


in  which  we  have 


a^Cr  +  A?;) 


If  we  could  put  c  =  0,  these  equations  would  give  ns  m  and  n 
by  a  very  simple  transformation ;  but,  retaining  c,  we  can  still 
reduce  them  to  the  form  they  would  have  if  c  were  zero.*  For 
this  purpose,  let  m'  and  n*  be  approximate  values  of  m  and  it, 
determined  by  the  conditions 

wn  (r  —  m')  =  tan  fC  tan  a 
flin (t'—  m')  —  tan  n'  tan  a' 

from  which  we  shall  find  n'  and  then  the  correction  to  reduce  it 
to  1L     Put 


then  y  is  known  from  the  observation,  since  we  have 


a«) 


•  TOi  tfiaifiirmiilftri  it  gifw  \j  flAJfuit,  Jjfr.  «¥«eiL,  Yd.  XLTHL  p  lia. 
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We  have  then 

and  hence 

sin(;i  —  y)  =  tan  n'tan  d  sin  (A  +  ;')  =  tan  n'tan  d' 

the  sum  and  difference  of  which  give 

28in  A  COB  ^^  cos  d  cos  d'  =  tan  n'  sin  {d'  +  S) 
2coB>l  sin  y  cos  ^  cos  ^'=  tan  n'sin(d'  —  9) 

If,  therefore,  we  make 

-    .     ,       sin  (d'  +  d) 
cos^ 

■    (148) 

sm  y 
these  equations  will  give  us  X  and  X,  and  then  we  shall  have 

,        ,      2cosdcosd'  .^,^^ 

tan  n'  = (144) 

JL/ 

It  is  to  be  observed  that  a'  is  always  to  be  regarded  as  greater 
than  T'y  and  in  finding  y  by  (142)  the  difference  a'  —  T'  is  to  be 
found  by  increasing  a'  by  24*  when  necessary,  but  a  —  Twill  be 
positive  or  negative.  This  makes  y  l^ss  than  180°,  and,  since 
X  -]-  y{=t'  —  m')  must  be  less  than  360°,  it  follows  that  >l  must 
also  be  less  than  180°.  Hence,  L  will  have  the  same  sign  as 
COST',  and  n'.will  be  negative  when  y  >  90°. 

Now,  we  have  r  —  m  =  r  —  m'  +  (m'  —  m),  and,  since  m'  —  m 
is  very  small, 

sin  (t  —  m)  =  sin  (t  —  m')  +  sin  (mf  —  m)  cos  (t  —  m') 

which,  substituted  in  the  first  equation  of  (141),  gives 

sin  c  =  8in(T  —  m')  cos  n  cos  ^  —  sin  n  sin  d 
4-  sin  (m' —  m)  cos  (t  —  m')  cos  n  cos  d 


To  simplify  this,  let  us  put 


sm  d 

sm  IT  = -, 

cosn' 


from  which  and  the  equation 

8in(T  —  m')  =  tan  n'tan d 
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there  follows  also 

cos  w  =  cos  (r  —  mT)  cos  d 

for,  if  we  add  together  the  squares  of  the  first  and  third  of  these 
equations,  the  sum  is  reduced  by  means  of  the  second  to  the 
identical  equation  1  =  1.  By  substituting  the  values  of  sin  (r  —  m'), 
cos  (r  —  m'),  ahd  sin  3y  which  these  equations  ^ve,  in  the  expres- 
sion for  <?,  it  becomes 

sin  c  =  sin  (n'  —  n)  sin  m?  +  sin  (m'  —  m)  cos  n  cos  w 

In  the  same  manner,  if  for  the  polar  star  we  take 
sind' 


Bmu/  = 


cos  n' 


cos  u/  =  cos  (t' —  m')  cos  d' 


we  shall  have 

sin  c  =  sin  (n'  —  n)  sin  u/  -f  sin  (m' —  m)  cos  n  cos  u/ 
Combining  these  two  values  of  sin  tr,  we  have 

sin  c  (cos  w  —  cos  u/)  =  sin  (n'  —  n)  sin  (u/  —  vo) 

whence  ' 

sin  i(uf+w) 


sin  (n'  —  n)  =  sin  (? 
or,  putting  nf—n^^Py 

V  =  c 


cos  }  (u/  —  M7) 

sin  i(u/  +  w) 


cos  }  (u/  —  w) 


(146) 


n  =  n'  —  y 
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If  then  we  take 


Bin  iu  =  —  tan  n  tan  f 
h 

008  n  COB  /i  COS  f 


h  . 

COB  n  COB  /i  COB  c  /    (!"*«) 

we  have 


The  constants  being  thus  found,  we  proceed  to  find  the  cor- 
rection of  the  chronometer  by  the  equatorial  star.  We  must 
first  reduce  the  transits  over  the  several  threads  to  the  collima- 
tion  axis,  which  may  here  be  done  by  the  formula  (138),  omitting 
the  last  term,  which  is  insensible  when  the  instrument  is  so  near 
the  meridian  as  we  here  suppose  it  to  be.  If,  therefore,  we  first 
find  i  by  the  formula 

sin  *  =  —  tan  n  tan  d  (148) 

and  then  put 

1^=  cos  n  cos^  cos  * 

we  must  apply  to  the  observed  time  on  each  thread  the  correction 

^=|,  (149) 

(where  i  is  the  equatorial  interval  of  a  thread  from  the  middle 
thread),  and  to  the  mean  of  the  results  we  must  apply  also  the 

correction  -p  to  reduce  to  the  coUimation  axis.    Let  the  resulting 

time,  reduced  for  rate  to  the  assumed  epoch  T^y  be  denoted  by  ( T). 
Then,  if  0^,  is  the  true  sidereal  time  at  the  same  instant,  we  have 

e.=(r)  +  A2; 

and,  by  Art.  167, 

^=60— tt  +  m 
whence  we  derive* 

A7;=a— (!r)+*  — ^  (1^0) 

If  we  wish  to  take  into  account  the  diurnal  aberration,  we  must 
add  to  the  right  ascension  of  each  star  the  correction  0'.021  cos  f 
sec  d  cos  r, 

171.  In  the  above,  we  have  supposed  c  to  be  given.  To  inves- 
tigate the  effect  of  an  error  in  the  assumed  value  of  c,  let  c  +  ac 

*  It  is  easily  seen  that  the  general  formula  (150)  reduces  to  Haksih's  formula  (86) 
when  the  instrument  is  in  the  meridian. 
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be  its  true  value ;  then  the  correction  of  n  corresponding  to  ac 
ifl,by(145), 

COS  J(U7' — to) 

and,  by  differentiating  the  expressions  (147),  (148),  and  (149),  we 
find  the  corresponding  corrections  of  m,  ^  and  I  to  be 


Am  =  —  An  • 


tan  f 


A^  =  —  An 


Al  = 


cos*  n  cos  m 

tan  a 
cos*  n  cos  t 

AC 


=     AC. 


=      AC. 


sin  }  (m/  -|-  IT)  tan  ^ 
cos  J  (u/  —  M?)  coe'n  cos  m 

sin  }(^^+  t^)tan  d 
'  cos  J  (u/  —  IT)  cos'n  cost 


cos  d  cos  n  cos  t 


The  correction  of  the  quantity  (ST)  —  t  +  m  will  be  composed  of 
the  corrections  of  /  (by  which  ( 7^  is  obtained),  of  m,  and  of  t. 
Denoting  the  whole  correction  by  Ar,  we  have 

AT  =  aJ —  Af  +  Am 

Substituting  the  values  of  the  corrections,  we  find 

AC  r    1  Bini(y/+to)tanw 

cosnLcos 


AT 


W 


cos  i(u/  —  to)  cos 


sin  i(u/  +  w)  tan  y     1 

8  J  (UT*  —  M?)  cos  n  COB  m  J 


By  observing  that  J(w'— u?)  =  J(i/?'+ t^)  —  t^,  the  first  two 
terms  within  the  parentheses  become 


on   OF  THE   MERIDIAN. 


If  we  denote  the  coefficient  of  ac  in  this  equation  by  C,  and  the 
true  chronometer  correction  by  a  T,  the  first  computed  correction 
being  (a  T),  we  have 


Ar=(AT)— ca<? 


(153) 


For  another  observation  in  the  reversed  position  of  the  axis 
the  coefficient  of  Ae  conjputed  by  (152)  being  denoted  by  C\  and 
the  computed  chronometer  correction  by  (ajT^),  we  have,  since 
the  sign  of  ac  is  changed. 


AT=(Ar')+C'Ac 


(154) 


and,  combining  the  two  results,  we  can  determine  both  ATand 
AC.  If  we  have  taken  a  number  of  stars  in  each  position,  we 
can  treat  all  the  equations  of  this  kind  by  the  method  of  least 
squares. 

172.  The  designation  *'  equatorial  star,"  in  the  preceding  ex- 
planations, has  been  used  to  designate  the  etar  from  which  the 
chronometer  correction  has  been  deduced;  but  it  ie  by  no  means 
necessary  that  tliis  star  should  be  very  near  the  equator,  A  star 
which  passes  near  the  zenith  will  be  preferable,  since  an  error  in 
the  determination  of  n  will  then  have  little  or  no  effect  upon  the 
computed  time. 


Example.* — Li  1843,  August  17,  at  Cronstadt,  latitude  f  = 
59*^  59'. 5,  the  following  observationa  were  taken.  The  value 
of  one  division  of  the  level  was  (}*.113.  The  correction  for  in- 
equality of  pivots  was  p  =^  +  0'.14  for  dreU  west  The  equatorial 
intervals  of  the  threads,  numbered  from  the  circle  end  of  the 
axis,  were 


+  34'.50 


4-  18- J4 


—  16M4 


33*.33 


The  assumed  colliraation  constant  was  c  =  —  0*.33  for  circle  west 
The  chronometer  correction  was  approximately  a  T=:^  +  40* ; 
its  losing  rate,  r.72,  or  8T=  +  r.72  daily. 

*  SAWif acH,  PraeU  Aftnm.,  Vol,  L  p.  348. 
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Isi  position  of  the  inBtniment:  Cfirele  WetU 


Level.    Direct 

Beversed 


E. 

w. 

-12.0 

—  17.8 

+  27.0 
+  21.2 

J?  =  +  0'.52 
|)  =  +  0.14 


Mean  J?  =    +4*6  6  =  +  0.66 

Transits  obserred  with  ehrononeter  "H«nt  No.  10." 


Thread. 

I 

n 

III 

IV 

V 

a  Urs.Min. 
fi  Draconis 

88*.0 

8'.9 

17*  28-  lO'.O 
17  28    86.0 

1'.4 

29*.8 

Level    Direct 

Beversed 


E. 


—  18.0 

—  12.4 


+  21.0 

+  26.8 


Mean  J?  =    +  4''.85 


2d  position:  CuxU  JSatt, 


Level.    Direct 

Beversed 


E. 

W. 

—  18.4 
-17.4 

f  21.0 
+  23.1 

Mean  B=    +  2'.08 


B  =  +  0'.49 
J)  =  +  0.14 

6  =  +  0 .63 


J?=  +  0'.24 
;>  =  -0.14 

J  =  +  0.10 
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a  6 

aUrs.Min.  1*  8«45'.70  88«  28' 24".2 
fi  Dracania,  17  26  65 .73  52  25  25  .5 
r  DraconiSj    17  53     0 .85        51    80  51  .0 

Computation  of  the  observations,  circk  west. — ^We  shall  reduce 
the  observed  times  for  the  chronometer  rate  to  the  common 
epoch  T^=  18*.  To  allow  for  the  diurnal  aberration,  we  take 
for  the  approximate  times  of  the  observation  of  a  Ursce  JMmoris  and 
fiJDraconiSj  17*  24*  and  17*  29",  which,  subtracted  from  the  re- 
spective right  ascensions,  give  for  their  eastern  hour  angles,  or 
the  values  of  r,  7*  40"*  and  —  0*  2*,  and  hence  the  values  of 
0*.021  cos  f  sec  ^  cos  r  for  the  two  stars  are  —  0*.17  and  +  0*.02, 
which  are  to  be  added  to  the  right  ascensions.  The  corrected 
quantities  are  then : 

aUr8.Min.  0!=  1*  8«45'.53  r'==17*23"  9-.96  a'=  88«28'24".2 
BDraconiSy  a  =  17  26  55.75  T  =11  28  84  .96  a  =  52  25  25  .5 
a'  — r'  = 


2r  = 


40 

1 


35.57 
39.21 


a'+a  =  140   53  49  .7 
a'— a=  36     2  58  .7 


7  42    14.78  =  115<*33'41".7 
r=  57*>46'50".9 
Hence,  by  the  formulse  (143)  and  (144), 


log  Bin  (»'+«)  9.799833       log 

em(8'— 

S)  9.769736     log  cos  d'  8.425554 

log  cos  r  9.726857 

log  sir 

1^9.927378     logcosd  9.785199 

log  i  sin  il  0.072976 

log  i  COS /I  9.842358     log  2 

0.301080 

log  tan /I  0.230618 

logcoe 

1  k  9.704899 

8.511788 

1=     69o32'39".2 

log 

L  0.137459 

log; 

2  cos  »'co8«  8.511783 

n'=+  P21  22".8 

log  tan  n' 8.374324 

By  the  formulse  (145)  and  (146), 

l-\-r=    117°  20' 

x-r  = 

P46' 

logsec(-l  +  ;')  n0.8380 

log  sec  (A  —  r) 

0.0002 

log  seen'     0.0001 

log  sec  n' 

0.0001 

log  tan  9'     1.5743 

log  tan  i 

0.1138 

log  tan  «/  nl.9124 

log  tan  w 

0.1141 

v/=      90<»42' 

IB  = 

52°  27' 

J(w'+fo)=      71    85 

\{u/-w) 

19     8 

logBin}(«>'-f  w) 

9.9772 

logsec  }(»'—«>) 

0.0247 

(?  =  _0'.88  =  — 4".95 

log  c 

nO.6946 

y  =  —  4  .97 

logy 

110.6966 

n'  — v  =  n=  +  l»21'27".8 
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By  the  formulse  (147) : 


log  ( —  tan  n) 
log  tan  f> 
log  sin  ft 

fi  =  — 


n8.874769 

0.288416 

n8.613184 

2»21'   7".0 

+  19.4 


b  =  +  0'.645  =  +  9".68 


log* 

0.9859 

log  sec  It 

0.0001 

log  sec  11 

00004 

log  sec  {» 

0.8009 

log<9 

1.2878 

m  =  —  2    20  47  .6 


The  constants  of  the  instrument  being  thus  found,  we  proceed 
to  find  the  chronometer  correction  by  pJDraconis.  We  first  find 
i  and  the  thread  intervals  by  (148)  and  (149) : 


f  =  —  lo  45'  54".6 


log  tan  n  8.874769 
log  tan  a  0.118828 
log  Bin  t  n8.488592 


log  cos  n  9.99988 

log  cos  a  9.78520 

log  cos  ^  9.99979 

logi?'  9.78487 


I  n               IV               V 

log  i  1.58782  1.27277  nl.20790  nl.52284 

log  1 1.75295  1.48790  nl.42308  nl.73797 

/  4-  56.62  +  80-.75  —  26'.49  —  54'.70 


c  =— O-.SS 
log  c       n9.518 

n9.733 


^ogj 


-=«0..54 


Applying  these  reductions,  we  have,  for  the  time  of  passage  over 
the  middle  thread,  and  the  chronometer  correction  by  (150), 


P  Draecnit, 
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Computation  of  the  observations,  circle  east. — This  being  in  all 
respects  similar  to  the  above,  we  shall  only  put  down  the  prin- 
cipal results.  The  approximate  hour  angles  (r)  of  a  Ursce  Minoris 
and  yDraconis  are  7*  10*  and  —  0*  3*,  whence  the  correction  of 
the  right  ascensions  for  diurnal  aberration  are  —  0*.12  and  +  0*.02. 
Beducing  the  times  for  rate  to  18*,  we  find 


aUrt.Min.J=  1»   8-45'.58 
yDraconis  •=17  58     0.87 

2"=  17»  52-  45'.49    9'=  88°  28'  24".2 
T  =  17  55     1 .39    *  =  51    80  51  .0 

whence 

r=        540    7'88".8 

n'  =  +      1    26    2.5 

i  +  r=      110°   4' 

«/=        90    81 

v^                +    5".0 

n  =  +      1"  25'  57".5 

j«  =  —     2    28  54  .7 

m  =  —     2    28  50  .8 

t  =  —     1    48    9.6 

k  =      55°  55'  54."2 
c  =  +  0'.38  =  +  4".95 
i  —  r=       1°  48' 
v)=      51    82 

6  =  4-  0'.18  =  +  1".95. 
/J  =  4-  8".9 

\ogF=      9.79366 

For  the  reductions  of  the  threads  for  YDraconis,  we  find 

V                        TV 
I      +  53'.60        +  25'.96 

—  SO'.W        —  66'.48        -  =  +  0'.58 

and  hence 

7  Draeonit. 
Transit  over  middle  thread  =  17*  55"    1'.59 

1=        +     0.53 

Bed.  for  rate  to  18»  =       —     0 .01 

(T)  =  17  55     2.11 
•  =  17  53     0.37 

•  —  (2')  =  —     2      1.74 
t  —  m     =+     2    42.75 

A!r,=        -f    41.01 

The  mean  value  derived  from  the  observations  in  both  positions 
of  the  instrument  is,  therefore, 

A2;=  +  41'.06atl8*. 
In  general,  however,  unless  the  declinations  of  the  two  stars  are 
nearly  equal,  the  true  value  of  aT^  vnll  not  be  the  mean  of  the 
values  found  in  the  two  positions;  but  we  shall  have  to  proceed 
as  follows. 

Vol.  XL— W 
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To  estimate  the  eflect  of  an  error  in  the  assumed  value  of  c  in 
this  computation,  we  might  here  imt  y5'=  ^  in  (lo2),  since  n  and 
m  are  hei*e  small ;  but,  lor  tlie  sake  of  UluistratioD,  we  shall  use 
the  complete  formulee.     We  find 


Cirete  Wfff. 

Cirrlf  Eatt. 

/= 

=     60°  r.2 

m"  VA 

K«^+tr)-<p'  = 

=       11    34 

11    0 

log 

cosCKto'+w)  — fl 

9.9911 

9.9919 

log  aec  J  (tc'  —  ic) 

0.0247 

0.0257 

Been 

0.0001 

0.0001 

* 

eee^ 

0.3013 

0.3013 

logC 

0.3172            logC 

0.3190 

enc' 

C-. 

e 

=  +  2.075                   C'=  + 2.084 

(Circle  west) 

a7;  =  +  41M0  — 2.075a<: 

hem 

(Circle  east) 
ce 

A  T,  =  + 41 .01 +  2.084  AC 
O'flft 

"^  =  +  4.159  =  +  '''^'^ 

(Circle  west)    &  T, 

=  +  41M0  —  0'.04  =  +  41' 

-.06 

(Circle  east)     &  T, 

=  +  41 .01  +  0 .05  =  +  41 

.06 

This  result  agrees  with  the  mean  value  found  before,  becauBf 
here  the  declinations  of  the  stai's  were  nearly  equal,  and  the  posi- 
tion of  the  instrument  with  respect  to  the  meridian  was  nearly 
the  fiame  in  both  observations. 

As  the  value  of  c  is  often  but  imperfectly  known,  it  will  be 
bcRt  always  to  take  a  pair  of  stars  in  each  position  of  the  axis, 
and  then  to  compute  tlic  two  clock  coiTcctions  upon  the  supposi- 
tion of  €  =  0,  The  true  correction  will  then  be  found  by  com- 
pnting  C^c  a«  above,  and  tjic  value  of  ac  will  be  the  true  value 
of  c.  Thus,  in  the  preceding  example,  if  we  had  first  taken 
e  =  0,  we  should  have  fonnd  from  [i  Draeoms  (a7^  =  +  40'*42, 
an<I  from  jDraconis  (aT')  =  +  4r.70,  and,  computing  the  ooeffi- 
eicntii  Cand  C  as  above,  we  should  have  liad 


whence 


(Circle  west) 
(Circle  east) 


A  7;=  +  40'.42  — 2.075  c 
aT;^  +  41.70  -f  2.084c 


4,159 
(Circle  west)    a T,  ^  +  40*42  +  0\e4  =  -f  41 '.Oe 
(Circle  oast)     a  T^  =  +  41J0  —  0  .64  =  +  41  .Ott 
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APPLICATION  OF  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATION OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN    THE   VERTICAL    CIRCLE    OF   A    CIRCUMPOLAR   STAR. 

173.  We  here  suppose  the  observations  to  be  made  essentiallv 
as  directed  in  Art.  170,  with  this  diiFerence,  however^  that  we 
Rhnll  not  restrict  the  obiservation  of  the  ^tar  near  the  pole  to  it;^ 
transit  over  tlve  middle  thread.  The  instrument  being  broiiglit 
near  the  vertical  of  a  circumpolar  star :  Ist,  the  transit  of  this  star 
over  anyom  of  the  threads  m  obBcrved;  2d,  the  transitsof  a  imniber 
of  equatorial  stars  are  observed  ;  3dj  the  axis  of  the  instrament  is 
revei*8ed,  and  the  transit  of  the  polar  star  again  observed  over 
one  thread  ;  and  4th,  the  transits  of  a  number  of  equatorial  stars 
are  obsena^d.  T!ie  level  is  read  for  each  star.  If,  liowever,  tlio 
circumpolar  t^tar  lias  passed  all  the  tlireads  by  the  time  the  axis  ha;* 
been  revei-sed,  the  azimuth  of  the  instrument  must  be  changed, 
so  as  to  bring  the  star  near  a  thread ;  then,  ehimping  the  instru- 
ment in  azimuth,  the  transit  over  this  thread  will  be  observed, 
and  also  tlie  transits  of  a  set  of  equatorial  stars  as  before.  Li 
this  case  tlie  observations^  being  made  in  two  difterent  vertical 
circles,  must  be  separately  comp\ited  according  to  tlie  following 
metliod.  It  is  hardly  necessary  to  observe  that  the  obser^^ations 
of  the  equatorial  stars  may  cither  precede  or  follow  that  of  the 
circumpolar  star,  as  may  happen  to  be  most  convenient,  lu  this 
method,  we  form  an  equation  of  condition  from  the  observation 
of  each  star,  and  all  those  for  which  the  aziuuith  of  the  instra- 
ment is  the  same  are  combined  by  the  method  of  least  squares. 

Let  c  denote  the  collimution  constant  for  the  mean  of  the 
threads,  and  i  the  equatorial  distance  of  a  thix^ad  from  the 
mean;  then,  r  denoting  the  hour  angle  of  the  star  wlien  observed 
on  the  thread,  i  +  e  mu»t  be  substituted  for  c  in  our  fundamental 
equation  (79) ;  and,  since  this  quantity  is  always  sufficiently  small, 
we  shall  put  it  in  the  place  of  its  sine.  Thus,  we  have  for  each 
thread 

c  +  I  =  —  Bin  n  sin  tJ  4-  cos  n  cos  (J  sin  (t  —  m) 

When  several  threads  are  observed,  the  mean  of  the  observed 
times  corresponds  to  that  point  of  the  field  which  we  call  the 
mean  of  the  tlireads  only  when  the  instrument  is  in  the  meridian. 
'When  the  instrument  is  not  in  the  meridian,  two  methods  of 
procedure  offer  themselves.  The  first  is  that  wliich  has  been  used 
in  the  preceding  aHicles,  and  consists  in  reducing  each  thread 
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eitlier  to  tlio  middle  or  the  mean  thread  l>j  means  of  the  com- 
|mted  intervals.  But  to  compute  these  inten^aU  we  must,  as 
has  heeo  seen,  know  the  position  of  the  instrnment.  The  second 
method,  which  we  owe  to  Bessel,  is  not  only  more  simple  in 
practice,  but  is  wholly  indepeudent  of  the  position  of  tlie  instru- 
ment; and,  as  it  will  he  useful  hoth  in  the  present  problem  and 
in  that  of  iiodiog  the  latitude  by  transits  over  the  prime  vertical, 
I  shall  treat  of  it  here. 

If  we  denote  the  number  of  observed  threads  by  y,  we  have  q 
equations  of  the  above  form,  *  and  r  being  different  in  each* 
The  mean  of  these  equations  is 

c  +  -Si  =z  —  sin  n  Bin  ^  +  <?os  n  eof?  ^  -  J  sin  (r  —  m) 

q  9 

where  £  is  the  usual  summation  sign.    Now  let 

T  =  the  mean  of  the  observed  times  on  the  several 
threads, 
T  —  1=  the  observed  time  on  any  thread; 

then  /is  the  interval  found  by  subtracting  each  observed  time 
from  the  mean  of  all,  and,  consequently,  the  algebraic  sum  of 
all  these  intervals  is  zero.     Also  let 


^  :=s  the  clock  correction, 

then  for  each  thi'ead  we  have 

T  =  «  —  (T— /+  S}  =  t+I 
0in  (r  ^  m)  =  Bin  (t  —m  +  T)  =  sin  (t  —  m)  cos  /  +  cos  (^  —  m)  sin  / 

-^  £  sin  (r  —  m)  ^=  sin  (f  —  m)  —  J  cos  /  -f  cos  (t  —  m)  —  I  sin  / 

Let  k  and  x  be  determined  by  the  conditions 

1  1  r         r 

—  cos  jf  =^       —I cos  I 

k  q 


--  sm  le  t=  —  —  J  sin  I 
k  a 


then  we  have 


—  r  Bin  (r  —  m)  ^  —  sin  (*  —  k  —  m) 
q  k 
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Hence,  putting 


•        3 


} 


cor  equation  becomes 

...   cos  n  cos  9  sin  (t,  —  m) 
c  -{- 1^  =  —  smn  sin  a  -| ^  ' 

A 

Thus,  X  and  A:  being  found,  we  find  r^  by  using  the  corrected 
time  T+  x  instead  of  T^  as  in  (155),  and  then  this  single  equation 
represents  the  mean  of  the  q  equations.  We  may  bring  this 
equation  still  nearer  in  form  to  that  for  each  thread,  by  substi- 
tuting 

Y  cos  ^j  =  —  cos  9 

Y  sin  ^,  =  sin  d 
which  give 

c  +  X 

^  =  —  sin  n  sin  d^  +  cos  n  cos  9^  sin  (t,  —  m)        (156) 

where  ^^  is  so  nearly  equal  to  unity  (as  will  presently  appear)  that, 
as  the  divisor  of  the  small  term  c  +  i^^  it  may  usually  be  omitted. 
Thus,  the  mean  equation  is  precisely  of  the  form  for  one  thread, 
when  we  use  both  a  corrected  mean  time  and  a  corrected  decli- 
nation. The  quantities  x  and  ^j,  or  else  x  and  log  A,  are  readily 
found  by  the  aid  of  tables  such  as  Tables  VTU.  and  Viil.A  at 
the  end  of  this  volume,  the  construction  of  which  is  as  follows. 
The  equations  which  determine  k  and  x  may  be  written  thus  : 

^cosx  =  l  —  ij2  sin*  J I 
k  q 

-—Bin  x  =  — 2(1  —  sin 7) 
k  q 

for,  since  JSI=  0,  this  last  equation  is  the  same  as  the  one  before 
given.  But  the  quantity  /—  sin  /is  of  the  order  P,  and  there- 
fore extremely  small,  so  that  we  may  put  cos  x  =  1,  and  hence 

1  =  1— 12:2  sin*  JI 
k  q 
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S,^d  + 


tan  «5, 
A'  — 1   sin  2a 


k  tan  5 


A:  +  1  sin 
or,  Bubfititutlng  the  value  of  A, 


r  ^\it+  If  2siQr  ^ 


d^^d  + 


- 1  sin*  1  / 
9 


1  —  -  ^  sin*  J I 

9 


Bin  2^   .    . 


&m 


Bessel  givesf  a  table  from  which  with  the  argument  J  we  find 

Bin* )  / 
/—sin  J  in  seconde,  and  — ; — tj--     The  means  of  the   tabidar 

quantitieii  taken  for  the  several  values  of  /are  respectively  x  and 
the  numerator  of  the  coefficient  of  25.  A  email  eub^i diary  table 
corrects  far  the  neglect  of  the  denominator.  In  the  tables  at  the 
end  of  this  volume  I  have  adopted  a  different  arrangement  By 
the  logarithmic  formula 

log(l  —  x)  =  —  Jf  (X  +  iir*  4^  &c.) 
in  which  M=  0.4342945,  we  find 

log*  =  — logi;^ifrij2s!n>JJ+3(Aj2  8in«J/y+ Ael 

where  the  second  term  of  the  series  will  mostly  be  inappreciable* 
The  approximate  value  of  log  kj  neglecting  this  term,  will  be 

logA:=ij2Jlffiin'i/ 

and,  employing  this  value  in  the  second  term,  the  complete 
value  will  bo 

^  2  3£ 

Table  VLLL  gives,  in  the  column  log  k,  the  value  of  2MBin*  J/ 
corresponding  to  each  interval  /.  The  mean  value  of  log  Jt, 
which  is  required  in  reducing  several  threads,  will  be  found  by 
tuking  the  mean  of  the  several  values  from  the  table.     Whcu 


•  PL  Trig.,  Art,  2M- 
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extreme  precision  is  desired,  this  mean  is  to  be  increased  by  tbe 
email  correction  given  in  Table  VlLi.A,  which  contains  the  value 

of  the  term      ^  1.  »  with  the  argument  **meari  log  i\"     The 

column  marked  x  gives  the  vahie  of  I—  sin  Jin  seconds  for  each 
value  of  /;  and  the  mean  of  the  several  values  is  likewise  to  be 
taken  as  the  correction  of  tlie  mean  of  the  observed  times  T. 
The  sign  of  J  is  diftcrcnt  for  threads  on  opposite  sides  of  the 
mean,  and  the  sign  of  x  must  be  the  same  as  that  of  L  Ilence 
the  mean  x  will  be  evanescent  when  the  observed  threads  are 
I  eymmctrieally  disposed  about  the  mean, 

These  tables,  then,  effect  the  reduction  of  the  threads  to  a  single 
istant  in  a  remarkably  simple  manner,  without  requiring  a  pre- 
pions  knowledge  of  the  jiOHition  of  the  instrument,  Ve  have 
[>nly  to  add  x  to  tlie  mean  of  the  obsen^ed  times,  and  to  find  the 
corrected  declination  by  the  formula 


tan  ^,  =  A"  tan  d 


(157) 


Then,  taking  the  mean  of  the  equatorial  intervals  i  of  the  ob- 
served threads,  we  proceed  to  use  equation  (156),  as  representing 
the  mean  of  all  the  threads*  The  divisor  j^  is  founds  from  the 
equations  which  determine  y  and  tJj^  to  be 


r  = 


(^-i)""'''^ 


OOi  (#j  —  d) 


where  we  may  put  cos  (<Ji  —  3)  =  1.  Since  4  is  zero  when  all 
the  threads  are  observed,  we  may  put  j^  —  1  in  such  cases  with- 
out hesitation,  since  it  is  then  the  divisor  only  of  the  very  small 
quantity  t\  But  in  the  method  of  observation  here  adopted  we 
may  in  all  cases  put  7-  =  1 ;  for  we  suppose  the  slow-moving  star 
to  be  observed  on  but  one  thread,  in  which  case  we  have  rigor- 
ously Y  —  I;  and  for  the  equatorial  star  {even  if  we  extend  this 
denomination  to  stars  of  the  declination  50°  or  60°)  the  intervals 
/will  always  be  less  than  2*",  and  tlien  the  mean  log  k  will  always 
be  less  than  0.00001,  and  log  y  will  bo  less  than  0.00002,  We 
take  then,  as  completej  the  equation 

c  -)-  I J  =  —  sin  n  sin  3^  -[-  cob  n  cos  d^  sin  (r^  —  m) 

Substituting  sin  Tj  cos  m  —  cos  -^  sin  m  for  sin  (r^  —  7n)  and  then 
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subf^titiitiiig  the  values  of  sin  »,  coan  cos  m,  cosn  sin  m,  from  (78), 

the  equation  becomes 

c  +  !(,  =  —  b  (sin  f  sin  d^  +  <^^®  S^  <^*>s  ^i  *^s  ^i)  +  *^*^8  ^  ^^^  ^i  S'J^  ^i 
-f  sin  a  (cos  f  sin  d^  —  siu  f  cos  d^  cos  Tj) 

This  equation  will  be  satisfied  when  a  is  the  true  value  of  the 

aziiautli  of  the  instrument  and  r^  Jias  been  found  by  employing 
the  true  clock  correction  ??.  But,  if  a  and  i?  denote  adsumeil 
approximate  values  of  these  quantities,  Aa  and  At?  their  required 
corrections,  and  if  r^  is  found  bj  the  formula 


',  =  «-(?;  +  »> 


(168) 


then  we  must  substitute  in  the  above  equation  a  +  £ka  for  a,  and 
Tj  —  A*J  for  Tj.  We  thus  find  (neglecting  the  products  of  the 
small  quantities  6,  Aa,  and  a&) 

c  +  tp^  — 6  (sin  9»  sin  ^j  +  cos  f  cos  $^  cos  r,) 

-|-  cos  a  cos  <Jj  sin  r,  +  sin  a  (cos  ^  sin  c)j  —  sin  f  cos  ^j  cos  r^) 

—  Aa  sin  a  cos  dj  sin  Tj-f  Art  cos  a  (cos  f  sin  5^ —  sin  ^?  cos  d^  cos  r^) 

—  Ad  cos  5j  (cos  a  cos  t^  -f  S'R  ^  sin  ^  sin  t^) 

To  adapt  this  for  compntittion,  let  z  and  ^4  be  the  zenitli  distance 
and  azimuth  of  the  point  of  the  sphere  whose  declination  is  3^ 
and  hour  angle  r, :  tlien  we  have  (Vol.  I.  Art.  14) 


cos  z  =       sin  ^  sin  iJ,  +  cos  f>  cos  ^^  cos  r, 
sin  s  cos  A  =  —  cos  ^  sin  <Jj  +  sin  f  oos  d, 
sin  2  sin  ji  =  coe  ^, 


(159) 


and  our  equation  becomes 

c  -f  ij=  —  d  cos  iT  —  sin  (a  —  A)  sin  z  —  Aa  cos  (<i  ~  .4) dn  z 
—  Ad  cos  ^^  (cos  a  co«  Tj  -f-  sin  a  sin  f  sin  r,) 

Here  a  — A  must  be  of  the  same  order  as  e  -f-  Ji»,  and  there- 
fore may  also  be  put  for  its  sine,  and  it^  cosine  may  lie  put  —  1* 
In  the  coefliciinit  of  a'>  wc  may  put  eos*?  for  cos^j.  Tran^>06tDg 
the  equation,  and  collecting  the  known  terms,  by  putting 

A  =  I,  +  ft  cos  J  -f  (a  —  -4)  sin  2  (IW) 

we  obtain  the  equation  of  condition 
c-f  Aasln  iP-f  A^co8^(cofl  a  eo9r^  +  sin  a  un  f  mnt^)  +  h  =^0  (161) 
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in  which  the  sign  of  c  must  be  changed  when  the  axis  of  the 
instrument  is  reversed.  It  must  also  be  observed  that,  (as  in 
meridian  observations  where  2:  =  y  —  ^),  sin  z  must  be  negative 
when  the  star  is  north  of  the  zenith :  this  sign,  however,  will  be 
^ven  by  the  equations  (159)  if  attention  is  paid  to  the  signs  of 
the  other  quantities.  To  compute  z  and  A  by  logarithms,  let  g 
and  G  be  determined  by  the  conditions 

g  BinG  =  sin  d^ 
g  cos  G  =  cos  d^  cos  r^ 
then 

cos  2r  =g  cos  (^  —  (?) 

sin  z  cos  A  =  gQin(^  —  G) 
sin  z  Qin  A  =  cos  ^^  sin  r^ 

or  (observing  that  tan 3^=  k tan d) 

^       k  tan  d 
tan  G  = 


.       tanT-cos(?  V    .^/.ov 

tan^  =  -; 3 —-  )   (162) 

8in(^  — G)  '    ^      ^ 

tan  (<p  — -  G) 
cos  A 

in  which  G  and  A  are  to  be  taken  less  than  90°,  positive  or 
negative  according  to  the  sign  of  their  tangents,  and  the  sign  of 
tan  z  will  be  determined  by  that  of  tan  (^  —  G). 

If  we  put 

tan  F  =  tan  t^  sin  <p  (163) 

the  coefficient  of  ai?  may  be  computed  under  the  form 

p  ^  cos  d  cos  r^  cos  (fl  —  F)  ^ 

cos  JP'  ^      ^ 

The  whole  process  of  forming  the  equation  of  condition  for 
each  star  is,  therefore,  as  follows : 

Ist.  Find  X  and  log  k  from  Table  VITE.,  and  add  x  to  the  mean 
of  the  observed  times  on  the  several  threads.  Call  the  resulting 
time  7\,  and  find 

r,  =  a-(T,+  d) 

in  which  &  is  the  assumed  clock  correction  reduced  to  the  time  7\. 
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2d,  Compute  A,  r,  P  by  the  equations  (162),  (163),  and  (164), 

and  h  by  the  equation 

h  z=z  i^^  b  C09  2  +  {a  —  A)  sin  r 

in  which  i\  is  the  mean  of  the  equatorial  intervals  of  the  observed 
threads  from  the  mean  thread,  b  is  the  inclination  of  the  rotation 
axis,  and  a  is  the  aB.Hunied  azimuth  of  the  instrument. 
Then  the  equation  of  coudition  is 

it  c  +  Art  sin  r  +  P.  Ad  -|-  A  =  0 

in  which  the  sign  of  c  is  to  be  determined  by  the  position  of  the 
rotatiim  axis  of  the  instrument 

From  all  the  equations  thus  formed,  the  most  proTnible  values 
of  Cy  Aflr,  and  ^l&  will  be  found  by  the  method  of  li*ast  squares. 

If  the  azimuth  of  the  instrument  haa  been  changed  during 
the  observations,  these  must  be  divided  into  two  srts,  and  two 
different  assnmed  azimuths  a,  a\  with  the  eorreetions  ^a  and  Aa\ 
will  be  used  in  tlie  formation  of  the  equations. 

It  ia  hardly  neeessary  to  remark  that  all  the  quantities  ij,,  6, 
a  —  A,  i\  ^Uy  ^f^  are  expressed  in  the  same  nnit,  either  of  time  or 
arc;  the  latter  will  perhaps  be  most  convenient, 

ExAMPLB, — The  following  observ^ations  were  taken  by  Bessel 
with  a  very  small  portable  instrument^  to  determine  the  time. 

Munlcli,  1827,  June  27, 


Circle  EmL 

1       ^ 

II 

lU 

IV     i 

V 

I«Td. 

Z  Scarpa 

8»12'.2 

7-62',5 

ll». ..-...•. 

—  1*080 

t  Ophiuchi 

14  22.4 

14     2 .6 

11  18  43.2 

l3-22*.7 

18-  1*.6 

-0.608 

aUrsasMimrU 

11  

20     8.2 

— 0  .079 

Circle  West, 

aUrsct  Minoris 

********* 

13M9-52'.S» 

+l«.S8lt 

^a(Anon.) 

2I-35*.5  21-5G*.2 

13  22   16.2 

22-37'.0 

22- 68'.8+ 1.670 

24  Scuti  Sab. 

26   11.4[26  SI  .6 

18  2G  52 .8 

27   12.8 

27  84.4-1-1.887 

The  azimuth  of  the  instrument  iras  changed  between  the  two 
Beta  of  observations,  circle  cast  and  circle  wesL 

Tho  plaee  of  obsenation  was  in  the  garden  of  Dr,  Steixueil's 
house,  where  the  latitude  was  f  =  48*^  8'  40", 

The  chronometer  woja  a  pocket  meaa  time  chronometer  of 
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S^SSEL.  Its  correction  to  sidereal  time  at  12*  (chronometer  time) 
was  assumed  to  be  t?  ~  6*  1~  3'.00,  and  its  rate  on  sidereal  time 
was  +  9'.19  per  hour  (losing). 

The  equatorial  intervals  of  the  threads  from  the  mean  thread 
were  as  follows  for  circle  west : 


+  598".08 


The  value  of  one  division  of  the  level  was  4".49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  pre- 
viously been  found  to  be  —  1".89  for  circle  west. 

The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


II 

III 

IV 

V 

+  303".09 

+  6".19 

—  294".91 

—  612".46 

a 

6 

/  Scorpii 

16*   2-36'.71 

—    90  36'34".2 

€  Ophiuchi 

16     9    13.90 

—   4    16     8  .9 

a  Ursce  Minoris 

0   59      5.28 

+  88    23    2  .5 

"^  a  (Anon.) 

18   18     8.49 

+  14    52  36  .7 

24  Scuti  Sob, 

18   19    24.11 

—  14    89  56  .0 

The  reduction  of  the  observations  of  ^  Scorpii  and  e  Ophiuchi  on 
the  several  threads  to  a  mean  will  serve  to  illustrate  the  mode 
of  using  our  Table  Vm.,  although  in  this  case  the  quantity  x  is 
quite  insensible  and  log  k  nearly  so.     We  have,  then, 


Circle  East. 

T 

/ 

X 

log* 

i 

/  Scorpii  I. 

II. 

11*   8-12'.2 
7    52.5 

—   9'.85 
+    9.85 

0.00 
0.00 

0.0000001 

1 

—  598".08 

—  803  .09 

Means 

11     8     2 .35 

0.00 

0.00 

0.0000001 

—  450  .59 

c  Ophiuchi 


Means 


11  14    22.4 

—  39'.90 

0.00 

0.0000018 

—  598."08 

14     2.6 

—  20 .10 

5 

—  303  .09 

13    48.2 

—   0.70 

0 

—     6  .19 

13    22.7 

+ 19 .80 

5 

+  294  .91 

13      1.6 

+  40 .90 

0.00 

19 

+  612  .46 

11  13    42.50 

0.00 

0.00 

0.0000009 

0.00 

^^H            To  form  the  eqiiatic 
^^H            circle  cast,  we  now 

^^^^^^^B                            Assumed 
^^^^H                           Bate 

^^^^H                 log 

■ 

^^^^^H                                         Un 
^^^^^^^B                                   log 
^^^^^H                  log  cosec  (^  —  G) 
^^^^^^B                                 log  tan 

^^^^^^H                                 log 
^^^H                    log  tan (^-(?) 

^^^^^H                              Aiiiim«d  a 

^^^^^^B                                                     i  COS  < 

^^H                 it«nr|Sin^T=1.  tan  J* 

^^^H                                                           log  COS 
^^^^H                                                           log  COS 
^^H                                         log  006  (4  —  F) 

^H                                          logaeeJ* 

RTABLE   TRAXSI 

311S  of  conditio 
find  by  the  foi 

r   INSTRUMENT 

n  for  the  thre< 
TBulae  (158,  &c 

«  Ophiuchi. 

?  stars  observed, 

, 

n*    S'**   2».86 

+    5     1      3.00 
—     7.96 

11*13"42'.50 

+    5     1      8.00 

—      7.09 

11*20'*    8'.20 

+      5     1       3.00 

—       6  J2 

16     8   57.39 
16     2   36.71 

16   14    88.41 
16     9    13,90 

16  21       0.08 
0   69      5.28 

—     6   20.68 
^1°  35'  10".2 
0.0O0166 

fi9.228677 
0.000000 

—     5    24.51 
— 1«    2r    7''.66 

0.0O0121 

*i8. 673022 

0.000001 

4-      8  88      5,20 
129«  81'  18".0 
910.196290 
1.549578 
0.000000 

fi9.228848 
—    y>36'47".2 

57    45  27  .2 
n8.442337 

9.993858 

0,072784 
n8,608929 

fi8.873144 

—   4*»  16'  18'',2 
52    24  53  .2    ' 
«8.S72975 
9.998793 
0.101030 

118.472798 

Al.7458e3 

—    88*»  58'  U^.a 
137      6  57  .3 
M0.0B3561 
8.254067 
0.167161 

«8. 604789 

9.999774 
0.200180 

9.999808 
0.118683 

9.999778 
119.967894 

a20<186 
0.92733 
9.72697 

0.11887 
9.89904 
9.78517 

fi9. 96812 

it9.83296 

9.86484 

-  1«  50^  56^86 

—  1    42    0. 

—  1«  42'  4^85 

-     I«4y6r.74 

—                2  .96 

+               4".85 
—              0,84 

-f            r  fi2**.74 

+             453".29 

—  1  .58 

—  450  ,59 

+             8^84 

—             0.51 

0.00 

—              32r.80 

+                  1    l« 
-h               294,91 

4-              1M2 
118.314394           ' 

—  1«  IC  54" 

—  81     6 
9.99886 
9.99988 
9.99998 
0,00009 
9.99876 

-\-             3''.88 
tf8.245032 

—  1«    0'26'' 

—  41  84 
9.99879 
9.99988 
9.99997 
0.00007 
9.99878 

—  25*.76 
K9.956618 

—  42«»    r39^ 
40   22  89 
8.454r25               1 

119.80371 

9.88184 

0.ISM9 
118.26528 

^^^^^^H             *  We  hare  ncglect«tl  th^  dinmal  aboraUon,  aj  an  insensible 
^^^^^^H        tioDs  with  so  tmall  an  inttrument. 

quantity  in  obs^rra^ 

J 
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Hence  the  equations  of  condition,  circle  east,  are : 

X  Scorpii  —€  +  0,8469  Aa  +  0.9857  A.?  +  rM2  =  0 
£  Ophiuchi  ^  c  -f  0J92r»  Aa  +  0.0971  A'>  +  3  .33  =.  0 
a  Urs,  Min.  —  c  —  0.0807  Aa  —  0.0184  a.^  —  25  ,70  :=  0 

In  the  same  manner,  we  find  for  the  stars  observed,  circle  west, 


a  Urtm  Mm. 

•« 

24  Scuti  Sob. 

T,  +  * 

18*21-   8'.03 

18'  23-  32*.34 

18*28-    8'.81 

^1 

99»29'18".75 

—    1»20'57".75 

—    2"'11'10".6 

log* 

0.000000 

O.OOOOOl 

0.000001 

log  tan  A 

n8.617903 

n8.61810d 

»i8.618ni9 

log  sin  z 

n9.82674 

9.73943 

9.94920 

log  cos  z 

9.87007 

0.92217 

9.65941 

A 

—  2°  22*  S2".22 

—  2°  22'  36".20 

—  2»22'38".05 

Assam  e^d  a' 

—  2    22  40  . 

a!— A 

—              7  .78 

_             3  .80 

—              1  .95 

h 

+              5  .22 

+              5  .61 

+              6  .36 

i!—A)  sin  2 

4-               5  .22 

—               2  .09 

—              1  .74 

b  COB  2 

+             3  .87 

+               4  .69 

+               2  .90 

«. 

+              6  .19 

0  .00 

0  .00 

A 

+            15  .28 

-(-              2  .60 

+               1  .16 

logP 

n7.74071 

9.98501 

9.98544 

and  hence  the  equations  for  these  stars  are 


a  Urs.  Min 


-\-€^  0.6710  Aa'  —  0,0055  Ai?  +  15".28  =  0 

a  +  c  +  0.5488  Aa'  +  0,9601  At^  +    2  .60  ^  0 

24  Scuti  SoL  +C  +  0.8897  Aa'  +  QM70  a^%  +    1  .16  ^  0 

The  six  equations  involve  four  unknown  qiiantitieB,  which 
might  be  deternnued  from  the  four  normal  equations  formed  in 
the  usual  manner.  But,  where  the  number  of  equations  is  so 
little  greater  than  tliat  of  the  unknown  quantities,  it  is  not 
worth  wliile  to  employ  this  method.  We  can  here  obtain  the 
same  result  bj  eliminating  mi  from  the  first  set  and  Aa'  from 
the  second,  and  then  combining  the  resulting  equations  for  the 
determination  of  c  and  aS,     Thus,  substituting  the  values  of  Aa 
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aiirl  A/z'  foiind  from  the  equations  for  a  Ursrn  3/?n.  in  the  eqaa* 
tiona  of  the  other  two  staiii  in  the  two  group«s  reapectivcly,  we 
have  the  four  equations 

X  Scorpii  —  2,2427  c  +  0 J629  a^^  -^  30".89  =  0 

c  Ophiuchi  —  2.1G42  c  +  0.9757  A»9  —  26  M  =  0 

♦rt  4-  1.H179C  +  0,9616  a^*  +  15  .10  —  0 

24  Scuti  Sob,  +  2.3259  f  +  0.955)7  Ad^  +  21  .42  :^  0 

from  whieh  we  derive  the  normal  equatioua 

18,4281  c  —  0,2908  a4  +  204".25  =  0 
—    0,2908  c  +  3J249  a.*  —    20  ,68  ^  0 


which  give 

Ilenee  wo  have,  finally, 


a6  =  +    4".69  :^  +  O'.ai 

c  =  ^  irm  ^  —  o*.7a 


*=r  +  5*i-3'.ai 


By  the  four  time  starg,  eeverally,  we  have  3'.43,  3'.18,  3\34,  3'.29. 
The  methods  which  have  here  been  given,  for  finding  the 
time  with  a  transit  instrnmeiit  out  of  the  meridian,  are  intended 
for  the  use  of  ohservers  in  the  field  who  have  hut  Httle  time  to 
adjust  their  inRtrunient^  and  winh  to  collect  all  tlie  data  poftsible, 
reserving  their  reduction  for  a  future  time.  The  greater  labor 
of  theftc  redactions,  compared  with  those  of  meridian  observa- 
tious,  IB  often  more  tlian  compeuiiatcd  by  the  saving  of  time  in 
the  field. 


DKTKRMIXATIOK   OF   THE   OEOGRAPniCAt   LATITrBE   BY   A  TEASStT 
INSTRLMENT    IN    THE    PRIME    VERTICAL. 

174.  The  transit  in^ument  U  said  to  be  in  tlie  prime  vertical 
w*lien  the  ^reat  circle  described  bv  its  collimation  oxib  h  in  the 
prime  vertical.  The  rotation  axit»  is  then  perpendicular  to  the 
phiiie  of  the  prime  %*erticul,  and  lies  in  the  intersection  of  ilie 
planci*  of  the  meridian  and  horizon.  We  owe  to  Bessel  the  «|>» 
plication  of  the  instniment  in  this  position  to  the  determination 
of  the  latitude  of  the  place  of  obden^ation. 

The   fundamental   principle  of  the   method  may  be  brtefljr 


IN    THE    PRIME    VERTICAL. 
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f stated  as  follows,*     Let  P^,  Fi^^  45,  bo  the  meridian ;  SZS' 

the  prime  vertical  of  the  observer;  H3IS* 

the  diurnal  circle  of  a  star  whicli  crosses  *^p 

the  meridian  between  the  zenith  and  the 

equator.     8  a  eh   a   etar   crosses   the  prime 

vertical  above   the  horizon  at  two   points 

S  and  *S"  on  opposite  sides  of  the  zenith 

and  at  eqnal  distaueea  from  the  meridian. 

If  then  we  observe  the  transits   at   these 

two  points  with  an  instrument  perfectly  adjusted  in  the  prime 

vertical,  and  note  tlie  times  by  a  clock  wliose  rate  is  well  known, 

we  determine  tlie  liour  angle  ZPS^  ~  /,  which  is  equal  to  one- 
Jhalf  the  elapsed  sidereal  time  between  the  two  observations; 
'  and,  therefore^  in  the  right  triangle  PZS*  we  know  this  angle 

and  the  hypothenuse  PS*  =  i}\P  —  (J,  from  whicli  we  find  the 

side  PZ  ^  90*^  —  ^ ;  whence  the  formuhi 

tan  <p  =  tan  d  sec  i 

in  whicli  pis  the  latitude.  It  is  evident  that  only  those  stars 
can  be  observ^ed  on  the  prime  vertical  whose  declinations  are 
^between  0  and  ^p.  Tlie  nearer  the  observations  to  the  zenith,  that 
^is,  the  less  the  diti'erence  between  the  declination  and  the  latitnde, 
the  less  tlie  effect  of  eiToi*s  in  the  observed  times  \\\\o\\  tlie  value 
of  sec/^  and,  consequently,  upon  the  computed  latitude. 

The  advantage  of  this  method  of  tinding  the  latitude  lies 
chieflv  ill  the  facility  with  whicli  all  the  instrumental  errors  may 
be  eliminated  by  using  the  instrument  alternately  in  opposite 
positions  of  the  rotation  axis,  reversing  it  either  between  the 
observations  on  two  different  stars  or  between  observations  of 
the  Barac  star,  or  using  it  in  one  position  on  one  night  and  in 
the  reverse  position  on  the  same  stars  on  another  night.  Dif- 
ferent methods  of  reduction  appl}  to  these  several  methods  of 
observation,  which  will  be  hereafter  investigated.  We  must  first 
ehow  how  to  place  the  instrument  in  or  near  the  prime  verticah 

175.  Approximate  adjustment  in  the  prhne  Vfrfiral — The  middle 
thread  must  be  carefully  adjusted  in  the  eollimation  axis,  or  as 
nearly  so  as  possible.  Then  compute  the  sidereal  time  of  pass- 
ing the  prime  vertical  for  some  star  whose  declination  is  small, 


«  Sco  also  V^l.  1.  Arts.  1^  und  108. 
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that  is,  a  .star  which  passo.s  tlic  prinie  veiiical  at  a  low  ahitude. 
If  i  ==:  the  hour  angle  in  the  prime  vertical,  3  =  the  decliaatioQ, 
and  f  =  the  assumed  latitude,  we  have 

COS  t  ^=  tan  ^  cot  f 

aud,  if  a  —  the  star's  right  aaceusiou,  0  =  the  sidereal  time  of 
passiug  the  prime  vertical, 


0  ^  ft  -+-  f 


—  for  cast  transit  i 

+ 


west 


At  thi«?  time,  therefore^  by  the  clock  {allowing  for  the  correction 

of  the  clock),  bring  the  middle  thread  upon  the  star,  observiag 

to  keep  the  rotation  axis  as  nearly  horizontal  as  possible.     The 

zenith  distance  at  which  the  star  will  be  observed  may  also  be 

previously  computed,  to  facilitate  the  fimliug;     For  this  purpose 

we  have 

sin  d 

cos  2  =  -r — 

sm^ 

which  gives  the  true  zenith  distance,  from  which  we  should  sub- 
tract the  refraction  in  the  case  of  very  low  stars. 

After  the  instrument  has  thus  been  brought  near  tlie  prime 
vertical  by  one  star,  the  rotation  axis  should  be  carefully  levelled, 
and  the  adjustment  verified  by  another  star.  In  tlie  first  adjust- 
ment the  frame  of  the  instrument  would  be  moved ;  but  in  the 
second  only  the  V  which  is  provided  with  a  small  motion  in 
azinmth.  When  the  instrument  is  provided  with  a  graduated 
horizontal  cir«de,  the  most  satisfactorj-  method  is  to  ac^ust  it 
first  in  tlic  meridian  and  then  revolve  it  in  azimuth  f*0°. 

In  preparing  for  an  observation  on  the  extreme  threads,  we 
must  know  the  interv^al  required  by  the  star  to  pass  from  one  of 
these  to  the  middle  thread.  It  i^ill  be  shown  hereatYer  that  if 
I  —  the  equatorial  interval  of  the  sidereal  thread  from  the  middle, 
the  corresponding  star  interval  /,  near  the  prime  vertical,  will  be 
nearly 

and  it  is  easily  shoi^ni  that  when  the  hour  angle  t  becomes  <  ±  JJ 
the  asenith  distance  becomes  z  ±-  15  7  cos  ^,  where  the  factor  15 
is  used  to  reduce  /from  time  to  art*.  The  first  obsen^ation  on  a 
side  thread  at  the  cast  transit  will,  therefore,  be  expected  about  J 
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secondg  before  tte  time  of  transit  already  computed,  and  at  a 
greater  zeiiith  distance  by  about  15 /cos f ;  wbile  the  lii^i^t  ob- 
sensation  at  the  west  transsit  will  also  be  expected  /  seconds 
before  the  time  of  transit  computed,  but  nearer  the  zenith  by 
about  15/eosf.  These  simple  calcuhitions  are  accurate  enough 
for  the  purpose  of  preparing  for  the  observation,  'WTien  the 
intervals  of  the  threads  are  not  known  at  first,  they  will  be 
obtairied  accurately  enough  from  the  early  observations  for  sub- 
sequent  use  in  finding  stars* 

For  stars  whose  declination  is  very  nearly  equal  to  the  lati- 
tude, the  zenith  distance  and  hour  angle  on  the  prime  vertical 
may  be  more  aceumtcly  computed  by  the  fonnulse 


smz 


j/&m  (f  —  it)  ein  (f  +  d) 


sin  ^  — 


Bm2 
eosd 


176.  Correction  for  indmaimi  of  the.  axis, — ^When  the  rotation 
axis  is  in  the  meridian,  but  is  inclined  to  the  horizon,  the  great 
circle  described  by  the  eolUmation  axis  is  still  perpendicular  to 
the  meridian,  but  intersects  it  in  a  point  whose  angular  distance 
from  the  zenith  of  the  observer  h  precisely  equal  fo  the  inclina- 
tion of  the  rotation  axis.  This  point  may  be  called  the  zenith  of 
the  instrument;  and  the  great  circle  described  by  the  coliimation 
axis,  the  prime  vertical  of  the  ifisirunient.    If  we  put 

^  z=^  latitude  of  the  zenitli  of  the  instrument, 
f  :^       *'  *'      observer, 

b  =  incHnation  of  the  rotation  axis,  positive  when  north 
end  is  elevated^ 
we  have 

9  =  9*  +  b 

flffll  the  only  consideration  of  the  level  correction  required  in 
this  case  is  to  apply  it  directly  to  the  latitude  found  from  the 
instrument  by  the  same  methods  that  are  used  when  the  axis  is 
truly  horizontal. 

But  if  the  rotation  axis  is  not  in  the  meridian,  nor  the  middle 

bread  in  the  coliimation  axis,  the  simple  solution  given  in  Art. 
174  requires  some  modification.  I  proceed  now  to  consider 
the  instrument  in  the  most  general  manner,  with  deviations  in 

dmuth,  level,  and  coliimation,  and  to  show  how  to  eUminate 
^the  effects  of  these  deviations. 
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Fig,  4«. 


w*k 


the  great  circle  APZ'*. 


177.  Tb  find  the  hiitude  from  the  observed  iinies  of  transii  of  « 
gmn  star  over  a  given  thread  €€ist  and  west  of  the  meridian^  the  roUi* 

Oon  axis  being  in  the  same  position  at  both 
observations, — ^Let  the  rotation  aada  lie 
in  the  vertical  circle  ZA,  Fig.  4*3,  and 
suppose  the  north  end  elevated,  so 
that  the  great  circle  of  the  instriiraenl 
is  E'Z'^W,  and  a  thread  at  the  dia- 
tanec  c  south  of  the  eollimation  axia 
describes  the  Bniall  circle  SS\  Let  A 
be  the  point  in  which  the  rotation  axis 
produced  meets  the  celestial  sphere, 
and  throiigli  A  aud  the  pole  Pdraw 
This  great  circle  is  pcqiendieular  to 
E*Z^'  W\  and  the  ohservatioiia  of  the  star  on  the  thread  at  S  and 
S*  are  equally  distant  from  it.  We  may  call  PZ^^  the  meridian, 
E*Z**  W*  the  prime  vertical,  and  Z"  the  zenith  of  the  instrument 
Now,  the  equatioiia  (78)  and  (79)  of  Art.  123,  being  entirely 
general,  apply  to  the  instrument  in  this  position,  but  it  h  con* 
venient  to  make  some  modifications  of  the  notation*  The  point  A 
being  now  near  the  north  point  of  the  horizon,  itg  azimuth  is 
nearly  zero  and  its  hour  angle  nearly  180*^.     If  we  put 

the  azimuth  of  ^  =  90**  -f  («)  =  —  a,  or  (a)  =  ^  (90**  -f  a} 
the  hoar  angle  of  1  ^90**  —  m  =  180°  +  A,  or  m  =  —  (90*  +  i) 

where  we  distinguish  the  a  of  the  equations  (78)  by  enclosing  it 
in  brackets;  then  a  is  the  email  azimuth  of  the  rotation  axis 
reckoned  from  the  north  towards  the  east-,  and  X  h  the  hour  angle 
of  the  meridian  of  the  iuHtrumcnt  (or,  as  we  might  call  it^  the 
west  longituile  of  the  instrument);  and  the  substitution  of  these 
quantities  in  equations  (78)  gives 


009  n  cos  A  =  —  sin  b  cos  f  -\-  cos  b  cob  a  sin  f 
COS  n  sin  A  =^       cos  b  sin  a 

sin  n  =      sin  6  sin  ^  -f  cos  b  cos  a  cos ; 


(166) 


and  as  r  in  (79)  is  the  hour  angle  east  of  the  meridian,  while  it 
is  here  more  convenient  to  reckon  it,  in  the  usual  manner^ 
towards  the  west,  we  shall  change  its  sign,  so  Uiat  tlie  factor 
sin  (r  —  m)  will  become 


sin  (—  r  +  dO^  -f  i)  =  cos  (r  —  X) 
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and  the  equation  (79)  will  become 

sin  c  =  —  sin  n  sin  ^  +  cos  n  cos  d  cos  (t  —  X)  (166) 

For  the  convenience  of  future  reference,  I  shall  here  recapitulate 
the  notation  used  in  these  our  fundamental  equations :  namely, 

f  =^  the  latitude  of  the  place  of  observation,  positive  when 

north; 
d  =  the  declination  of  the  star,  positive  when  north; 
T  =  the  hour  angle  of  the  star; 
a  =  the  azimuth  of  the  rotation  axis,  positive  when  east  of 

north; 
b  =  the  inclination  of  the  rotation  aisAs,  positive  when  the  north 

end  is  elevated; 
c  =  the  collimation  constant  of  a  thread,  positive  when  the 

thread  is  north^  of  the  collimation  axis; 
X  =  the  longitude  of  the  meridian  of  the  in&trumQnt,  positive 

when  west; 
n  =  the  declination  of  the  north  end  of  the  axis. 

If,  further,  when  the  star  is  observed  at  both  the  east  and  west 
transits,  we  put 

T,  r'  =  the  hour  angles  of  the  east  and  west  observations, 
respectively; 
r,  T'  =  the  clock  times  of  observation; 
aT,a5P'=  the  corresponding  clock  corrections; 
a  =  the  right  ascension  of  the  star; 
2^=  the  elapsed  sidereal  time  between  the  east  and 
west  observations  on  the  same  thread; 

we  have 

T=  r+  aT— »  t'riz  r'+  aT'— a 

d  =  i(T'+ AT'— r— aT) 

;i  =^(!r'  +  A!r'+  T+  aT)— a 

whence     6  =  r'  —  X  =  X  —  r 

We  see  that  tf  will  be  well  determined  when  the  clock  ratej  or 
aT'  —  aT,  is  known ;  but  to  find  X  we  must  also  know  the  clock 
correction  and  the  star's  right  ascension. 

♦  When  the  thread  is  north  of  the  prime  verticftl,  the  emaU  circle  of  the  sphere 
which  corresponds  to  it  !•  iouth  of  the  prime  rertical,  and  vice  versa. 
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iSTow,  let  h  and  j9  be  assumed  so  as  to  satisfy  the  conditions 

A  sin  )9  =  sin  5 

h  cos)9  =  cos6  cos  a 


then  the  equations  (165)  become 


cos  n  cos  A  =  A  sin  (f>  —  §i) 
cos  n  sin  A  =  cos  h  sin  a 
sin  n  =  A  cos  (f>  —  /9) 


) 


(167) 


Substituting  in  (166)  the  values  of  cos  w,  sin  n,  given  by  these 
equations,  and  also  cos  (r  —  A)  =  cos  {X  —  r')  =  cos  i>,  we  have 


.  cos  d 


sin  c  ==  —  h  cos(^  —  /9)  sin  ^  +  A  sin  (f  —  /9)  cos  d 

cos  A 

to  reduce  which  we  assume  h'  and  f'  to  satisfy  the  conditions 


A'  sin  ^'  =  sin  ^ 
A'  cos  ^'  =  cos  d 


cos* 
cos  X 


} 


(168) 


which  transform  the  preceding  equation  into 
sin  c  =  hh!  sin  (f>  —  ^'  —  ^9) 


whence 


.    .  -       -^       smc 

sm(s.-9>'-/9)=.j^ 


But,  as  c  is  never  more  than  15',  and  h'  =  -: — -,  will  never  be  less 


sin/ 
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and  then  we  hare 


f  =  9'+^  + 


c  Bin  tf 
gin  h 


(170) 


It  is  evident  that  the  factor  cosJl  iu  (169)  corrects  for  azimuth 
deviation,  the  term  h  iu  (170)  for  inclination  of ^the  rotation  axis, 

and  tlie  term      ,  -  -   for  the  distance  of  tho  thread  from  the  col- 
,.      ^,  ,      sm<J 

limatioii  axis. 

In  these  equations,  «?  and  X  are  obtained  from  the  observed 
times  on  the  same  thread,  the  rotation  axis  being  in  the  same 
position  at  the  two  observations.  The  constant  c  has  then  the 
same  sign  at  both  ohsen^ations,  +  for  north  threads,--  for  south 
tlireads;  and  its  vabie  must  be  known  for  each  thread.  We 
deduce  then,  by  (IGO)  and  (170),  from  each  tliread  separately,  a 
value  of  the  latitude,  and  take  the  mean  of  all  the  results  as  the 
latitude  given  by  the  instrument  in  this  posiiion  of  ike  axis.  But 
if  the  pivots  are  unequal  the  Btriding  level  does  not  give  the 
true  value  of  b  directly.  (See  Art.  137.)  Moreover,  the  constant 
c  is  composed  of  the  equatorial  interval  of  the  given  thread  from 
the  middle  thread  combined  with  the  collimatinn  constant  of  the 
middle  thread,  and  will,  therefore,  involve  both  tlie  error  in  tho 
determination  of  the  interval  and  in  the  adjustment  for  colli- 
mation. 

Now,  to  eliminate  all  these  instrumental  erroi's,  repeat  tho 
observations  on  the  same  star  on  a  subsequent  night  iu  the 
reverse  position  of  the  axis.  Let/J  he  the  (unknouTi)  correction 
for  inequality  of  pivots,  q  the  (unknown)  correction  of  c  for  error 
in  the  interval  of  thread  and  coUimation  adjustment;  let  <p\  (f" 
be  the  latitudes  given  by  (169)  for  the  same  star  on  different 
nights  and  in  reverse  positions  of  the  axis;  6,  6'  the  luelinations 
of  the  rotation  axis  given  l>y  the  spirit  level.  The  true  iiR-Iina- 
tions  are  ft  +  p  and  i'  —  jx,  and  the  true  value  of  the  collimation 
constant  for  the  given  thread  is  c  +  ?.'  so  that  in  the  first  posi- 
tion of  the  axis  we  have 

sin  ip* 
sm  o 


and  in  the  second  position, 


f=^9"+b'-p-ic  +  q) 


sin  f " 


sin  d 


mid  the  mean  of  these  is 
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2      L         sm  i         J 

BO  that  the  inequality  of  pivots  is  ^YbollY  eliminated,  and  tho 
error  of  thread  and  collimatioii  m  reduced  to  the  term 

2  L         Bin  5         J  2  sin  J  ^         ^^ 

which  for  q  =  1",  f'  —  ^"  --  1°,  is  0".0O8  cos^  eosec^,  and  that 
part  of  this  small  quantity  which  depends  on  the  collimation  of 
the  middle  thread  will  have  different  signs  for  north  and  south 
threads,  and  will  also  wholly  disappear  from  the  mean.  There 
will  remain^  therefore,  in  the  result  only  that  part  of  this  term 
which  depends  on  the  errors  of  the  tliread  intervals.  As  the 
thread  inteiTals  can  easily  be  determined  in  tlie  meridian  within 
1",  this  remaining  error  in  the  latitude  will  be  insensible  in 
practice,  and  we  may  assume  the  mean  of  two  nights'  ohserva- 
tious  to  be  wholly  free  from  tlie  instnimcntal  eiTors. 

There  remain  yet  the  eiTors  of  observation  and  of  the  clock. 
These  affect  both  the  angles  c?  and  X.  As  X  is  always  small,  their 
effect  will  not  generally  be  appreciable  in  cos^,  and  their  effect 
in  sec  tf  will  be  less  the  nearer  the  star  is  to  the  zenith ;  for  the 
clock  errors  that  appear  in  «?  are  only  the  variations  of  rak\  and 
the  less  the  interval  the  less  the  effect  of  these  upon  i>,  and,  at 
the  same  time,  the  less  the  angle  &  the  less  effect  will  anj^  chaoge 
in  &  produce  in  sec^. 

The  expression  for  the  error  in  f  resulting  from  an  error  in  & 
is  found  by  differentiating  (169) ;  whence 

df  Beo*f^  =  M  tan  d  sec  ^  tan  d  cos  A  =  Jd  tan^'  tan  ^ 

or  nearly 

Of  ^=  —  sm  2  f  tan  ^ 


and  sin  2^  is  greatest  for  y  =  45^,   in  which   case  we   bare 

flf  =  —  tantf.    For  d  =  1\  df  ^  d&  X  0,13;  or  an  error  in  *of 

!•==  15"  produces  an  error  in  f  of  less  than  2".  If  we  assume, 
then,  that «?  can  always  he  obtained  within  1%  we  oaght  to  exjHiCt 
the  mean  of  tlie  lutitu<les  obtained  in  two  nights  fnun  the  same 
thread  and  witli  the  same  star  to  agree  %vith  that  found  in  tlid 


IN   THE    PRIME   %^ERTICAL. 


247 


Bame  way  from  any  other  thread,  witliiu  2'\  when  the  observa- 
tions are  taken  within  one  honr  of  tlie  meridian.  This,  in  fact, 
is  the  experience  of  observers  in  the  use  of  this  method. 

Finally,  the  latitude  is  affected  by  an  error  in  the  talmlated 
declination  of  the  star.  When  f  <  45*^,  the  error  in  the  latitude 
is  always  greater  than  the  error  of  the  declination ;  but  when 
f  >  45*^,  the  error  in  the  latitude  wnll  be  less  than  the  error  in 
the  decliuatioUj  if  we  use  stars  whose  decliuatione  fall  between 
the  limits  90°  and  90°  —  y?,  as  will  be  seen  at  once  by  examining 
the  equation 


df  =  dS 


Bin  2f 
Bin  2d 


[  which  is  found  by  differentiating  (169)  with  reference  to  f  and  S, 
L  It  is  evident,  thereforCj  that  this  method  is  better  suited  to  high 
[  latitiidea  than  to  low  ones,  altliough  satisfactory  results  may  be 
[obtained  by  it  even  in  latitudes  not  greater  than  30*^. 

178.  Instead  of  deducing  a  value  of  the  latitude  from  each 
Bad,  it  is  usually  more  convenient  to  reduce  the  observations 
on  the  several  threads  to  the  middle  thread,  and  then  to  find  the 
^Talue  of  tlie  Jatitudc  from  the  mean*  This  value  will,  of  course, 
be  the  same  as  the  mean  of  the  several  values  found  from  the 
threads  individually.  I  proceed,  therefore,  to  investigate  the 
formula  for  reducing  the  observations  on  the  side  threads  to  the 
middle  thread. 
Let 

1  =:  the  equatorial  interval  of  any  given  thread  north  of  the 
middle  thread, 

1^=^  the  corresponding  star  interval, 

then,  r  being  the  hour  angle  of  the  star  when  on  the  middle 
thread,  r  —  /  is  its  hour  angle  when  on  the  given  thread ;  so  that 
c  now  denoting  the  eolUmation  constant  of  the  middle  thread, 
and,  consequently,  c  +  i  being  now  put  for  c  in  (166),  we  have 

Bin (i  -|-  cj)  =  —  Bin  ft  sin  3  -f  cos  n  cos  ^ eos {t—  X  —  J) 

while  for  the  middle  thread  we  have 

sin  c  =  —  Bin  n  sin  <J  +  cos  n  cob  d  cos  (r  —  X) 

The  difierence  of  these  equations  gives 

2  cos  (i  i  +  c)  sin  J  t  ==  2  cos  n  cos  ^  sin  (r  —  A  —  1  /)  Bin  J  J 
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In  th?  first  member,  since  i  and  c  are  both  small^  we  may  put 
2  cos  J  i  sin  J  /,  or  sin  r,  and  lieuce 


28m  }/  = 


Bm  £ 


cos  n  cos  ^  sin  (t  —  A  —  J  /) 


If  tbo  azimuth  a  of  the  instrument  is  even  aa  great  a«  20'  (and 
it  will  always  be  much  lens)^  it  is  easily  shown  that  log  A  in  (167) 
will  not  be  less  than  9.999993,  that  is,  it  will  not  change  the 
fifth  decimal  phxce  by  a  unit  iu  the  eomputation  of  log  cos  w; 
aud,  as  this  degree  of  accuracy  is  evidently  even  more  than  suf- 
ficient in  computing  Z  we  shall  here  take  cosn  =  sin  (f  —  6),  and 
hence 

2  Bin  J  J  =.  — ^ '^i — (171) 

sin  (y  *—  b)  cos  ^  sm  (r  —  i  —  i  /) 

THb  very  exact  formula  will  be  refjuired,  however,  only  where 
the  star  is  very  near  the  zenith.  In  moj^t  cases  we  cum  employ 
einy  for  8in(f  —  b)  and  put  J /instead  of  its  sine, 

T\Ticn  the  star  has  been  observed  on  the  middle  thread,  both 
east  an^l  west  of  the  meridian,  we  may  find  r  —  X  —  ^  witli 
sufficient  accuracy  for  computing  the  reductions  of  the  ttireadSi 
by  taking  the  half  difference  of  the  observed  times  an  this 
thread;  and  hence  tlie  formula  will  be 


2  sin  i  /  = 
or,  in  most  cases, 


sin  1 


Bin  (y>  —  b)  cos  d  sin  (*  —  i  J) 

i 

sin  ^  eos  d  sin  (^  —  J  I) 


In  applying  these  formula?,  the  signs  of  «,  /,  and  &  must  be 
carefully  observed.  Thus,  i  will  be  positive  for  north  and 
negative  for  south  threads;  i^  positive  for  a  star  west,  and 
negative  for  a  star  east  of  the  meridian.  The  value  of  /  re- 
quired in  the  second  member  may  be  found  with  sufficient 
accuracy  from  the  observations  themselves;  and,  in  ortler  to 
obtain  it  witli  the  proper  sign,  it  is  to  be  observed  that  the  ob- 
served time  on  the  given  thread  is  always  to  be  subtracted  from 
that  on  tlie  middle  thread. 

Having  reduced  the  several  ob8er\^ations  to  the  middle  tliread 
by  adding  the  values  of  /  thus  found,  the  means  of  the  results 
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for  the  east  and  west  transits,  respectively,  will  now  be  denoted 
by  T  and  T\  after  which  t>  and  A  will  be  accurately  found,  and 
the  latitude  computed  precisely  as  in  the  preceding  article.  The 
quantity  c  in  equation  (170)  will  now  denote  the  coUimation  con- 
stant of  the  middle  thread. 

The  level  constant  should  be  determined  both  before  and  after 
each  transit  east  and  west,  and  the  mean  of  the  four  values 
employed  for  6,  particular  care  being  required  in  the  determina- 
tion of  this  quantity,  since  any  error  in  it  affects  the  resulting 
latitude  by  its  whole  amount. 

Example. — The  following  observations  were  taken  by  Hansen 
in  Heligoland  with  a  transit  instrument  in  the  prime  vertical.* 
The  hours  are  given  only  for  the  middle  thread,  and  the  observa- 
tions on  threads  VH.,  VI.,  and  V.  are  placed  immediately  below 
those  on  L,  H.,  and  HI.,  respectively. 

1824,  July  ZX.^CircU  North, 


y  DraeonU. 

I.  and  VII. 

n.  andVL 

III.  and  V. 

IV. 

Level. 

East  transit 
West     «       1 
Clock  correction  (si 

14*  28-.8 

9   26. 

27   35. 

32   37.5 

dereal)  at  14 

13-  36v8 
10   13. 
28   26.8 
31    50. 

*22"»  =  +  l" 

12-  46'. 
11      3.8 
29    17.5 
31      0. 

»47'.40.    Da 

16*  11-  54'. 
19  30     9.8 

ilyrate, +4'.12 

}— 0^.40 
1-1.37 

1824 

,  August  8.- 

-Circle  South 

• 

y  DraconU. 

LandVIL 

II.  and  VI. 

IIL  andV. 

IV. 

Level. 

East  transit  - 

West      «       { 
Clock  correctio 

8-  57-. 
13    59. 
32    15. 
27    14. 

n  at  14*  8"» : 

9-  47'. 
13      9.5 
31    26. 
28     3. 

=  4-  1»»  59*. 

10-  36-. 
12    17.5 
30   36.5 
28   55. 

98.     Daily  r 

16*  11-  27'.5 
19  29   44. 

ate,  -f  4*.27 

|  — K50 
1—0.03 

The  threads  are  numbered  from  the  circle  end  of  the  axis,  so 
that  for  "circle  north*'  stars  at  the  east  transit  are  observed  first 
on  thread  VH.  Their  equatorial  intervals,  as  found  by  observa- 
tions in  the  meridian,  were — 

I  n  ni  V  VI  vn 

(Circle  north)  f,  +82'.882    +21'.557     +  10*.  968    — ia'.662    — 2K426    — 8K672 


♦  Attron.  Nach,,  Vol.  VL  p.  117., 
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The  value  of  one  division  of  the  level  was  2".5  (of  arc). 

The  collimatioii  coiistaiit  was  c  =  +  2'M8  (in  arc),  circk  natifu 

The  aasumed  latitude  was  ip  =  64^  10'.8. 

For  the  given  dates,  the  apparent  places  of  tlie  star  were — 

>  Drttcfmi*  o  6 

1824,  July  31,  17*  52-  34'.42  +  5P  SCK  6r.64 

**      Aug.  3,  **     **    34 .37  «      *'  58  .04 

We  shall  limt  reduce  the  observations  of  July  31.  To  eorapnte 
the  thread  intervals,  we  find  an  approximate  value  of  d  from  the 
observed  times  on  the  middle  thread,  the  difterence  of  which  is 
S*  18**  15\8,  and,  since  in  this  time  the  clock  rate  is  +  0**6,  we 
take  2*?  ^  3*  18-»  16-.4,  and  hence 

(Approx.)  d  ~  1*  30*  8'.2 
Taking  the  difForences  between  the  observed  times  on  each  side 
thread  and  that  on  the  middle  thread  for  both  the  east  and  we^ 
transits,  the  mean  of  the  two  values  for  eacli  thread  may  be  used 
as  a  sufficiently  exact  value  of  I  to  be  used  in  the  second  member 
of  (172),  namely : 

1  n  \n  V  Ti  vn 

(Approi.)  A-f  2"  2i*M  +   1*42'.0  +  0-«  62*.2  — p«60«,2  —  !■•  I0».6  —  2*  27».8 
d  — J/,  1»87  60.8     P3S1CJ     1*^8  42.1    l*39Sa.8    1^89  5S.6    1*10  22.1 

w^hence  the  reductions  to  the  middle  thread  are,  for  the  west 
transit, 

A     +  2"  34'.07  -r  1*"  42*. 74  -f  0-  52»,04  —  0* SO-.IG  —  1- ¥iPM  —  2- ».0I 

and  the  same  values,  with  their  signs  changed,  are  used  for  the 
east  transit  These  being  applied  to  the  observed  times,  we  have — 


Eitat. 

West. 

I 

16*  11' 

■  53'.83 

19*  30-  9'.97 

II 

$4.06 

9.M 

in 

63.96 

9M 

IV 

64.00 

9.80 

V 

63.90 

9M 

VI 

53.49 

9.51 

vn 

54.01 

9.49 

T  = 

16  U 

53.90 

T  = 

19  80   9.67 

Ar  = 

+     1 

47.71 

aT'  = 

+     1  48  .28 

r  +  4r= 

IC   13 

41 .61 

T'-\-aT  = 

19  31  67  .95 

19  31 

57.95 

16  13  41.61 

\  sum  = 

17  52 

49.78 

{ 

i  diff.  = 

1   39    8.17 

•  ^ 

17  52 

34.43 

=  *  = 

24»4-'2".55 

i  = 

15.36 

^ 

0*    3' 

60" 
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Hence,  by  (169)  and  (170), 

log  tan  ^   0.0996440 

log  sec  ^  0.0419648  ..  -   .   9'm  « 

log  COS.    9.9999997  l7gT    0.3385 

log  tan  sp'  0.1416085  i^^  ^^^    .   9,9039 

S^=54oi0'47".41  logcosec^   0.1064 

^^^=  +    2.26 0.3538 

sind 

b= —    2  .21 

f)  =  54    10  47  .46 

For  the  observations  of  August  3,  we  find,  from  the  observed 
times  on  the  middle  thread, 

(Approx.)  »9  =  P  39«  8v5 

and  fix)m  the  observed  times  on  the  side  threads  compared  with 
the  middle  thread, 

I  n  in  V  VI  vn 

(Approx.)/,  —  2- 80«.8  —  1"*41'.2   —  0"»62'.0  -f  0"»49'.6  +1"*4K6  +  2"  80'.8 
^  —  i/,  1*40  23.9  1*39  69.1    1*39  34.6    1*88  43.7    1*3817.7    1*37  63.1 

with  which  we  find  the  true  values  of  /to  be  as  follows : 

/,  —  2"»  81'.28  — 1"»  41M0  —  0"»  61 '.61  +  0"»  60'.66  +  1"»  42M0  +  2  "•81-.62 

Applying  these  to  the  observed  times,  and  taking  the  means,  we 
have — 

East.  West. 

T  =  16*  11-  27'.61  T  =  19*  29«  44'.81 

Ar=+     2      0.35  iiT'=+     2      0.94 

T  +  aT=16   13    27.96  T'+A!r'=19  31    45.75 

;i=    O*'  0'  37".  ^=24^47'  13".5 

"With  these  we  find,  taking  now  c  =  —  2'M8, 

f)'  =  54°  10'  50".25 

^-?i5-^=        -    2.26 
sin  d 

b=         —    1.91 


f)  =  54    10  46  .08 


The  mean  of  the  results  in  the  two  positions  of  the  instrument 
is,  therefore,  ^  =  54°  10'  46".77.  From  numerous  observations 
of  the  same  kind,  Hansen  found  f  =  54®  10'  46".53. 


-.-.;*:      i*l      "5=. 


TH: 


*'  -     — _. 


Lu.  -rr      15-    •       rinUU 


^'-   .'  * 


f'     X- 
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The  level  was  observed  before  the  east  transit  of  ;*  Cassiop.  and 
after  that  of  d  Cassiop. :  so  that  the  mean  b  =  +  6".46  will  be 
used  for  both  stars  at  the  east  transit.  But  at  the  west  transit 
the  level  was  observed  before  and  after  each  star :  so  that  for 
Y  Cassiop.  at  this  transit  we  shall  use  6  =  —  2".09,  and  for 
d  Cassiop,,  b  =  —  1".30. 

The  threads  are  numbered  from  the  circle  end  of  the  axis, 
and  thread  L  was  first  observed  at  both  the  east  and  west 
transits.   The  equatorial  intervals  from  the  middle  thread  were — 

I  II  IV  V 

(Circle  North)    i,  +  34'.40  +  18v74         —  16'.14  —  33-.33 

The  coUimation  constant,  as  found  from  observations  in  the 
meridian,  was  c  =  +  4".60  (in  arc)  for  "circle  south." 

The  chronometer  correction  (sidereal)  was  +  30*.20  at  0*  24* ; 
its  daily  rate,  +  O'M. 

The  apparent  places  of  the  stars  for  this  date  were — 

a  6 

r  CassiopecB,  0»  47-  21'.49  +  59^  62'  2".3 
d  CassiopecB,  1  16    40 .38  +  59°  26  6  .2 

To  reduce  the  observations  of  yGassiope<Ey  we  first  find  the 
approximate  value  of  d^  from  the  difference  of  the  observed  times 
on  the  middle  thread  to  be 

^  =  0*  22*  54*.5 

from  which  we  find,  by  (1T2),  the  reductions  of  the  side  threads 
to  the  middle  thread  to  be  as  follows : 

I  II  IV  V 

Y  Cassiop.  E.     +  10*  43*.2    +  6*  19'.7    —  7"  23'.9  

"      W.  +8    55.6    —5    32.2    — 10"  26'.4 

Applying  these,  and  proceeding  by  (178),  we  find,— 
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East. 

West. 

I      0*  24"  6*.2 

_»_• » 

II                 6.7 

1   9  67.6 

ni                 6.0 

55.0 

IT                 8.1 

53.8 

T 

54.6 

r  =  0  24    6.5 

r'=l    9  55.8 

&T=      +80.2 

4T'=     +30.8 

2'-f6r=  0  24  36.7 

r'+ Ar==l  10  25.5 

1  10  25.5 

0  24  36 .7 

}  Bnm  =  0  47  31 .1 

f  }  diff.  =  0  22  54  .4 
\    =«  =  5»43'36". 

ft  =  0  47  21 .5 

i=             9.6 

_  oo  2'  24". 

log 

tan  d 

0.2.S62409 

log 

sec  d 

0.0021729 

log 

emX 

9.9999999 

log 

tan  f ' 

0.2384137 

¥  = 

:  59"  69'  29".78 

ft  =  1  (5".4G  — : 

l"M)  = 

+    1  .69 

95  =  59    59  31  .47 
The  obscrvat'ton^  af  fCassiopem^  reduced  in  the  same  manner, 
give  f  =  59^  :y,l'  3U'^98,  and  the  mean  Uf^  59*=*  59'  81".23. 

The  preceding  methods  of  reduction  leave  nothing  to  be 
cleRired  when  the  intervals  of  the  threads  are  known.  "UTien, 
however,  these  are  unknown,  we  may  resort  to  one  or  the  other 
of  the  following  methods^  according  to  the  nature  of  the  ob«er- 
vfttioo. 

180.  Tofiml  ike  latitude  from  the  observed  transits  of  a  star  OfVtr  (he 
prime  vertical^  east  and  icest  of  th  meridian,  ichen  the  instrument  i$ 
reversed  o?»fo/  betweai  the  observations  of  different  nights^  the  mkrwik 
of  the  threads  being  taiknown. 
Put 

C  ^  the  distance  of  any  thread  from  the  colli mation  axis, 
\^  i  the  elapsed  sidereal  time  between   the  east  and 
west  Iran  wits  over  the  same  thread  when  the  circle 
or  finder  la  north, 
d^  =s  ditto  for  the  aarao  star  when  the  axiii  is  reversed; 
i^fb^  =  the  level  eonstantd  in  the  two  positions; 

awtt,  by  (169)  and  (170),  we  shall  have 
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tan  f>^  =  tan  d  sec  &^  cos  X 
tan  f>^  =  tan  d  sec  *,  cos  A 
<?  sin  f 


^  =  ^^  +  6^  + 


sin  d 


c  sin  y, 
^       ^'^   '         Bind 

The  last  two  equations  involve  but  two  unknown  quantities, 
y>  and  c,  both  of  which  may,  therefore,  be  determined.    Put 

9o  =  H^n  +  K  +   ^.  +  ^) 

then  our  equations  become 

c  sin  ^^ 


"90=     r  + 


sin  d 


c  sin  cp. 

f  —  f  0  =  —  r r— 7* 

smd 

Multiplying  the  first  by  sin  ^.,  the  second  by  sin  ^^,  and  adding 
them  together,  we  find 

f  —  ?>«  =  —  r  I  !"  ^"  7  ^'^  ^'    =  —  r  tan  J  (s^,  ~  f .)  cot  \{9^  +  9.) 
Lsm  f  ^  +  sm  9  J 

Since  T'  is  very  nearly  equal  to  J  (^^ —  ^,),  the  second  member  of 
this  equation  involves  the  square  of  7^,  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put  r  =  J(f « ~"  9»)  ^^d  substitute  y  for  J  (^^  +  ^,),  whereby 
we  obtain 

9  =  9^  —  i  r*  sin  1"  cot  9 

This  method  may,  therefore,  be  expressed  by  the  following 

equations : 

tan  9^  =  tan  d  sec  \  cos  X 
tan  f>^  =  tan  d  sec  ^^  cos  X 

9o  =  H9,  +  K  +  <P.+  l>.)  )    (174) 

^^  =r  I  (^^  —  ^^)«  sin  1"  cot  f 

in  which  the  assumed  value  of  f  may  be  used  in  computing  Af  • 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
of  the  same  star  made  on  different  nights  in  reverse  positions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa- 
tion on  a  thread  is  lost,  and  the  corresponding  observation  on 
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the  same  tliread  in  the  reverse  position  of  tbe  axis  becomes  useleda. 
In  order  to  avail  ourselves  of  cverj^  observation,  we  may,  after  a 
sufficient  niinxber  of  observations  have  been  made  on  the  same 
star,  determiue  for  this  star  the  mean  difference  between  tp  and 
f » +  6„  and  between  ip  and  f ,  +  i,,  and  tbene  differences  may  be 
used  to  reduce  the  observ^ations  on  the  several  nights  independ- 
ently of  ea^h  other.    Thus,  if  we  put 

\9  =T  — (.9.  +  ^)  =  +  li9^  —  f,+  ^^—  K)  —  ^9 

each  complete  pair  of  observations  on  two  nights  famishes  a 
value  of  A,f  and  A/p^  and,  the  mean  of  all  being  taken,  any  indi- 
vidual observation  may  be  reduced  by  the  formula; 


or, 


tan  f^=  tan  ^  sec  i^^cos  k 
tan  f  ^  =r  tan  d  sec  //^  cos  I 


f  =  ?»,+  K^r  K9 
9  =  9.-^  K+  ^.9 


This  method  of  reduction  is  given  by  Professor  Pkibce.* 

182,  The  quantity  A,  which  is  the  difference  })etvveen  the  right 
ascension  of  the  star  and  the  mean  of  the  sidereal  times  of  obser- 
vation on  the  same  thread  east  and  west  of  the  meridian,  should 
have  the  same  or  nearly  the  same  value  throughout  the  series  of 
obsenationSj  since  any  change  of  sufficient  magnitude  to  affect 
tlie  value  of  eos^  sensibly  will  give  different  values  of  f^  or  f^^ 
and,  consequently  also  of  ^^<p  or  \f^  which  are  hero  supposed  to 
he  constant  To  secure  this  condition,  the  stability  of  the  instru- 
ment in  azimuth  must  be  secured,  or  it  must  be  verified  and 
corrected  from  time  to  time  by  means  of  a  terrestrial  mark  to 
which  the  middle  thread  is  referred. 


183,  The  factor  cos  jl  may  be  omitted  (not  only  in  this,  but  In 

all  other  methods)  throughout  the  reduction  of  a  stories  of  obser- 
vations where  it  can  be  reganled  as  constant,  and  a  small  cor- 
rection for  the  azimuth  of  the  instrument  can  be  applied  to  the 
final  mean  latitude.  If  we  denote  this  mean  by  (^),  found  by 
neglecting  the  factor  cos^,  the  true  latitude  will  be  found  by  thd 
fonnula 

tan  ^  =  tan  (y )  eo«  I 


*  In  ft  mcinoir  on  the  latitude  of  Cambridg^^  Mmb,,  Memoirs  ^f  Am,  Aeadtmp  ^ 

ytmtt,  Vol  iL  p,  isa 
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or 

^  ==  (^)  —  -1 ;« sin  1"  sin  2  f»  (175) 

If  the  azimuth  deviation  a  is  required,  it  may  be  found  by  the 
second  equation  of  (167),  which  gives,  very  nearly, 

sin  a  =  sin  >l  sin  <p  (176) 

If  the  azimuth  of  the  instrument  is  known  independently  of 
the  observations  for  latitude,  we  have,  by  substituting  a  for  >l  sin  y), 

^  =  (^)  —  ^  a«  sin  1"  cot  f  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  difference 
of  the  equations  for  y).  Art.  180,  gives 

28in  i(sp,+  9^  cos  ^(^^  — ^^) 

for  which  we  may  take 

__  (A^f>  +  Af?)  sin  d 

sin  f  cos  A^^ 
or,  in  most  cases,  \   (177) 

sin  ^ 

This  will  give  the  distance  of  each  thread  (the  middle  thread 
included)  from  the  collimation  axis,  whence  we  can  deduce  the 
distance  of  each  from  the  middle  thread. 

Example. — ^Let  us  apply  this  method  to  the  reduction  of  the 
observations  taken  at  Heligoland  by  Hansen,  given  on  p.  249. 

Beginning  with  the  observations  of  July  31,  "  circle  north,*'  we 
find  ^^  for  each  thread  by  taking  half  the  difference  of  the 
observed  times  on  this  thread,  east  and  west,  and  correcting  for 
the  clock  rate  in  the  interval,  which  is  here  +  0*.28.  The  value 
of  X  may  be  found  accurately  enough  from  the  middle  thread 
alone.     Thus  we  have 

Mean  of  times  on  middle  thread  =  17*  51*    1*.9 

Clock  corr.  =    +    1   48  .0 

Sid.  time  =  17   52    49.9 

Star's  a  =  17   52    34.4 

;  =  15  .5  =  0°  3'  52". 

Hence  we  have  log  tan  5  cos  >l  =  0.0996437,  which  will  be  used 
for  all  the  threads,  the  value  of  log  cos  t?„  for  each  thread  being 
subtracted  from  it  to  find  log  tan  y^,  as  follows : 

Vol.  IL— 17 
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Thread. 

*. 

log  COS  1^, 

log  tan  ^ 

^ 

I 

1»  36-  33'.38 

9.9602592 

0.1393845 

54»  2'  25".76 

n 

1  37    25.28 

9.9595210 

0.1401227 

5  12  .36 

TTT 

1   38    16.03 

9.9587918 

0.1408519 

7  66  .84 

IT 

1   39      8.18 

9.9580351 

0.1416086 

10  47  .43 

V 

1  39    58.38 

9.9572996 

0.1423441 

13  33  .16 

VI 

1  40    48.78 

9.9565540 

0.14.W897 

16  21  .07 

VIl 

1   41    36.03 

9.9558485 

0.1437952 

18  59  .87 

From  the  observations  of  August  8,  **  circle  south,"  we  find 

Mean  of  times  on  middle  thread 

Clock  corr. 

Sid.  time 


=  17*  50-  35',7 
=  +    2     0  .e 


=  17   52   36 .3 
^17  52    34,4 


log  tan  d  COB  ;i  =  0.0996467 


1  = 


1 .9  =  0'  29" 


Thread. 

*. 

log  coa  4, 

I' 

1»  41-  39'.29 

9.9557996 

II 

40   49.79 

9.9565389 

III 

40     0.54 

9.9572678 

IV 

39      8.54 

9.9580299 

T 

88    19.04 

9.9587488 

TI 

87    27.04 

9.9594058 

vn 

86   87.79 

9.9601968 

log  tan  ^ 

i. 

0.1438401 

54°  19*  11".82 

0.1431068 

16  24  .93 

0.1423779 

13  40  .80 

0.141G158 

10  49  .07 

0.]408fl74 

9    7  .11 

0.1401499 

6l»M 

0.1394489 

2  40  JO 

With  tlie  assumed  latitude  y?  =54**  lO'.S,  we  find  log  J  sin  1" 
eot^  =  3.9419,  and  the  computation  of  Ap  for  each  thread  is  as 
follows : 


Thread. 

♦.-^ 

>»«{♦. -*k)' 

logd^ 

M 

I 

—  16'  45".66 

6.0046 

9.9465 

0".88 

n 

—  11  12  .57 

5.6556 

9.5975 

0  .40 

m 

—    6  43  .96 

5.0780 

9.0149 

0  JO 

lY 

—   0    1  .64 

0.4296 

4.3715 

0  .00 

V 

+    5  26  .05 

6.0264 

8.9688 

0  .09 

VI 

+  11    2  .57 

5.6426 

9.5845 

0  M 

vu 

+  16  19  .67 

6.9820 

9.9289 

0  .84 
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We  have  6,=  ~2".21,  6.=  —  r'.91,  J(6.+ 6.)  =  — 2".06; 
and  hence  the  several  values  of  the  latitude  given  by  the  different 
threads  are  found  as  follows : 


Tbread. 

i(*.+^) 

f> 

* 

I 

64»  IC  48".54 

46".48 

45.60 

II 

48  .65 

46  .59 

46.19 

ni 

48  .82 

46  .76 

46.66 

IV 

48  .25 

46  .19 

46.19 

V 

.  50  .14 

48  .08 

47.99 

VI 

49  .79 

47  .73 

47.35 

vn 

50.  09 

48.  03 

47.19 

Mean  =  46.74 

Hence  ^  =  54^  10'  46".74 ;  which  agrees  within  0".03  with  the 
result  found  on  p.  251.  The  slight  difference  is  perhaps  due  to 
small  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  \<p  and  \ip  for  each  thread  may  be  found  as 
follows : 


Threwl. 

i(^-«.) 

J(*.-^+J.-*.) 

A.^ 

A^ 

I 

—  8'  22".78 

—  8'  22".93 

+  8'  22".05 

—  8'  23".81 

n 

—  5  36  .29 

—  5  36  .44 

+  5  36  .04 

—  5  36  .84 

m 

—  2  51  .98 

—  2  52  .13 

+  2  52  .03 

—  2  52  .23 

IV 

—  0    0  .82 

—  0    0  .97 

+  0   '0  .97 

—  0    0.97 

V 

+  2  43  .03 

+  2  42  .88 

—  2  42  .97 

+  2  42  .79 

VI 

+  5  31  .29 

+  5  31  .14 

—  5  31  .52 

+  5  30  .76 

vn 

+  8    9.79 

+  8    9.64 

—  8  10  .48 

+  8    8  .80 

When  \<p  and  \(p  have  been  thus  determined  fSrom  a  consider- 
able number  of  observations,  their  mean  values  may  be  used  to 
reduce  the  observations  of  each  night  separately. 

We  may  now  also  find  the  thread  intervals  themselves  by  the 
formula  (1T7),  which  gives 

I  II  III  IV  V  VI  VII 

c,  +32'.37    +21'.65    +11'.08    +0'.06   — 10*.48   —  21'.31   —  31-.51 

which  are  the  distances  fSrom  the  collimation  axis.    The  equa- 
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torial  intervals  of  the  8ide  threads  from  the  middle  thread  are, 

therefore, 

I  II  III  V  VI  vir 

t,     +  82'.ai      +  21V59      +  ll'M      —  10\54      ^  21'.37      —  81*.57 

which  agree  with  tho^^e  given  oo  p.  249  as  well  as  can  he  expected 
wlien  hut  four  obeervations  on  each  tliread  have  been  taken. 

185.  To  find  (he  laiihidefrom  Ihe  obsen'i'd  transits  of  a  star  over  the 
prime  vertical  wficn  the  instrumaii  is  reva^scd  between  the  east  and  wesi 
transits,  the  intervals  of  the  threads  being  unknown.'—Ijet 

T,  /  ^  the  hour  angles  of  the  star  on  the  same  thread  at  the 
east  and  west  transits; 

then,  e  denoting  the  distance  of  the  thread  from  the  collimatioa 
axis,  we  have 

—  BID  c  :=^  sin  n  sin  d  —  eofi  fi  ooe  i  000  (r  —  X) 
sin  c  =  sin  n  ain  9  —  cos  n  oofl  1 00s  (/ —  X) 

the  8i!m  of  which  gives 

cot  n  :=  tan  d  sec  j  (t'  —  r)  see  [-J  (t'  +  r)  —  X] 

But  by  (167)  we  have 

cot  n  cos  X  =^  tan  (^  —  /9) 
and  therefore 

tan  (^  —  fi)=  tan  3  sec  ii/—  t)  sec  [A  (t'  +  t)  —  i]  coa  i 

in  which  ^9  =  inclination  of  the  rotation  axii? ;  a?id  in  this  ease, 
if  b  and  b*  are  the  inclinations  in  the  two  positions,  we  take 

1£  now,  to  avoid  all  further  consideration  of  the  clock  rate,  wo 
suppose  all  the  observed  timet*  to  be  reduced  to  some  assumed 
epoch  (T)  at  which  the  clock  correction  is  a  7^,  and  put 

T)  T^  =  the  clock  times  on  ihe  given  thread  at  the  eaat  and 
west  transits,  respectively,  reduced  for  rate  to  the 
assumed  epoch  ( 7*), 

Tp,  T^'=  the  same  for  the  middle  thready 


have 


T—  r+  aT 


r'=  r+  Ar-( 
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and,  since  the  middle  thread  is  very  near  the  coUimation  axis, 
i  (t'  —  r)  =  ^  (  T'  —  T  )  =  i  elapsed  sid.  time, 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2d  =  the  elapsed  sidereal  time  between  the  east  and  west 
observations  on  the  same  thread  =  T*  —  T, 
t  =  the  mean    of  the   observed    times    on    that   thread 

t^  =  the  mean  of  the  observed  times  on  the  middle  thread 
and  put 


we  shall  have 


tan  f '  =  tan  d  sec  ^  sec  y  cos  X 

9  =  9'+h(P  +  h') 


}    (178) 


This  method  of  observation  and  reduction  has  the  same 
advantage  as  that  of  Professor  Peirce,  in  not  requiring  a  know- 
ledge of  the  thread  intervals ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night's  work. 

Example. — ^Let  us  apply  this  method  to  the  observations  taken 
at  Cronstadt,  given  on  p.  252. 

Tor  the  star  x  Cassiopece  we  have  but  three  threads  to  reduce, 
since  thread  I.  was  omitted  at  the  west  and  thread  V.  at  the  east 
transit     For  the  others,  we  proceed  as  follows : 


<,=  0»47-   0'.5 
Ar=      +    30.2 

log  tan  d  0.2362409 
log  COB  >l  9.9999999 

Sid.  time  =  0  47    30.7 
a  =  0  47    21 .5 

log  tan  d  cos  i  0.2362408 

;i  ==  0    0      9 .2  = 

2' 

18" 

Neglecting  the  chronometer  rate,  which  is  insensible  in  these 
intervals,  we  have 
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n 

in 

Vf 

t 

a*  89-  U\ 

OM?-*  O'.S 

0*  53-  29*, 

t^t,  =  T 

0  T  S6.5 

0  0   0. 

0  6  28,5 

^ 

0  21  88. 

0  22  54,5 

0  21  57, 

log  BCC  X 

0.0002393 

o.ooooooo 

0,0001733 

log  sec  *  1 

0.0019377 

0.0021732 

0.00 19049 

log  tan/ 

0.23S4178 

0/2384140 

0.2384090 

/ 

59^59'80".6 

59*'59'29".8 

59*>59'28".8 

Mean/=59o59'20"J3 

"      b=         +     I  M 

f  =59    59  81  .42 

For  d  Chsmopew  we  find,  in  like  manner,  i  =  1'  27",  log  tun  i  cosi 
^=  0.2284381 ;  and  from  the  several  threads, 


y  0*   6*  12-, 

^0    46    32. 


n 

f>*  8"20*,6 
0  48  49.5 
69°  59^  ST.  I 


m 

0    48    50. 
69*  oy  28".« 


0*  2"  63*  5 
0  48  50,6 
59**  69'  29'M 


f 

0    4S    SS. 
60O  69^  2r,2 


Mean  f'  =  59*»  59'  28".90 

*<      fe  ^         +     2  .08 

9»  =  59    59  30.  98 

The  mean  resnlt  by  the  two  stars  h,  then,  f  =  59^  59'  31".20, 
which  differa  only  0".03  from  the  result  found  on  p,  2o4,  where 
the  thread  intervals  were  used, 

180.  Th  Jmd  the  htitudejrom  the  observed  (mmits  of  a  $tar  over  the 
prime  vertical^  east  and  west  of  the  meridian^  when  the  instriwitnt  i$ 
reva^sed,  at  each  trarisit^  betireen  the  obsej'vations  of  the  star  on  oppaeite 
aides  of  tlie  jmmc  vcrticaL     (Struve's  method.) 

When  the  star  passes  near  the  zenith,  the  intervala  Ixstwccn 
its  transits  over  the  threads  become  euificiently  great  to  allow 
the  observer  to  reverse  the  instrument  between  the  observationa 
on  two  threads.  He  may  tlien,/nv^^  observe  the  sUir  at  the  east 
transit  on  all  the  threads  on  one  side  of  the  middle  thre^  or 
prime  vertieal,  and,  reversing  the  axis,  seconiUi/^  observe  the  stiif 
on  the  stime  threads  on  the  opposite  side  of  the  prime  vertical; 
theu^  allowing  the  axis  to  remain  in  the  last  position*  thirdfy^ 
observe  the  fttar  at  the  west  transit  on  the  same  threuddi  and  then, 
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reversing  the  axis, /owrfAily,  observe  the  star  on  the  same  threatlQ 
on  the  same  side  of  the  prime  vertical  as  at  first.  By  this  Diode 
of  observation  the  same  thrt'ad  is  alternately  a  north  and  a  south 
thread  at  precisely  the  same  distance  from  the  collimation  axis 
at  each  of  the  four  observations  made  upon  it  Now,  in  the 
equation  (IGG)  we  have  r  —  ^  =  J  elapsed  sidereal  time  between 
the  east  and  west  transits  over  the  same  thread  in  the  same 
position  of  the  axis :  so  that,  if  we  put 

t  =z  i  olapgied  time  between  the  two  ohservations  on  a  thread 

in  one  position  of  tho  axis, 
^'  =  ditto  for  the  same  thread  in  the  reverse  position  of  tho 

axia, 

we  have,  c  being  the  distance  of  this  thread  from  the  axis, 

—  sin  c  =  sin  w  sin  <J  *-  cos  n  cos  H  cos  t 

sin  c  =  sin  fl  sin  d  —  cos  n  cos  9  cost' 

16  sum  of  which  gives 

cot  n  :=  tan  d  sec  i  (^  +  t')  sec  i{t  —  f) 

But  by  (167)  we  have 

cot  II  cos  I T^  tan  (^  —  P) 

in  which  for  ^  we  must  here  emploj^  the  mean  of  tho  level 
determinations  in  the  two  poaitionSj  or  j3  =  |(6  +  6').  Hence, 
denoting  ^  —  ^  l)y  f ',  wc  find 


tan  <p*  —  tan  d  sec  }  (f  +  ^')  sec  i  {t  —  t')  cos  X 
9  =¥  -k^  ? 


(170) 


where  X  will  be  tlie  same  for  all  the  threads,  and  may  bo  found 
with  sufficient  accuracy  from  any  single  tliread  hy  taking  the 
difference  between  tht^  right  aseonsion  of  the  star  and  the  mean 
of  the  two  sidereal  times  of  observation  on  that  thread.* 

Eaeh  thread  thus  gives  a  value  of  t]ie  latitude  free  from  all  the 
instrumental  errors.  The  eluek  errors,  howeverj  have  nearly  the 
same  effect  as  in  all  the  other  methods:  error  in  the  clock  rate 
affects  t  and  t* ;  error  in  the  cloek  correction  affects  L 

IpVlien  there  is  time,  the  middle  thread  may  also  be  obsen^ed, 


^  Or  we  may  negbct  the  faokir  cob  ^  ftud  apply  a  correction  Lo  the  fiuul  m{*aa 
Uiitude,  iLs  In  Art.  183. 
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once  as  a  north  tliread  and  oiiee  as  a  eouth  thread,  and  the  Uti- 
tnde  will  he  foiiod  from  it,  according  to  the  method  of  the  pre- 
ceding article,  hy  the  fornmla 

tan  f'  =  tan  J  sec  t  cos  I 

where  /  will  ho  one-hnlf  the  elapsed  sidereal  time  between  the 
obftcrvatioiis  oo  the  middle  tliread.  In  taking  the  mean,  the 
value  of  the  latitude  found  from  the  middle  thread  aliould  have 
hilt  one-half  the  weight  of  the  value  on  any  other  thread,  since 
it  depends  on  two  oliHervations  instead  of  foui\ 

This  metliod  is  not  much  used  in  the  lield,  as  portahle  instru- 
ments, usually  not  very'  iirmly  mounted,  and  never  provided  with 
reversing  apparatus,  cannot  be  quickly  reversed  without  risk  of 
disturbing  the  azimuth. 

Example.* — In  the  following  observation,  the  axis  was  re- 
versed immediately  after  the  star  liad  crossed  the  middle  thread 
at  the  east  transit,  an*l  was  then  left  in  the  same  position  until 
after  the  star  had  crossed  the  middle  tliread  at  the  west  transit, 
when  it  was  again  reversed,  and,  consequently,  restored  to  its 
first  position. 

CronBUdt,  Ati^&t  ie,  184$. 


£«st  tmiiit 

irit. 

o  ^IMK^piN*. 

A  =  +  I".7 

»  =  +  l".2 

Circles.] 
Circle  N.  J 

Thrcwl. 

Chronooicler. 

Cbronomcter. 

I 
II 

in 

III 
II 

I 

0»  20-  18*.6 
0  22   56. 
0  26     9. 

2»  g-M-.s 

2     7    16. 

2     4     0. 
2     0    32. 
1   57    24. 

0  29    38. 
0  32   45. 

ft  =  — 2".7 

ft  =  —  1''.6 

The  chronometer  correction  at  1*  15^  was  -f  iOrJ ;  \U  daily  rate, 
+  1*.T4  on  sidereal  time.     The  star's  place  was 


m  =  1*  15-  40-.71 


i  ^  60«  25'  7"75 


•  SjLWtTsm,  P^et.  Aaii^m-,  Vol.  L  p^  S77. 
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"We  find  from  tlie  middle  thread  X  ^  3\9j  qobX  =  1,     The  com- 
putatiou  for  the  several  threads  may  be  arranged  a^  folio wa: 


Diff,  obe'd.  times  S. 

Chron.  lUte 
Diff,  obs'd.  tiraes^Y. 
Ckron.  Rate 
2t 

log  sec  i(t  +  t') 

log  &ee  i  (t  —  V) 

log  tail  5  COS  X 

log  tan  f* 


I 

n 

III 

1»  49-  32'.0 

1» 

44-  20'.0 

1»  37-  51'.0 

4-  0.1 

+   0.1 

+   0.1 

1  24  39.0 

1 

30  54.0 

+  0.1 

+   0.1 

1  49  32,1 

1 

44  20,1 

I  37  61.1 

1  24  39.1 

1 

30  54.1 

0  48  32.8 

0 

48  48,55 

0  48  55  ,55 

0  6  13.3 

0 

3  21  ,5 

0.0098171 

9243 

9722 

0.0001600 

0466 

0,228445.5 
0.238422C 

4455 

4455 

4164 

4177 

59°  59'  31",61 

30".33 

30",00 

—  0  .85 
59  59  31  .26 

—  0  .85 

—  0  ,35 

29  .98 

30  ,25 

Giving  the  value  found  from  the  middle  thread  but  one-half  the 
weight  of  either  of  the  other  twOj  the  mean  is  y  ^  59*^  51*'  30".55. 

187,  To  fjid  the  latifftde  from  stars  ohservcd  at  onb/  one  of  their 
transUs  over  (he  prime  vaiieaL — Xotwithstiinding  the  simplicity  of 
the  preeediiig  methods,  it  is  not  always  pos.-sible  to  apply  them 
in  the  fieUL  If  the  obt^erver  has  but  a  short  time  to  remain  at 
a  station,  he  may  fail  to  find  a  sufficient  number  of  briglit  stars 
which  pajss  near  Ids  zenith,  and,  if  he  uses  those  which  pass  at 
greater  zenitli  distances,  much  time  is  lost  in  waiting.  But  if 
he  can  use  stars  observed  at  only  one  of  their  transits,  he  may  in 
two  or  three  hours  obtain  sufficient  data  for  a  very  aeeurate 
determination  of  his  latitude.  The  following  method  is  based 
upon  that  originally  given  by  Bes^sel,*  with  some  modifications, 
which  appear  to  me  to  facilitate  its  ajiplication. 

If  in  the  general  equation  (166),  where  c  denotes  the  distance 
of  a  thread  from  the  colllnuition  axis,  we  substitute  i  +  v  tor  this 
distance,  denoting  now  by  i  the  distance  of  the  thread  from  the 


*  Aatron,  Xaeh.,  Tol.  VI.  Nos.  181  »nd  132. 
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mean  threadj  and  by  c  the  distance  of  the  mean  thread  from  the 
axia,  we  have 

I  -|-  c  ^  —  sin  n  mn  «J  +  cos  n  cos  S  cob  (r  —  X) 

in  wliieh  r  i**  tlie  hoar  angle  of  the  8tar^  and  n  and  X  are  deter- 
mhifd  by  the  eonditione  (HJ7). 

Each  thread  gives  an  equation  of  this  form.  The  mean  of 
these  ecjUittions  ruay  be  found  by  tbc  aid  of  our  Tableis  VEEI,  and 
^TII.A*,  aecordiiig  to  the  method  already  explained  in  Art,  173, 
Thus,  7'ljeingthe  mean  of  the  obaenred  times  on  the  several 
threads,  /the  interval  obtained  by  Bubtraeting  each  observed  time 
from  this  mean,  x  and  log  k  the  mean  of  tlic  several  values  of 
these  quantities  taken  from  Table  YLII,  with  the  argument  /, 
we  have 

and,  since  here  r  is  the  west  hour  angle, 

Then,  i^  denoting  the  moan  of  the  equatorial  distances  of  the 
threadii  from  the  mean  thread,  we  have 


<:  +  i^  =  —  ain  n  sin  d  + 
or,  putting 


cos  n  cos  i  cos  (r^  —  X) 
k 


the  mean  equation  is 

c  +  i 


Y  cos  ^1  —  -  <508  ^ 

Y  sin  ^,  =  sin  ^ 


—  sin  n  sin  <*j  +  coe  n  cos  djCOS  (r^  —  ky 


Developing  cos  {t^  —  Jl),  and   substituting  the   values  of  sin  n, 
cos  n  cos  A,  cos  n  sin  Xy  from  (167), 


c+i. 


= —h  cos(fP— /S)Bin  dj-f-  A  s!n(f --/9)006  4,  cos  r,  -f-sln  a  oos  6  cos  \  stia  r^ 


in  which  h  and  ^5  are  determined  by  the  conditious 

A  SID  /?  ^=  sin  h 

h  cos  0  =  cos  b  cos  a 

But,  since  we  can  always  put  cos  ft  =  1,  tlicse  conditioiifl  giW 
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b  =  ^  COS  a,  and  h  =  cos  a;  and  even  if  a  were  as  great  as  1°  and 
h  =  20",  we  should  have  b  =  ^  —  0".003 :  so  that  we  may  always 
put  6  =  )9. 

We  shall  here  assume  that  the  instrument  can  be  readily 
brought  within  20'  of  the  prime  vertical,  and  then  we  may  safely 
take  h  =  cos  a  =  1,  and  substitute  a  for  its  sine.   Hence  we  have 

c  A-  i 

^=:  —  co8(^ — 6) sin  d^-\-  8in(^ —  6) cos  ^^cos  r^-j-a  cos  ^^sin  t^ 

Let  f  1  and  z  be  determined  by  the  conditions 
cos  z  sin  ^j  =  sin  d^ 

cos  Z  cos  f  J  =  cos  ^j  cos  Tj 

sin  z  =  cos  d^  sin  Tj 
then 

— ■ — 5  =  sin  (^  —  ^1  —  0)  cos  z  -\-  a&mz 

where  f  —  Vi~-^  must  be  of  the  same  order  as  a  and  c  -f  ij,,  and 
therefore  may  be  substituted  for  its  sine.  Again,  since  in  this 
method  of  finding  the  latitude  no  observation  will  be  regarded 
as  having  any  value  unless  some  threads  on  each  side  of  the 
mean  thread  have  been  observed,  i^  will  always  be  so  small  that 
no  error  will  arise  in  practice  by  putting  7*  =  1.*  Our  equation 
is,  therefore, 

c  -\-i^=z{<p  —  9>i —  b) cos  2:  +  a  sin  z 
Now  let 

f^  =  the  assumed  latitude, 

a^  =  the  assumed  azimuth  of  the  instrument, 
A^,  Aa  =  the  required  corrections  of  these  quantities; 

then,  substituting  (p^  +  ^(p  and  a^  +  Aa  for  (p  and  a,  dividing  the 
equation  by  cos  ^,  and  denoting  the  known  terms  by/,  i.e.  putting 

/  =  fj  -f  6  —  <p^  —  a^jtan  z  +  ^'o^cc  z  (180) 

we  have 

(?  sec  2  —  Aa  tan  z  —  a^  +/  =  0  (181) 

which  is  the  equation  of  condition  furnished  by  each  star.  From 
all  the  equations  thus  formed,  the  most  probable  values  of  c,  Aa, 
and  A^  will  be  found  by  the  method  of  least  squares. 

*  Should  an  extreme  case  occar  where  the  true  value  of  y  was  required,  it  could 
readily  be  found  by  the  equations  y cos d^=z  —  cos 6,  y  sin d^  =  sin 6. 
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The  values  of  f^  and  z  will  be  most  readily  found  by  tlie 
formul99 

tan  ^j  =  tan  ^,  sec  Tj  ^  ^  tan  d  sec  r^ 

tan  z  =  taa  -j  cos  f , 

and  it  must  be  observed  that  tauz  will  be  negative  when  tanr, 

is  negative,  that  is,  when  the  star  is  east  of  the  meridian.  The 
sign  of  the  term  csecr  must  also  he  changed  when  the  axis  of 
tlit3  instrument  is  reversed. 


Example. — The  following  ol)8ervatuins  (among  others)  were 
taken  by  Bessel  with  a  very  small  juniiihle  transit  instrument, 
for  the  express  purjjuse  of  demonstrating  the  advantages  of  this 
method.* 

Munich,  1S27,  Jutit  27. 


Cirole  North. 


7z  Lyne  E. 
u  Her  culls  W. 
r  Cyyni      E. 


Circle  South. 
fHercuUs  W. 
60  Cygni     E. 


I 


48-  a*.4 

9    36  J 

29   88.0 


44   47.2 
48   40.8 


ir 


in 


IV 


40-  54*  4  11*45- 43*.2  44-  31'.2 
II    38,4  12  13  30.8  15    34.8 


m   47  .2  12  27  55 .2 


43    19.2 
50     5.6 


27      2.6 


43-  16*.8 
17  35,6 
26     8.0 


12  41  49.2  40    17.2  38    37.6 
12  51  31.2  52    59.o!54   82.8 


hvf%L 


+  4f 875 
+  0,408 
+  0.117 


-1.968 
—  1  -878 


These  observations  were  t^ken  in  the  garden  of  Dr.  Steixheil's 
house,  where  the  ji^snmed  latitude  was  48*  8'  40". 

The  chronometer  was  a  pocket  mean  time  chronometer  of 
Kessel.  Its  correction  to  sidereal  time  at  12^  (by  chron,)  was 
Ar=  +  5*  l*  3\31,t  and  it^  rate  on  sidereal  time  was  +  ^A9 
per  hour. 

The  equatorial  intervals  of  the  threads  fi*om  the  mean  of  all^ 
expressed  in  seconds  of  arc,  were  as  foUovvg,  tor  circle  north; 


I 
+  598",08 


n 

+  303",09 


HI 
+  6'M9 


IV 
204".91 


V 

—  6i2".4e 


The  vahie  of  one  division  of  the  level  was  i"A9.  The  pivota 
were  of  unequal  thickness^  the  correction  for  which  hud  been 
previously  found  to  be  —  1".89  for  circle  north. 


•  Aitrpn.  JWteA.,  ToL  IX.  p.  116. 


f  8t€  tK«  exftinpU  ctr  p.  ^84. 
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The  apparent  places  of  ihe  stars  on  the  given  date  were  as 
follows : 


nLyrce 
u  HerculU 

r  Oygni 

fHerculis 
66  Cygni 

We  shall  illustrate  the  use  of  our  formulse  by  giving  the 
reduction  of  the  observations  of  izLyrcE  in  full.  We  have,  em- 
ploying the  mean  time  columns  of  Table  VLLL., 


a 

i 

18»50-    7'.74 

43°  43'  27".72 

15  57    27.55 

46    31  23  .21 

20  16     4.59 

39    42  32  .96 

16     3    21.85 

45    23  40  .03 

19  35    33.81 

45     7  14  .89 

irLyrm 

T 

I 

X 

log* 

I 

11' 

'48- 

6'.4 

—  2- 

24'.0 

—  0'.04 

0.0000239 

II 

46 

54.4 

—  1 

12.0 

0.00 

60 

III 

45 

43.2 

— 

0.8 

0.00 

0 

IV 

44 

31.2 

+  1 

11.2 

0.00 

59 

V 

43 

16.8 

+  2 

25.6 

+  0.04 

244 

Means 

11 

45 

42.40 

0.00 

0.0000120 

Hence  we  have 


11»  45-  42'.40 
5     1     1 .12 

. 

a  = 

16  46    43.52 
18  50     7.74 

i".  = 

-2     3    24.22  = 

=  -  30<>  51'  3".3 

log  sec  T, 
log  tan  i 
log* 

0.0662574 
9.9806553 
0.0000120 

log  tan  Tj    n9.77621 
log  cos  9»i      9.82476 
log  tan  z     n9.60097 

log  tan  f  J   0.0469247 


log  sec  z       0.03208 


We  shall  assume  (p^  =  48°  8'  40",  a^  =  7'  52",  as  in  the  compu- 
tation given  by  Bessel  ;*  and  hence  we  have 

*  These  quantities  are,  of  course,  arbitrary ;  but  it  simplifies  the  equations  of 
condition  to  make  them  as  nearly  correct  as  possible.  An  approximate  yalue  of  the 
asimath  may  be  found  from  any  star  by  the  formula  a^=  (^ —  ^)  cot  2;. 
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^j  =  48<>  6'  2V'M 

b  =        +  20  .00 

—  Oo  tan  ^  =    +3     8  .33 

48    8  49  .97 

/=        +    9".97 

The  equation  of  condition  from  n  Lyrce  is,  therefore, 
1.0767  c  +  0.3990  Aa  —  A9»  +  9".97  =  0 

In  the  same  manner,  the  equations  for  the  other  stars  are  found 
to  be 

1.0269  c  —  0.2336  Aa  —  A^  +  10".83  =  0 
1.1645  c  +  0.5967  Aa  —  Af»  +  15  .93  =  0 

—  1.0468  c  —  0.3094  Aa  —  A9»  —  17  .01  =  0 

—  1.0504  (?  +  0.3214  Aa  —  Af>  —  12  .62  =  0 

From  these  five  equations  we  find  the  normal  equations, 

5.7688  c  +  0.8708  Aa  —  1.1709  Af»  +  7r'.46  =  0 

0.8708  c  +  0.7688  Aa  —  0.7741  Af  +  12  .16  =  0 

— 1.1709  c  —  0.7741  Aa  +  5.0000  Af»  —    7  .10  =  0 


whence 


c  =  —  12".19  Afl  =  —  4".09 

Af>  =  —    2".06  with  the  weight  4.203 


Substituting  these  values  in  the  equations  of  condition,  we 
find  the  residuals  as  follows : 
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aud  the  mean  error  of  Ap  is 


2".52 
^       ^4.203 

Hence  we  have,  finally, 

^  ^  48°  8'  37".94  with  mean  error  ±  1".23 

The  true  latitude,  found  by  referring  the  position  of  the  in- 
Btrament  to  the  Observatoiy  of  Munich,  was  48^  8'  39''.50.  Thus, 
five  observations,  taken  within  about  one  hour  with  a  very  sunall 
instrument,  sufficed  to  determine  the  hititude  within  1".5.  From 
the  observations  of  tw^o  other  eveniifgs  eonil)ined  with  the  above, 
the  latitude  found  by  Bessel  was  48''  8'  40'',08,  which  \\m  only 
0",58  ill  error. 


DETEKMIKATION   OF   THE   DECLINATIONS    OF   STARS    BY  THEIR 
TRANSITS    OVER    THE    PRIME   VERTICAL. 

188.  The  transit  of  a  star  over  the  prime  vertical  has  been 
used  in  the  preceding  articles  to  determine  the  latitude  of  the 
place  of  observation  when  the  star's  declination  is  known. 
Conversely,  if  the  latitude  is  otherwise  known,  the  observation 
may  be  used  to  determine  the  star's  declination.  The  modifica- 
tions of  the  formuhe  given  in  Arts.  177,  &e.,  necessaiy  for  this 
purpose,  are  obvious. 

When  the  star  passes  very  near  to  the  zenith,  the  errors  in  the 
time  of  transit  have  comparatively  small  eifect  upon  the  com- 
puted declination  \  for,  by  diiferentiating  the  equation 


we  find 


tan  ^  =^  tan  f  cos  t 


80  tliat  the  effect  of  a  given  error  dt  in  the  hour  angle  upon  the 
computed  declination  diminishes  with  the  hour  angle  itself. 

But  an   error  in  the  assumed  latitude  p  is  not  eliraioated, 
though  in  certain  cases  it  will  have  less  effect  than  in  others ; 

for  we  have 

,     sin  2^ 


dd 


sm2^ 


The  several  values  of  the  declination  of  the  same  star  deter- 
mined on  different  dates  will,  therefore,  be  affected  by  the  con- 
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etant  error  depending  upon  the  error  in  the  latitude,  bat  the 
diflereuces  in  these  values  will  nevertheless  be  accurately  found* 
Hence,  the  most  important  use  of  i^uch  observations  is  not  so 
omeb  to  determine  the  absolute  decrniatiou  of  a  star  as  the 
changes  of  its  declination  resulting  from  aberration,  nutation, 
and  parallax. 

189*  In  order  to  elimioate  the  instrumental  errors  in  the  most 
complete  manner,  Struve  proposed  the  system  of  observation 
given  in  Art,  186;  and,  in  order  to  facilitate  the  applic^ition  of 
this  system,  he  gave  a  new  form  to  the  instrument  constructed 
under  his  direction  for  the  Piilkowa  Observatory, — a  form  which 
has  since  been  adopted  in  other  observatories, 

rkte  ^^.  exhibits  the  principal  features  of  the  Pulkowa  prime 
vertical  transit  instrnmeiit,*  made  by  Kepsold.  The  telescope 
TTu  at  the  end  of  the  horizontal  axis  DE^  which  rests  in  Vs  at 
VV,  The  pier  PP  is  of  a  single  piece  of  stone.  The  apparatus 
for  reversing  the  instninient  is  permanently  seeiired  within  the 
pier,  as  shown  in  the  plate,  the  vertical  rod  R  and  its  anns  (ml 
being  raised  by  the  crank /by  means  of  the  lievclled  wheels  c, 
and  thus  lifting  tlie  telescope  out  of  the  Vs.  "fflien  the  tclesi'ope 
is  lifted  sufficiently  to  clear  the  Vs,  it  is  revolved  ISO"*  (the  exact 
semi-revolution  being  determined  by  a  stop  d\  and  is  then  agiiiu 
lowered  into  the  Vs*  The  time  required  in  this  operation  is  but 
16  seconds ;  and  if  the  astronomer  has  commenced  an  observa- 
tion with  the  tube  north,  he  can  continue  the  observation  with 
the  instrument  reversed,  tube  sotith,  after  1  minute  and  20 
seconds,  this  time  being  sufficient  for  the  observer  to  riie, 
unclamp  the  instrument,  reverse  it,  and  resume  his  position  for 
the  observation.  Thus,  even  with  an  instrument  of  large  dimen- 
sions, the  system  of  observation  given  in  iVrt.  186  is  esisily  carried 
out. 

The  pressure  on  the  Vs  is  in  part,  removed  by  the  countei^ 
poisos  impacting  at  NN, 

The  pressure  on  the  two  Vs  is  equalized  by  placing  at  D  a 
weight  equal  to  that  of  the  telescope. 

The  Unci  LL  may  remain  upon  the  axis  during  reversiat 

The  finder  JPis  similar  to  that  described  in  Art  120. 

The  reticule  at  tlie  focus  m  contains  15  vertical  threads  and 


*  DeMerifiion  dt  tabarMtairt 
1W6),  p.  167. 


eeiUral  d§  Poutkvfa   (SI.  Pii^rtbiir^ 
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two  horizontal  threads,  as  shown  in  Fig.  2.  All  the  transits  over 
the  vertical  threads  should  be  made  to  occur  exactly  midway 
between  these  two  horizontal  threads,  the  telescope  being  made 
to  follow  tlie  star's  change  of  altitude  by  a  fine  motion  screw 
(not  shown  in  the  plate),  the  handle  of  which  is  within  reach  of 
the  observer's  hand.  The  equatorial  interval  between  the  ex- 
treme vertical  threads  is  15'  15"  or  61*  of  time. 

There  is  also  a  movable  micrometer  thread  parallel  to  the 
transit  threads. 

The  field  is  illuminated  by  light  thrown  through  the  horizontal 
axis  and  reflected  by  a  mirror  at  E  towards  the  reticule. 

190.  Example. — The  following  observation  was  taken  by 
Struvb  with  the  instrument  above  described.* 

1842.  January  15.     oDraeonis. 
East  Vertical.— 5°. 6  R.  West  Vertical.— 6®.4  R. 


Tubes. 

Tubes. 

Level.  +  40'.35    —  35'.8 

+  40.5      -  85.35 

40.4 

35.8 

40.55         35.36 

40.4 

35.8 

40.6           85.4 

40.4 

35.8 

40.45         36.4 

Thrtad$. 

I    IT'M-SO*.: 

19*  42-  51'.4 

II 

55     8 .65 

42    13.65 

III 

55    44.4 

41    38.0 

IT 

56    22.25 

40    59.85 

V 

57     0.6 

40    21.7 

VI 

67    40.9 

39    41.4 

VII    17 

58    19.5 
TubeJi-. 

19  39     2.7 
Tubes. 

VU    18» 

1-   4'.0 

19»  36-  17'.85 

VI 

1    45.6 

35    37.0 

V 

2    29.8 

84    62.35 

IV 

3    12.7 

84     9.3 

III 

8    67.6 

33    24.7 

II 

4    39.8 

82    42.1 

I    18 

5    26.36 

19  31    55.6 

Level.  +  87''.2 

-  89''.0 

+  87" 

'.25    —  38''.7 

37.2 

39.0 

37 

.25         38 .7 

87.2 

39.0 

37 

.3           88 .7 

37  .15         39  .1 

37 

.26         38  .7 

*  Attronomitche  Hachriehttu,  Vol.  XX.  p.  200. 
Vol.  IL— 18 
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The  value  of  oue  division  of  the  level  was  l".O02.  The  lati- 
tude, f  =  69°  46'  18".00.  The  correction  of  the  iiiton-al  betweeu 
the  east  and  west  transits  for  the  rate  of  tlie  clock  waa  +  0'.U9. 
The  temperature  of  the  air  is  recorded  at  the  time  of  the  obfler- 
vation  (in  degrees  of  Rfauimiir),  an  the  value  of  a  division  of  the 
level  depends  in  some  degi'ee  npoii  it 

According  to  formula  (179),  the  declination  will  be  found 
from  these  observations  by  the  formula 

tan  a  =  tan  ^'  cos  i(t  +  f)cm  Hi  —  f) 

where,  fi  being  the  mean  inclination  of  the  axis^  we  have^'  =  ^  ^^9^ 
t=  i  elapsed  time  between  the  obgervations  on  tlie  same  thread 
for  **tube  south,*'  ^'^=  the  same  for  ^Hube  north/'  We  omit  the 
factor  cos  X^  because  a  fixed  inntrument  can  always  be  adjusted 
so  accurately  that  we  can  put  cos  A  =  1. 

But,  ifistoad  of  compntincr  3  directly  by  this  formula,  we  may 
find  an  approximate  vakie  hy  using  the  constant  value  of  f  in 
the  second  member,  and  then  apply  a  correction  for  the  incli- 
nation ^.     Thus,  we  find^ 


tan  d'  =  tan  ^  cos  i(t  +  V)  cos  h{t -—  f) 
^sin2<5' 
8in2f^ 


(188) 


in  which  we  make  a3  additive  hy  supposing  ^9  to  be  posttiTe 
wlien  the  south  end  of  the  axin  is  too  high. 

Tlie  distance  c  of  m\y  thread  from  the  collimation  axis  maj  bo 
found  from  the  two  equations 

—  sin  c  zs  cos  f  sin  ^  —  sin  ^  cob  d  cos  t 
sin  c  ^  COS  f  sin  a  —  ain  ^  cos  d  cost' 

the  difference  of  which  gives 

sin  e:  :=  ^  sin  fp  cos  ^ sin  1  (t  +  ^')  w^  kit —  O  0®*) 

♦  We  li*Te  ^ =  —  — ,  whence  we  reftdilj  dednee 


U&<f  UOL^ 


%in  (<f  —  rf*)  ss  •in  {f*  —  ^) 


•in  jS  -^  A*) 
iin  (p  ^  f) 


which  glres  the  fonnuta  for  Ad  used  in  th«  text^  when  its  tign  is  ^liftiig^  Uft  lh« 
rMson  gWen. 
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The  computation  of  the  preceding  observation  may  be  arrangod 
in  tlie  following  form : 


1 

II 

III 

IT 

V 

Vt        1      TIT 

1*  4$*  3ii*,7i* 

47-  7^.m 

45-W.W 

44»3T'^ 

43-21»19 

42^  0*M 

40"  43-^ 

I    ^M   a9M 

28     2^ 

29  37  .19 

30  50.00 

as  22.04 

33   UM 

3fi  13.04 

4('^0 

0   48   43^ 

4S  4a^ 

4H  fiO  J2 

4ft  63.60 

46  ^M 

48   t»M 

48  59^1 

i(*-0 

0     6   37  JG 

4  urn 

4     6.03 

9  2G^ 

2  44.64 

2     2J2& 

I  33.24 

\€^cmi(f-^t} 

Gi.0001167 

mi 

004$ 

0411 

0!249 

0106 

ooao 

k«oiNi|(f  — i) 

0.tM»MTe6 

0063 

MOl 

0616 

0689 

0828 

0923 

lo«t*n^ 

0.2345728 

5728 

N2» 

672B 

5728 

6728 

6728 

lo^i^V 

O.23IM60 

hm 

6071 

M&6 

MflO 

fie02 

6Vni 

y 

5QO 11^  3,^»x>0 

za^M 

z^:a& 

38'^80 

aO'MS 

^^M 

39^.21 

Mean  J' : 


fi=  +  0".806 


Ao  ^ 


500  lY  S9'r  077 
+     0  .815 


J  ^  59    11  39  .892 


By  comparing  the  mean  value  of  o'  with  the  several  values 
found  from  the  different  threads,  we  find  the  prolniblt^ error  of  a 
eingle  determination  by  one  thread  in  the  four  positions  h  in 
this  case  only  0".U8.  TIiie^  observation,  however,  was  taken 
when  the  atmospliere  was*  nnuBually  steady*  From  a  diBcnseion 
of  the  observations  of  29  days  on  this  Rtar,  Strive  fimls  the 
probable  error  of  a  single  determination  by  one  thread  to  bo 
0'M25,  and  that  of  the  mean  of  seven  threads,  eonftequentlj,  only 
0".047.  To  this  IS  to  he  iidded  the  prol)ahle  enM>r  of  the  level 
determination,  which,  from  the  above  example,  is  evideiitly  ex- 
ceedingly small.  Struvb  concludes  that,  under  the  most  favorable 
conditions  of  the  atmosphere,  tlie  deelination  is  deternnned  by 
this  method  with  a  probable  error  of  not  more  tlian  0".05,  and  in 
average  circumstances  with  a  probable  error  under  O'M. 

191.  If  we  wish  to  compute  the  time  of  the  transit  of  the  star 
over  the  meridian  of  the  instrument  from  these  observations 
with  the  utmost  rigor,  we  must  take  into  account  the  ditference 
of  level  at  the  east  and  west  transits  over  the  prime  vertical. 
The  effect  of  a  differeiiee  of  level  is  the  same  as  that  of  a  differ- 
ence of  latitude:  hence,  difterentiating  the  equation 

cos  T  =  tan  5  cot  f 

in  which  r  is  the  hour  angle  at  the  west  transit,  we  have 


15  At  ^ 


Afp  tan  ^ 


Afp  sin  9 


sin*  f  sin  t       sin  f  |/[sin  (f  +  ^)  "^i^  (f  —  ^)] 
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The  mean  of  the  times  of  transit  over  the  east  and  west  vertieiil, 
or  T^o,  will  be  increased  by  A  j^r.  Putting  then  ^'  —  ^  for  Af ,  the 
correction  of  the  time  jT^,  will  be  expressed  bj  the  formula 

^  7;  =  — ^-n^\ (185J 

30  sin  sp  y^'i^m  (f  +  d)  sm  (f  —  ^)] 

Thus,  in  the  preceding  observations,  we  have  at  the  east  traDBit 
0  =  +  0",689,  and  at  the  west  transit  ^'  ^  +  0''.924,  and 


fi  —  ^^  —  0".235 


(7;)=lS*48-4K0a 

a7;  =  —        om 

Correeted  H=18  48    41.01 


We  can  now  find  the  exact  azimuth  of  the  insitniment  The 
clock  correction  at  18*  48"  was  -f  8*.31,  and  the  apparent  right 
EBcension  of  o  Draconis  was  18*  48"'  SO*.!?  :  hence 


^  Sid.  time  =  18*  48-  49*.32 

a  =  18  48    mil 


0 ,85  ==  —  12".75  m  arc, 


where  X  \^  the  angle  which  the  meridian  of  the  instrument  makes 
with  the  true  meridian.  Hence,  a  being  the  azimuth  uf  the 
rotation  axis,  we  have,  by  the  formula  a^^  X  sin  j?, 

a  =  —  11",0 

Finally^  if  we  wish  to  determine  the  effect  of  the  azimuth  upon 
the  observed  declination,  we  have  the  fornmla 

tan  9. 

tan  9  = * 

cos  I 

in  which  0^  u  the  declination  deduced  by  assuming  cos  Jl  =  1, 
and  d  is  the  true  declination.     From  this  we  readily  deduce 


<J^<),  =(!/)»  8in  r  sin  2d 
and  hence,  in  the  above  example, 


(186) 


S  —  li^^  O".OO017 


which  is  altogether  insignificant. 

102.  Tlie  exTrcme  preciniori  of  the  metljod  1.^  evident  from  the 
above  exanqde.     ifevertholefts*,  there  renuiin^  yet  u  doubt  m&  to 
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the  perfect  accuracy  of  the  declination  deduced,  arising  from  the 
possibility  of  a  change  of  azimuth  between  the  east  and  west 
transits.     It  is  evident  from  the  formula 

sin  c  =  —  sin  n  sin  ^  +  cos  n  cos  d  cos  (r  —  X) 

that  an  increase  of  X  by  the  quantity  aA  has  the  same  effect  as  an 
equal  decrease  of  the  hour  angle  r,  and  a  change  of  —  aA  in  r 
produces  a  change  of  —  ^dJ,  in  the  hour  angles  used  in  com- 
puting d.  To  find  the  effect  of  this  upon  the  computed  5,  we 
have,  by  differentiating  the  equation 

cos  T  =  tan  d  cot  ^ 

with  reference  to  r  and  8, 

a5  =  —  AT  cos*  d  tan  ^  sin  r 

or,  putting  J  a^  for  —  Ar,  and  eliminating  r. 


^)] 


cos  ^ 


cos  d  y^[sin  (^  -f-  d)  sin  (^  —  ^)] 


sin  2^ 


(187) 


The  following  table,  computed  by  this  formula,  is  given  by 
Struve  to  exhibit  the  effect  of  a  change  of  azimuth  Aa  =  1'',  for 
different  values  oiip  —  S. 


^-i 

A>l 

0"    0' 

0".000 

0    20 

0  .042 

0    40 

0  .060 

1     0 

0  .074 

2      0 

0  .108 

3      0 

0  .136 

4     0 

0  .162 

The  values  of  a5  here  increase  very  nearly  as  Vf  —  d.  For 
o  DraconiSj  the  correction  would  be  a5  =  0".055.  Struve  inves- 
tigated the  probability  of  a  change  of  azimuth  occurring  in  his 
instrument.    He  found  that  the  fluctuations  of  the  azimuth  during 
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a  whole  year  had  not  probably  ex'eeeded  one  second  of  arc  on 
either  side  of  its  mean  vtilac,aiid  that  even  the  extreme  changes 
of  temperature  from  winter  to  snmmer  had  not  produced  any 
sensible  effect  upon  it.  Hence  he  concludes  that  since  the  tern* 
jicraturerf  at  tlie  cast  ami  west  transits  of  a  star  on  the  same  day 
never  dilFured  by  mure  than  2^  11.  or  4i°  Fahn,  and  generally  but 
a  fraction  of  a  degree,  the  variations  of  the  azimuth  could  not 
have  produced  any  error  which  amounted  to  even  0",01,  It  IB 
important  to  observe  that,  during  the  period  referred  to,  the 
screws  for  adjusting  the  azimuth  were  not  touched. 

193.  Micrometer  observations  m  the  prime  veriicaL — Wlien  a  star 
passes  within  a  t>ew  minutes  of  the  zenith^  its^  Uitcral  motion 
(across  the  threads)  becomes  so  slow  that  the  observation  of  the 
transit  over  tlie  side  threads  would  occupy  too  much  time.  The 
star  may  indeed  l>e  within  tlte  limits  of  the  extreme  threads 
during  the  whole  time  from  its  east  to  its  west  transit.  In  such 
cases,  the  movalde  niierometer  thread  takes  the  place  of  the 
fixed  threads,  Tiiis  may  be  used  in  twa  ways  :  either  by  setting 
the  micrometer  successively  upon  round  numbers,  ideuticid 
before  and  after  rever^sing,  in  which  case  the  observations  aru 
reduced  precisely  as  those  made  on  fixed  threads;  or  by  Si*tting 
at  pleasure  and  as  often  as  the  time  permits,  in  which  cuse  the 
observations  are  reduced  ns  follows. 

The  micrometer  reading  for  the  case%vhen  the  mo%'able  thread 
is  in  the  eollimation  axis  is  known  approximately;  let  its  a^umed 
value  be  denoted  by  J/,  and  its  true  value  by  M  +  e.  Let  us  sup- 
pose that  for  '"tube  south*'  the  micrometer  readings  inereaae  an 
the  thread  is  moved  towards  the  north ;  then,  if  m  is  the  reading 
at  an  observed  transit,  the  thread  is  at  the  distance  m  —  ( Jf  +  e) 
north  of  the  eollimation  axis,  and  this  distance  is  to  be  subHtituted 
for  e  in  our  fundamental  ecpiation  [lOG),  In  this  equation^  wo 
shall  also  put  Jl  =  0,  n  =  90*^  —  y,  on  the  supposition  thai  the 
iLzimuth  and  inclination  of  the  axis  are  et^h  zero,  since  iho 
resulting  decli nation  may  be  corrected  by  the  methods  above 
explained.     We  have  then 

8in  (m  —  M  —  e)  =  ~  cos  y»  sin  ^  +  sin  ^  cos  J  coa  r 
=  sin  (f  —  tt)  ^  2  sin  ^  cos  6  sin'  i  r 


or,  since  in  the  case  here  considend  y-  —  J  ih  but  a  few  minutes, 
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, -.  ^       2  sin  e>  cos  d  sin*  i  r 

m  —  M — c  =  ^  —  d 

sin  1" 

For  convenience  in  computation,  let  us  put 

e  =  M —  m 

z  =  ^  —  9 

^       2sin*ir    . 
-B  =  — ; — — —  sin  w  cos  9 
sm  1" 

in  which  sin  f  cos  d  will  be  constant,  and  log  — : — ttt-  may  be 
taken  directly  from  our  Table  VI. ;  then  the  equation  becomes 

z  -{.c  =  E-^e  (188) 

in  which  e  is  given  by  the  observation  for  each  thread,  and  R  is 
to  be  computed  for  the  several  values  of  r  found  from  the  ob- 
served sidereal  tiines  and  the  star's  right  ascension. 

This  equation  applies  to  the  case  of  "  tube  south."  When  we 
have  "tube  north,"  the  equation  becomes 

,    T,jr  ,  ^       2  sin  cp  cos  d  sin*  J  r 

^m  +  M+c  =  ^  -d 1-^— 

sm  1" 

80  that,  putting  in  this  case 

e'=  m  —  M 
we  have 

z  —  c=R  —  e^  (189) 

The  instrument  is  reversed  but  once.  The  first  series  of  ob- 
servations is  taken  before  the  meridian  passage,  and  the  second 
after  it.  We  thus  find  from  the  means  of  the  observations  the 
values  of  z  +  c  and  z  —  e,  whence  both  z  and  c.  The  uncorrected 

declination  is  then 

d  =  ^  —  z 

to  which  we  apply  the  correction  for  the  level,  as  in  Art.  190, 
and,  if  necessary,  also  the  correction  for  the  azimuth  according 
to  (186). 

It  is  evident  that  this  method  may  be  applied  even  to  stars 
whose  declinations  are  somewhat  greater  than  the  latitude. 

Example. — The  following  observations  are  given  by  Struvb 
from  among  those  taken  with  the  Pulkowa  instrument  :* 


♦  Attr.  Naeh,,  Vol.  XX.  p.  217. 
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1842,  January  15*     v  UrtmMt^k, 
East  VertiomL  (—  6».5  R. )        Went  TertioiL 


Level 


Level. 


TubtS. 

TubtX. 

+  40'.25     • 

-37'.3 

+  38'.0 

—  39<.7 

40.3 

37  .35 

38.0 

39.7 

40.3 

37.35 

38.0 

39.7 

40.3 

37.35 

38  .0 

39.7 

TrsDsits. 

MiGrom. 

TnnsiU. 

Mierom. 

9»  30-  29*. 

9'.315 

9»  48-  42'.5 

14'.77l 

30    56.5 

9.550 

48    14 

14  .527 

31    24.5 

9.775 

47    46 

14.276 

32      0 

10 .083 

47    17 

14.068 

82    28 

10  ,298 

46    44 

13  .825 

82    54 

10  .470 

46     9 

13  .597 

33    29 

10 .691 

45    35 

13  .361 

34     4 

10.879 

45    11 

13  .232 

34    87 

11 .062 

44    40 

13  .077 

9  35    11 

11 .226 

9  44    12 

12  .942 

+  40''.8 

-37^25 

+  SS'.O 

—  39«.7 

40.35 

37.3 

38.0 

39.7 

40.35 

37.25 

38.0 

39.7 

40.25 

37.3 

38  .0 

89.7 

P 

=  +  0«.32S 

=  +  r.3a4 

In  these  observationsj  in  order  to  avoid  any  possible  error  of 
lost  motion  in  the  micrometer  screw,  the  thread  is  always  set  in 
advance  of  the  star  by  a  final  pomtive  motion  of  the  screw,  that  ia, 
by  that  motion  which  increases  the  readings. 

The  value  of  a  revolution  of  the  micrometer  screw  was  found 
by  the  formula 

r  =  28".682  +  0".00O2O2  (9.G  —  T) 

in  which  T\b  the  temperature  indicated  by  the  R<?aumur  ther- 
mometer; and,  since  in  thia  example  T^^  —  6**»5,  we  employ 

r  =  2r.6867  log  r  ^  145768 

Tlie  appareut  position  of  the  star  on  January  15>  1842.  was, 
acconling  to  Abgelander's  Catalogue, 

«  =  9»  39-  46*.  1  a  ^  59**  40'  24". 

Tlie  clock  was  slow  8'.3,  and  hence  the  clock  time  of  the  utar't 
culmhmtion  wm  1>*  89*  37'.8,  for  which  we  may,  for  simplicity, 
take  y*  3D*  38',  since  a  small  error  in  this  quantity  will  not  affect 
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the  final  value  of  z  when  the  hour  angles  on  the  opposite  sides 
of  the  meridian  are  so  nearly  equal  as  in  the  present  case. 

With  the  value  ^  =  59°  46'  18",  we  find  log  sin  (p  cos  3=9.63846. 
The  assumed  value  o{  M=  12^.000 ;  and  hence  the  observations 
may  be  reduced  as  follows : 

Tube  S. 


T 

— 9"»  9* 

8 

41.6 

8 

18.6 

7 

88 

7 

10 

6 

44 

6 

9 

5 

84 

6 

1 

4 

27 

R 

»— Jf 

log(m-JO 

e 

R—e^z  +  e 

DUr.  from  mean. 

2.21681 

71".49 

2''.685 

0.42894 

77".02 

—  6".58 

—  0".09 

2.17118 

64  .61 

2.460 

0.88917 

70  .28 

6  .77 

—  0  .88 

2.12826 

57  .77 

2.225 

0.34738 

63  .83 

6  .06 

—  0  .62 

2.06842 

49  .76 

1.917 

0.28262 

54  .99 

6  .28 

-f  0  .21 

2.00368 

48  .86 

1.702 

0.28096 

48  .82 

4  .96 

4-0  .48 

1.94946 

88  .72 

1.680 

0.18469 

43  .89 

6  .17 

+  0  .27 

1.87076 

82  .80 

1.809 

0.11694 

87  .66 

6  .26 

+  0  .19 

1.78420 

26  .46 

1.121 

0.04961 

82  .16 

5  .70 

—  0  .26 

1.69386 

21  .49 

0.988 

9.97220 

26  .91 

6  .42 

-f  0  .02 

1.68974 

16  .91 

0.774 

9.88874 

22  .20 

6  .29 

+  0  .16 

Mean  —  6  .488 


TubeN. 


M-m 

«  — c 

-f4-84'. 

1.61222 

17".81 

0^.942 

9.97406 

27".02 

—  9".21 

—  0".08 

5      2 

1.69678 

21  .64 

1.077 

0.03222 

80  .90 

9  .26 

—  0  .08 

6    88 

1.78160 

26  .81 

1  .232 

0.09061 

36  .84 

9  .08 

-f  0  .15 

6    67 

1.84204 

30  .23  1  1 .361 

0.13386 

89  .04 

8  .81 

+  0  .87 

6    81 

1.92105 

86  .27    1  .697 

0.20880 

46  .81 

9  .54 

—  0  .36 

7      6 

1.99651 

43  .06 

1.826 

0.26126 

52  .35 

9  .80 

—  0  .12 

7    89 

2.06081 

49  .98 

2.068 

0.81555 

59  .82 

9  .84 

—  0  .16 

8      8 

2.11362 

66  .49 

2.276 

0.35717 

65  .29 

8  .80 

+  0  .38 

8    86 

2.16198 

63  .16 

2.627 

0.40261 

72  .49 

9  .33 

—  0  .16 

9      4.6 

2.20867 

70  .88 

2.771 

0.44264 

79  .49 

9  .16 

H-0  .02 

Mean  —  9  .178 


Hence  we  have 


"     N.    z  —  c  =  —  9  .178 

z  =  —  7  .308        c  =  +  1".870 

^  =  59°  46'  18".000 

a  =  ^  —  2  =  59    46  25  .308 

Corr.  for  incl.  of  the  axis  =  +0  .324 

J  =  59    46  25  .632 

From  the  differences  in  the  last  column  of  this  computation, 
we  find  the  probable  error  of  a  single  observation  to  be  0".194, 
produced  by  the  error  of  observation  and  the  error  of  the  micro- 
meter. This  agrees  well  with  the  probable  error  found  for 
oDraconiSy  which  was  0".08  for  four  observations  on  one  thread. 
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The  probable  error  of  four  obsi.*rvatioiis  of  u  Ursm  Jfajoris  is 
0'M94  ^2  =  0".097,  which  ia  somewhat  greater  than  0'^08, 
apjiarently  because  it  involves  the  additional  error  of  the  micro- 
meter. 

The  prohable  eri*or  of  tlie  mean  vahie  of  z  or  of  the  value  of  ^ 
found  by  the  ]>reeediiig  micrometer  observations  is  0'M94  -r-  y  20 
=  0",043.  The  results  obtained  by  the  micrometer  have,  there- 
fore, very  nearly  the  same  degree  of  precision  as  those  obtidned 
by  the  fixed  threads,  when  each  method  is  skilfully  applied. 

The  extreme  precision  of  the  obaervations  with  this  instrument 
in  the  hands  of  Struve  is  strikingly  exhibited  in  the  accordance 
of  the  values  of  the  aberratiou  constant  determined  from  the 
changes  of  declination  of  seven  stars,  which  have  already  been 
cited  in  VoLL  Art.  440, 


CHAPTER   VI. 


TOE    MERIDIAN    CIRCLE. 

194.  The  3itTiV///7?i  O'rek^  or  7>f77m^  Cfrc/lf,  is  a  combination  of  ii 
transit  instrument  and  a  graduated  vertical  circle.  This  circle 
is  firmly  attached  at  right  angles  to  the  horizontal  axis,  and  is 
read  by  verniers  or  microacopes  (see  Arts.  18  and  21),  winch  are 
in  some  cases  attaclied  to  the  piers,  and  in  others  to  a  &am0 
which  rest*  upon  the  axis  itj*elf. 

By  means  of  this  combination,  the  instrument  senses  to  deter- 
mine both  co-oiHlinates  of  a  Sitar's  position, — the  right  ascension 
from  the  time  of  its  transit,  and  the  declination  from  the  zenith 
distance  measured  with  the  circle ;  or,  if  the  star*g  place  is  given, 
it  eerveft  to  determine  either  the  local  time  or  the  ktitudc  of  the 
place  of  obsei'vatiou. 

Tor  the  meamirenient  of  declinations,  it  takes  the  place  of  tli^ 
Mural  Circlt\  whicli  consi^t^  of  a  circle  mounted  upon  «ine  mdo 
of  a  pier,  the  circle  being  secured  to  the  eu<l  of  a  htirizontal  axiJ 
which  eutei^  the  pier,  Aa  the  latter  instrument  cannot  bo  re- 
versed, and  its  axis  in  not  symnietrieally  supported,  it  is  not  auitod 
to  the  areunite  dctermirnitton  vf  right  ascensions^  and  is  to  be 
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regarded  as  designed  solely  for  tho  measiirenient  of  deelinfttiona. 
Even  for  tlu8  purpose  the  nieridiaii  circle  ie  preforaLIe,  as  it 
admits  of  reverrsal  ;  and  there  is  always  an  advantage  in  eom- 
biniug  determinations  made  in  reverse  positions  of  an  instrument, 
whereby  unknown  errors  may  he  either  wholly  or  in  part  elimi- 
nated. I  shall,  tlierti'fore,  not  treat  Ki»L*eiully  of  tlie  mnral  circle. 
It  is  not  probable  tlnit  any  Tm>re  instruments  of  that  form  will 
hereafter  ht*  construetLMl;  n ml  the  method  of  using  those  that 
exist  will  readily  he  underdtoud  by  any  one  wlio  has  mastered 
the  meridian  circle. 


195.  riates  VIL,  VUL,  and  IX.  represent  a  meridian  circle  of 
Repsold,  behaiying  to  the  U.  S.  Naval  Aeademy,  and  mounted 
ftt  Annapolis  in  1852.  It  is  alniust  identical  in  ft»rm  witli  the 
meridian  circles  constructed  by  the  same  artist  for  8tri:ve  and 
Bessel  at  the  Pnlkowa  ami  Kunisjfsbcrii:  Obscrvatoi'ies. 

It  has  two  circles,  C'C'and  C'C\  of  the  same  size,  but  only  one 
of  these,  CCj  is  graduated  finely;  this  is  read  !>y  four  micro.scupes, 
two  of  which  are  seen  at  HIL  The  mieroseopcs  arc  carried  upon 
a  square  frame  whicli  is  centred  upon  the  rotation  axis  itself: 
the  form  of  this  frame  is  shown  in  Plate  IX.,  where  the  instru* 
ment  is  represented  upon  the  reversing  ear.  The  hurizuntal 
Bides  of  the  fmme  cariT  two  spirit  levels  I,  /,  by  which  any  change 
of  inclination  of  the  frame  with  respect  to  the  horizon  nuiy  be 
detected. 

The  second  circle  C  C%  constructed  of  the  same  sisse  as  the  first 
for  the  sake  of  symmetry,  is  graduated  more  coarsely,  is  read  at 
either  of  two  points,  and  is  used  only  as  a  finder. 

The  counterpoises  U^lFact  at  JIM'  points  nearly  equidistant 
between  the  telescopes  and  the  Vs,  and  verj*  near  to  the  circles; 
an  arrangement  wliich  prevents  the  possibility  of  any  ai>preciable 
flexure  in  tlie  horizontal  axis,  at  the  same  time  that  the  pressure 
on  the  Vb  is  reduced  to  a  very  small  quantity. 

The  inclination  of  the  rotation  axis  is  measured  with  a  hanginq 
level  LL, 

An  arm  FG^  turning  upon  a  joint  at  jP,  receives,  when  hori- 
zontal, an  arm  whicli  is  connected  with  a  eunar  upon  the  jH^tation 
axis.  By  turning  a  screw%  the  head  of  which  is  at  G,  the  tele- 
scope is  clamped  in  the  collar,  and  then  a  screw  (not  seen  in  the 
drawing)  acting  horizontally  near  G  gives  fine  motion  to  the 
telescope  by  acting  upon  the  vertical  arm. 
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Another  arm^^,  nearly  ii^iinilar  in  its  form  iintl  arran|:eraent  to 
FGy  receives  a  vertical  arm  attached  to  tlie  iuicro;^eo[>e  frame. 
Screws  acting  horizontally  at  ff  upon  the  vertical  arm  serve  to 
adjust  the  frame. 

These  arm?*  are  shown  in  Plate  VIII.  as  they  appear  when 
tlirown  down  and  out  of  use  while  the  ini<trumeiit  is  bt»iiig 
reversed.  In  this  plate  is  also  seen  the  arrangement  of  the 
vertical  arms  and  tlie  friction  rollei's  by  wlndi  the  counter- 
poises act  upon  the  horixuntal  axis,  together  with  the  form  of 
the  Vs. 

The  field  h  ilhiminated  by  liirht  thrown  into  the  interior  of  the 
telescope  thrtMigh  tubes  at  ^1^1  and  reflected  towards  the  reticule 
hy  a  mirror  in  the  central  cube.  The  quantity  of  hght  is  regu- 
lated  by  revolving  discs  with  eccentric  apertures  at  tlie  extrenii* 
ties  of  the  tubes  nearest  to  the  Vs.  These  discs  are  revolved  liy 
means  of  a  coixi  to  which  liangs  a  small  weight  S. 

The  reticule  at  m  contains  seven  transit  threads  and  three 
micrometer  threads  at  right  angles  to  the  transit  threads.  Tliese 
three  threads  have  a  conimon  motion,  their  distance  from  each 
other  being  constant.  This  distance  being  known,  an  ohsen*^ 
tion  f)n  either  of  tlie  extreme  threads  can  be  reduced  to  the 
middle  thread.  The  micrometer  tlius  arranged  is  intended  for 
the  measurement  of  snuill  difterences  of  declination,  and  alao  for 
the  measurement  of  absolute  declinations  when  used  in  con- 
junction with  the  graduated  circle,  as  will  be  fully  exphiinetl 
herealYer. 

The  graduated  circle  of  this  instrument  is  nearly  30  inches  in 
diameter,  and  reads  directly  to  2"  by  the  graduations  on  the 
micrometer  heads  of  the  reading  microscopes;  and  by  estimating 
the  fraction  of  a  graduation  of  the  micrometer  liead,  the  reading 
is  carried  down  to  0".li.  Tliis  is  a  suttieiently  great  degree  of 
accuracy  of  reading  to  correspond  to  the  dimensions  and  aptical 
power  of  this  instrument;  but  in  larger  instrnmeut^  the  reading 
in  sometimes  earned  down  to  O'Mli,  or  even  less. 

The  discussion  of  the  errors  of  the  circle  of  this  instrument  U 
given  in  Arts.  28,  32,  and  33.* 


^  Tli«  vrroni  of  th«  droU  oijij  oat  be  ooosUnt,  aince  tJicy  nittj  fliHsniftlt  wilJl  Urn 

tempernUire  of  it#  vArioUi  piirlA.  We  ruAj«  how  over »  HJumnie  timt  I  be  frror*  si 
different  tcmperatun^s  will  Ih>  tbi<  same,  provithM)  Ibr  fipnnvion  of  ibe  circle  for  mtk 
locre&ae  of  icrupemture  is  utiiforni  Ibroiigbout  «U  its  parts,  For  tbe  grMtM  p«^ 
cisipD.  tbcrcforc,  we  thuuld  etitle»Tor  to  ieeure  tbis  coodUion  of  tiniform  1^ 


MERIDIAN    CIHCLE- 

A  mercury  collimator  should  be  placed  perraaiiciitly  beneath 
the  floor  directly  under  the  ccutru  of  the  instrument,  covered  by 
a  movable  trap-door. 

I  proceed  to  consider  the  methodB  of  observing  with  the  meri- 
dian circle*  It^*  application  aa  a  transit  instrument  will  l)e  Hiiffi- 
eiently  clear  from  the  preceding  cbapter.  It  in  necessary  to  treat 
here  only  of  the  use  of  the  circle  and  micrometer  in  the  mea- 
surement of  nadir  di?*tanee,  zetiitb  distance,  polar  distance,  or 
altitude  of  a  ^tar,  from  which  either  the  declination  of  the  star 
or  the  latitude  is  found. 

VMh  Nadir  point — The  first  of  the  methods  of  using  the  iiistru- 
^ineut  which  I  shall  ti'eat  of  is  that  in  which  all  observations  with 
the  circle  are  referred  to  the  nadir.  Let  us  lii'^t  suppose  the 
instrument  to  be  perfectly  adjusted  in  the  meridian,  and  the 
observation  of  a  star  to  be  made  at  the  instant  of  its  transmit.  The 
nadir  point  is  obtained  by  directing  the  telescope  vertically 
towards  the  mercury  eollimator.  To  take  the  simplest  ease,  let 
ns  suppose  the  sight  line  to  be  determined  by  a  fixed  horizontal 
thread  (at  right  angles  to  the  transit  threads).  Let  this  thread 
be  brought  into  eoincidenee  witli  its  reflected  image.  The  sight 
line  is  then  vertical,  aud  the  reading  of  the  circle  (by  which  we 
always  understand  the  mean  of  all  the  microscopes  added  to  the 
degrees  and  minutes  under  the  first  microscope,  or  nucroscope 
A)  represents  the  nadir  point  of  tlie  circle.  Let  this  reading  be 
denoted  Ijy  Q.  The  telescope  being  then  directed  towards  a 
star,  and  the  fixed  horiznntnl  thread  being  made  to  bisect  the 
star  at  the  instaut  ot  the  transit  over  the  middle  vertical  thread, 
let  the  circle  reading  be  C".  Then  the  ai>parent  nadir  distance 
of  the  star,  which  I  shall  denote  by  JV\  will  be 


and,  for  this  purpose^  it  is  advisable  lo  make  the  piers  «iif!icientlj  high  find  broad  to 
protect  the*  whole  circle;  for,  Hincc  the  temperature  of  the  piers  will  ofteo  differ 
from  that  of  t!ie  circle,  the  ratiUtion  from  ihem  will  lend  to  produce  unequal  teia- 
pertilurea  in  the  different  parts  of  the  circle,  unless  the  latter  is  eqnally  eipo!*ed  to 
this  radtntioQ  throughout.  But  even  this  arrani^emeni  will  fail  of  its  object  if  the 
ieniperflture  of  the  piers  is  not  unilbrm  ;  and  therefore  thej  must  be  protected  against 
fluctuntions  of  temperature  as  much  as  possible;  for  example,  by  first  cnating  them 
with  oil  or  some  other  preparation  to  exclude  moisture*  then  wrapping  thetn  in  clotb* 
ftiid  filially  encasing  them  in  wood,  aa  proposed  by  Dr.  Goi7Lt>  for  the  meridian  circle 
of  tbe  Dudley  Observiitory. 
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and  thia  distance  is  nsually  reckoned  from  0^  to  360**  from  the 
nadir,  through  either  the  soutli  point  or  tlie  north  point,  accord- 
ing to  the  direction  in  whieh  the  graduations  iucrea&e.  Thia 
direction  ia  ditterent  in  the  two  positions  of  the  rotation  axis. 
Supposing  the  position  of  the  axis  to  be  indicated  hy  that  of 
the  circle  itself,  lot  us  assume  that  the  nadir  distance  is  reckonetl 
through  the  south  point  for  drcU  east,  and  through  tlie  north 
point  for  cirde  west.  If  we  denote  the  apparent  zenith  distance 
of  the  star  south  of  tlie  zenitii  by  ^',  we  shall  then  have 


2^=±  (180**  -^  iV^O 


j  -^^  for  circle  east  1 
\  —  for  circle  west  / 


In  obtaining  the  circle  readings  Q  and  C%  the  correction  for 
error  ofruns,  when  8uch  error  exists,  must  ho  applied  as  explained 
in  Art  22,  But,  with  the  aid  of  the  telescope  micrometer,  we 
can  avoid  tlie  error  of  runs,  as  followt^.  In  ohser%'ing  the  nadir 
point,  set  the  ciixilc  so  that  an  exact  division  is  under  or  nearly 
under  the  zero  of  one  of  the  reading  microscopes,  that  is,  so 
that  all  the  micro.scopes  will  read  nearly  0"  :  their  mean  will  not 
require  any  eenaiblo  correction  for  runs.  But  the  fixed  thread 
will  then  not  be  in  coincidence  with  its  image.  Measure  the 
distance  of  the  fixed  thread  from  its  inuige  by  the  micrometer. 
One-half  tins  distance,  being  applied  to  the  circle  n*ading,  will 
give  tlie  reading  for  abi^olute  coincidence.  In  like  nmnner,  in 
observing  the  star,  set  the  circle  again  upon  an  exact  <livisioOt 
and  bisect  the  star  with  the  micrometer  thread  ;  the  distance  of 
the  micrometer  thread  from  the  fixed  thread,  being  applied  to 
the  circle  reading,  will  give  the  required  reading  C\ 

But,  when  the  micrometer  is  einjiloyed,  it  is  altogether  prefer* 
able  to  dispense  with  the  fixed  thread  and  to  depend  solely  npan 
the  movable  one.  Thus,  to  determine  the  nadir  point,  having 
brought  the  circle  division  which  is  nearest  to  the  nadir  |ioint 
reading  under  microscope  A^  let  the  mean  reading  obtained 
from  all  the  microscopes  be  called  C^*  Bring  the  micrometer 
tliread  into  coincidence  with  its  innige^  and  let  the  micrometer 
reading  be  J/^,  which  we  shall  suppose  to  be  converted  into  arc 
by  multiplying  by  the  value  of  a  revt)hition  found  nccording  to 
Art  4»i  or  47.  It  is  now  evident  that  when  the  telescoiH?  ii 
directed  upon  a  star,  if  the  micrometer  reading  remains  M^  while 
the  thread  bisects  the  star  and  tlie  ciivle  rt*ading  is  C%  \\iv  nadir 
distance  is  C  ^  C^  precisely  as  if  the  microiueter  thread  were 
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fixed.  But  the  reading  C*  will,  in  general,  involve  an  error  of 
runs,  to  avoid  whieli,  set  the  circle  as  before  upon  a  neighboring 
exact  division,  and  let  the  reading  be  t^till  called  C ;  then  bisect 
the  star  with  the  micrometer  thread,  and  let  the  reading  be  J/'; 
the  nadir  distance  of  the  star  will  be 


ir^(6"^Q +  (!/'-.«;) 


(190) 


In  practice,  this  method  will  be  found  much  simpler  than  it  at 
first  appears.  The  finder  8hould  always*  be  a(\jugted  80  that 
whole  minutes  in  its  reading  eorrcispond  to  %vhole  minutes  of  the 
principal  cirele.  Then,  in  all  observations  of  the  nadir  point, 
we  set  the  finder  to  the  same  exact  division ;  and,  in  obeerving 
the  star,  we  compute  its  approximate  nadir  distance  to  the  nearest 
minute,  and  set  the  finder  upon  this  minute. 

In  the  above  fonnula,  we  suppose  the  micrometer  readings  to 
increase  with  the  circle  readings. 


Example. — On  Muy  4,  18,56,  the  telescope  of  the  Meridian 
Circle  of  the  Naval  Academy  was  directed  to  the  nadir  by  setting 
the  finder  Tipon  0°  0',  and  the  mean  of  the  four  microscopes  gave 
the  circle  reading 

Co  =  359°  5^  54".70  (or  —  0^  0'  5".30) 

The  micrometer  thread  was  then  brought  alternately  north  and 
south  of  its  own  image  in  the  collimator,  bo  ae  to  form  each  time 
a  square  mth  the  middle  transit  tliread  and  its  image  (as  in  Art* 
147),  and  the  micrometer  readings  were  a«  follows : 


IniAge  N. 

S. 

Means. 

s-as'.i 

40'.8 

6'  ST'.IO 

32.9 

40.4 

36.65 

83.0 

40.3 

1       36 .65 

33.5 

40.5 

37  .00 

so  that  J/o  wa«  the  reading  when  the  micrometer  thread  was  in 
coincidence  with  its  image. 

The  telescope  was  then  directed  to  Polaris  at  its  upper  culmi- 
nation by  setting  the  finder  at  229^  32'  (the  latitude  being  38^  59', 
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In  Fig.  48,  constructed  as  in  Art.  123,  let  0  be  the  position  of 
y.^  ^g  the  star.     The  great  circle  described 

by  the  telescope  U  N^Z'S\  and  2*  ia 
the  zenith  of  the  instniment.  The 
arc  AO  drawn  from  the  pole  of  the 
great  circle  N^Z^S^  to  the  star  iiiter- 
eectB  this  circle  in  0\  and  00'  re- 
presents the  micrometer  thread  which 
bisects  the  star,  since  this  thread  ia 
also  pciT>endicular  to  the  plane  of  the  • 
instrnment,  and  O'O  ^  c  is  the  dis- 
tance of  the  star  from  the  colliniatiou 
axis.  If  the  telescope  were  directed  to  the  pole,  the  thread 
would  coincide  with  PP%  P'  being  the  point  in  which  the  great 
circle  ylPintereects  N^Z'S'.  Hence,  P'  is  the  apf»arent  pole  of 
the  instrument,  and  tlie  apparent  poLir  distance  of  the  etar,  as 
given  by  the  instrument,  is  P*0^  —  90°—  i*  (denoting  the  in- 
strumental declination  by  5'),  But,  since  the  triangle  P' AO*  is 
right  angled  at  P' and  0',  the  anglt?  P*AO*  is  measured  by 
P'O'.     We  have,  therefore,  in  the  triangle  Pj'10(with  the  nota^ 


's'* 


tion  of  Alt  123),  the  sides  P^l 


n,  ^O==90°+c,  PQy 


=  90°  —  ^,  witli  the  angle  APO  ^  90^  -\^  x  —  my  and  the  an^e 
PAO  =-  90°  ^  S\     Hence,  by  Sph.  Trig,, 


Bin  ^  =^  —  sin  n  sin  c  -f  €ob  n  cos  c  sin  ^' 
cos  d  sin  (x  --m)  ^  cos  n  sin  c  +  sia  n  cos  c  sin  9* 
0O8  a  cos  (r  —  m)  =  cos  c  cos  a' 


(191) 


in  which  S  is  the  corrected  declination,*  r  is  the  east  hour  angles 
of  the  star,  and  m  and  n  are  the  instrumental  constants  as  deter- 
mined  by  transit  observations  (Art,  151).  But,  since  n  is  exceed- 
ingly small  (seldom  more  than  0'.5  ==  7'^5)  and  c  not  more  than 
15'  even  when  the  star  is  observed  near  one  of  the  extremo 
transit  threads,  the  product  sin^  sin??  will  be  insensible,  and  we 
may  always  put  cosn  —  L  The  first  and  third  of  theae  eqna^ 
tions,  therefore,  become 

Bin  J  =  cos  c  Bin  ^' 
cos  d  cos  (r  —  m)  =  C06  c  cot  d' 
whence 

tan  ^  =  cos  (r  —  m)  tan  9*  O")* ' 

^  Thftl  IB,  J  U  the  appareni  decUuftiion  (ftffee(«d  by  refVttelioQ  ftoU  pfttmlUi)  mm  it 
would  be  given  by  ah  ob»cnraUoti  ia  the  meridian  with  •  perfectly  t^i^*^  ImtnuDMl. 
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from  which  it  appears  that  the  only  correction  for  the  error  of 
the  instrument  i\nth  respect  to  the  meridian  is  the  suhtraction 
of  the  constant  m  from  the  honr  angle.  The  value  of  3  will  be 
found  more  conveniently  by  developing  it  in  eerietj  by  PL  Trig, 
Art.  254 ;  we  find 


^    sin  1"    ^    2  sin  1''    ^ 


in  wMch 


q-^- 


Bin'  i  (t  —  m) 


—  tan*  J  (^  —  ''*) 


sin*  i  (r  —  m) 

As  it  19  more  convenient  to  employ  sin*J(r  — ?h)  instead  of 
tan^^(r  —  m),  because  tables  of  tlie  former  quantity  are  in  com- 
mon use  (see  Tables  V.  and  VI.),  we  develop  q  in  the  form 

^  =  —  Bin'  I  (t  —  m)  [1  —  sin'  ^  (r  —  wi)]  "* 


^:  —  sm* 


,  (r  ^  m)  --  sin*  ^(t  ^  m)  —  &o. 


and,  substituting  this  value,  we  find 


sin  1" 


Bin' 


m) 


ain  1" 


sin  2a'Bhi«5'     (193) 
sin*  t  (r  —  m) 


sin  1" 


where  the  last  terra  is  usually  insensible,  and  the  terra 

sin  2d'  is  called  the  reduction  to  the  meridian,*  In  computing 
this  term,  wo  may  use  a  tor  tJ'.  The  correction  is  always  sub- 
tractive  from  the  int^trumental  declination.  If,  however,  we  wish 
to  apply  it  to  the  observed  nadir  distance  N\  we  must  obsciTe 
the  sign  of  N'  in  (190).  For  circle  east,  the  reduction  will  be 
additive  to  JV',  and  for  circle  west,  subtractive  from  N^, 

Ez^MPLE, — In  the  observation  of  Pvlaris  on  May  4,  1856,  p. 
287,  the  star  was  not  only  observed  at  the  time  of  its  transit,  but 
it  was  bisected  by  the  micrometer  thread  a  number  of  times 
during  its  passage  over  the  field,  tlie  clock  being  noted  at  each 
bisection,  as  in  tlie  following  table,  which  contains  also  the  re- 
duction of  the  observations : 


*  The  lust  term  of  the  smes  becomes  &  miizlinum  for  a  giren  Talue  of  r  —  m 

when  i  =  60®,  ia  which  case  Ihc  yaluo  of  the  term  is   —  ^/  ^^ — ^  -I  */8t  which 

sin  1" 
amounts  to  (T  .01  onljf  when  r  —  m  =  6"«  23*.     For  J  =  88^  30',  the  t«rm  amounts 
to  O^.OI  only  when  r  —  i»  =  12». 
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f 

jr 

M*—M^ 

=  Jl* 

M 

jr»+ji 

SfftlHa 

1*  1-  51*, 

6^60^6 

+  WM  ^ 

+  i2*.e5 

+  2^52*. 

—  0".4l 

-t-  ir.24 

—  0^.20 

2    17 

fiO.9 

14.05 

18  .02 

2    26 

0  .80 

12  ,72 

^0  .28 

2    49 

50.8 

13,95 

12  .93 

1    54 

0  .18 

12  .75 

4-0  .81 

S    16 

80.5 

13.65 

12  .65 

1    27 

0  .11 

12  ,64 

-h  0  .10 

8  a6 

60.2  , 

18.85 

12  .88 

1      8 

0  .06 

12  .82 

^0.12 

4     a 

50.4 

13.55 

12  .66 

0   43 

0  .08 

12  .58 

+  0  .00 

4    80 

5a  .8 

13.95 

12  .98 

+0    18 

0  .00 

12  .98 

^0  .49 

4    57 

60.4 

13.55 

12  .56 

-0    14 

0  .00 

12  .56 

-h  0  .12 

6    11 

40.4 

12.55 

11  .68 

1    28 

0  .11 

11  .52 

-0  .93 

6    87 

50,4 

18.55 

12  .66 

1    54 

0  .18 

12  .88 

^0.06 

7      0 

40.8 

12.95 

12  ,00 

2    17 

0  .26 

11  .74 

-  0  .70 

7    24 

51.2 

14,85 

IS  ,m 

2    41 

0  .86 

12  .94 

4-0  .50 

7    M 

50*0 

14.05 

18  .02 

^8    12 

—  0  .51  -f  12  .51 

^  0  .07 

Mwa  +  12  .14 

The  colamn  rcontainf?  the  observed  clock  times :  M'  the  micro- 
meter reading  at  each  bisection  of  the  star;  M*  —  3/^  is  found 
from  the  observation  of  the  nadir,  which  gave  3/^  —  %f  36^,85, 
and  J/"  is  the  value  of  H*  —  3/„  in  arc,  the  value  of  a  divigioo 
being  0".927.  To  find  r  —  m,  we  observe  that  the  hour  angle  r 
\&  found  by  the  formula 

a  being  the  right  ascension  of  the  star  and  ATtbe  clock  correo- 
tion,  and  hence 

or,  putting 


we  have 


In  the  present  example,  the  value  of  m  was  +  0'.42,  and  aTwm 
-^  1*  2*. 85,  The  apparent  place  of  the  star,  from  the  American 
Ephemeris,  was 


a  ^  P  5-  4C'.29 


J  =  88*  32'  2G".00 


Hence,  a'  ^  1*  4*'  43'.0,  the  difference  between  which  and  each 
T\%  given  in  the  column  r  —  m. 

The  reduction  to  the  meridian,  here  denoted  by  J?,  is  conv©- 
niently  computed  by  the  aid  of  Table  TL,  under  the  form 


^  2  «iii»  J  (r  —  m)         ,    .    , 

sin  1" 


aw) 


This  redaction  is  here  to  be  applied  to  the  observed  nadir  di»- 


MERIDIAN    CIRCLE. 


293 


tance  with  tlie  same  sign  as  to  the  declination,  for  the  finder  was 
west,  and  the  nadir  distance,  being  reekooed  through  tlie  ^oiith 
point  over  the  zenith,  increases  with  the  declination.  The  two 
qnantltiee  iff  and  i?  being  applied  to  the  difference  of  the  circle 
readings  for  the  nadir  point  and  the  star,  we  have  the  apparent 
nadir  distance  of  the  star  in  the  meridian.  The  sum  J/"  +  E 
should  then  he  the  same  for  each  observation,  and  we  have  here 
found  its  value  for  each  in  order  to  determine  the  probable  error 
of  observation.  From  the  '*  differences  from  the  mean"  in  the 
last  column,  we  find  that  the  probable  error  of  a  single  observa* 
tion  was  0".28,  whieh  includes  the  error  in  bisecting  the  star  by 
the  thread,  the  error  arising  from  unsteadiness  of  the  star,  and 
errors  of  the  micrometer. 

The  meridian  nadir  distance  of  the  star  from  the  mean  of  all 
the  observations  is  then  found  as  follows: 


(From  page  288)  C'—€^^  22Q^  32'  12".77 

Jf "  +  i£  =:  +  12  .44 

CoiT.  for  IncL  of  microaeopea  =;  t '  —  t^  =:  —    0  .31 

N*  =  229    32  24  JO 

The  observation  was  taken  to  determine  the  latitude,  and,  in 
order  to  find  tlie  refraction,  the  barometer  and  thermometer 
were  observed  both  before  and  after  the  observation,  as  foUows: 


At  1*0". 

At  1*  12-. 

Means. 

SO"-.  176 

30'".210 

30M93 

56". 

56''.5 

56°.3 

54  .9 

54  .6 

64  .75 

Barometer 
Attached  Therm. 
External       " 

Hence,  using  Bessel's  Refraction  Table,  we  find 

—  ^^  =^  49°  32'  24",90 
Eefraction  =  1     8  .05 


—  z  =  49 

^  =  88 


33  32  .95 

32  2G  ,00 


^  =  38    58  53  ,05 

200.  Horizontal  point, — Ohervation  of  a  star  bt/  reflection , — The 
second  method  of  using  the  iuBtrument  is  that  in  which  the 
apparent  altitude  of  a  star  m  determined  by  taking  half  the 
angular  distance  between  the  star  and  its  inmge  reflected  in  a 


294 


HERriyiAir  circle. 


basin  of  mercury.  The  direct  observation  of  the  star  is  usuallj 
made  before  the  meridian  transit,  and  that  of  the  reflected  image 
after  tlie  transit,  or  vice  versa,,  and  each  is  reduced  to  the  meridian. 
The  difference  of  the  two  reduced  circle  readings  {plm  the  dif- 
ference of  the  micrometer  readings  if  tlie  obsservations  are  made 
on  the  movable  thread)  is  twice  the  meridian  altitude.  The  half 
sura  of  these  readings  u  the  reading  when  the  sight  line  is  hori- 
zontal, and  represents  the  horizontal  imint  of  the  circle,* 

In  observing  equatorial  etars  by  this  method,  the  circle  ib  set 
approximately  for  tlie  direct  observation,  and  the  microecopes 
read  off  before  the  star  comes  into  the  iield.  Then  one  or  more 
bisections  of  the  star  are  made,  with  tlie  micrometer  thrt^ad, 
before  the  star  arrives  at  the  middle  transit  thread.  The  teles- 
cope is  tlieu  quickly  turned  towards  the  mercury  and  clamped  at 
the  approximate  position  of  the  reflected  image,  several  bisec- 
tions are  made  with  the  micrometer,  and  finally  the  circle  is 
again  read  oflT*  That  no  time  may  be  lost  in  setting  the  circle 
upon  the  reflected  image,  a  spirit-level  finder  attached  to  the 
tube  of  the  telescope  is  previously  set  to  the  approximate  depres- 
sion of  the  image ;  the  telescope  is  then  revolved  until  the  bubble 
plays. 

In  the  case  of  stara  near  the  pole,  the  circle  may  be  read  off  a 
number  of  times  during  the  transit,  as  in  the  following  example 
from  Bess  EL. 

Example* — The  following  observations  of  a  IJrsm  Minoriswem 
taken  by  Bessel  witli  the  Kepsold  meridian  circle  of  the  Konig»- 
berg  Observatory  in  1842,  April  22.  The  star,  or  it^  reflected 
image,  was  brought  in  the  midille  between  the  two  close  threads 
of  the  micrometer  by  moving  the  telescope  by  the  tangent  screw, 
the  micrometer  thread  being  used  as  fixed,  and  the  cinrle  wan 
read  off  after  each  observation.  Five  direct  observations  are 
preceded  and  followed  by  three  reflection  observatiotis. 


*  The  determ  I  nation  of  the  horiJiOEiliil  point  by  reflect  ioD  obwfrratiotti  iboald  W 
UBed,  ia  coigunclion  witb  the  olhi»r  nieiho*lH  girvn  iq  ih«  lexl,  for  ibe  sake  wf  TerilS' 
CtttioQ.  Indeed,  it  U  deHimhlc  that  ail  the  mMrunientftl  eonstftou  »huubl  b*  fouad 
hj  At  ]%^»t  two  indt'prndrnt  tncthcnU,  Tbe  f^onitruction  of  tbe  initrncnrAl  m»  thftl 
this  fb»ll  alwAjrg  be  possible  prf*«nis  difficulties,  which,  however.  h*re  h#eii  goeo— »- 
fully  overeome  by  Db.  0,  A.  Guild  in  the  large  lueridiim  circl«  QQii«lruct«d  Wk4m 
htf  direction  for  the  Dudley  Oba^rTatory. 
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Clock, 

T  —  m 

Circle. 

R 

Meridimi. 

0*  45-  64* 

17-  20- 

146°  15'  n".o 

+  15".8 

146»  15'  26".8 

49   1 

14  13 

16  .» 

+  10  .6 

27  .5 

51   6 

12  8 

2U  .2 

+  7  .7 

27  .9 

54   9 

9  5 

83  44  44  .0 

—  4  .3 

33  44  39  .7 

5K  58 

4  21 

41  .5 

-  1  .0 

40  .5 

1  2  54 

0  20 

40  .5 

0  .0 

40  .5 

7  2? 

4  14 

42  .8 

—  0  .9 

41  .9 

12   6 

8  52 

45  .6 

—  4  .1 

41  .6 

18  25 

15  11 

146  15  15  .4 

+  12  .1 

146  15  27  .5 

21  27 

18  13 

10  .4 

+  17  .4 

27  .8 

23  46 

20  32 

5  .4 

+  22  .1 

27  .5 

Mean.  Direct      33    44  40  ,82 
*'     HqBccL  146    15  27  .50 


App.  mend,  zen,  diet. 
Barom,  29^808  Att.  Thorm.  47M  F.  >       ^       ^ 

Ext  «  49  .0"  |^^f*'a<^t'^^ 
Correction  of  the  circlo  graduation  +  0".470 
Corr.  for  distance  of  mercury  -f  0  .018 


38 


1 


44  m  M 

+  as  .76 

4-    0  .49 
31  5a  .53 


Star's  polar  distance 

Complement  of  latiludo    35    17     9  .44 
«p  =    54   42  50  .56 

In  computing  r  —  m  by  the  form  a'  —  7",  we  have  assumed 
a'—  1*  3"  14'.  The  circle  readings  are  the  means  obtained  from 
the  readingH  of  four  mioroscopeii. 

The  reduction  to  the  meridian  E  is  computed  for  the  reflection 
ob«er^"ation8  by  the  same  formidse  as  for  direct  ones,  only 
changing  it8  sign. 

The  correction  of  the  circle  graduation  was  derived  by  Bessel 
from  a  special  investigation  of  the  errors  of  those  divisione  which 
come  into  use  in  the  observation  of  Polaris  by  direct  and  reHection 
observations  at  its  upper  culuiination.  For  a  given  zenith  dis- 
tance z,  the  four  divisions  that  come  into  use  in  the  direct  obser* 
vation  by  tlie  use  of  the  four  microscopes  are  2,  90*^  +  r, 
180°  +  Zy  270^  +  z ;  and  iu  the  reflection  observation,  360^  —  z, 
90**  —  2,  180°  —  z,  and  270^  —  z.  The  correction  0'^470  is  here 
the  mean  of  the  coiTcctions  of  these  eight  divisions  for  z  =  33°  44', 
tlie  »ign  of  the  correction  for  the  reilectiou  observationB  being 
chADged."^ 


•  See  Bx»i«L,  In  Aaron.  JVocA.,  Nat*  481  and  482. 
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The  correction  for  the  distance  of  the  mercury  from  the 
iiistniraent  is  eiraply  the  difference  of  the  latitude  of  the  mercury 
basin  and  the  centre  of  the  teleacope*  For  in  this  method  we 
really  measure  the  angle  between  the  direct  and  reflected  rays 
which  is  fonned  at  the  snrface  of  the  mercurj-,  and,  consequently, 
the  latitude  determined  is  that  of  the  mercury.  The  basin  T»va3 
here  north  of  the  inHtniment,  aud  the  deduced  latitude  would 
require  a  subtractive  correction,  or  the  zenith  distance  au  additive 
one. 

To  find  the  horizontal  point  of  the  circle  corrected  for  the  i 
diviriion  errors,  we  have,  according  to  Bessel,  for  z  —  33**  44'  iu 
the  direct  observation,  the  correction  +  0'M56,  and  for  the  sup- 
plement of  this  the  correction  —  0".T84,  the  half  difference  of 
whicli  is  the  correction  +  0",470  used  above,  and  the  half  sum 
—  0",814  IB  the  correction  of  the  horizontal  point  found  bjr 
taking  the  mean  of  the  circle  readings  in  the  direct  and  reflected 
observations.     Thus,  we  have 

Mean  of  circle  readings  ^W  (f  4M6 
Corr.  of  gradaatioas  =  —  0  .81 
Horizontal  point  =^  90    0  8  .85 

The  zenith  point  of  the  citcle  is,  therefore,  0**  0'  3",85.  So  long 
as  the  state  of  the  instrument  is  unchanged,  this  is  the  constfint 
correction  of  all  zenith  distances  obser\^ed,  additive  or  snbtract- 
ive,  according  as  the  object  is  south  or  north  of  the  zenith. 

201.  The  nadir,  horizontal,  and  zenith  points  of  the  circl©  ard 
all  determined  when  any  one  of  them  is  determined,*  and  there* 
fore  we  ought  to  bo  able  to  combine  the  results  obtained  by  the 
mercury  collimator  and  by  reflection  observations  of  stum. 
Nevertheless,  observers  have  sometimes  found  discrepancies 
bet\i'eeii  the  two  methods  whieh  appeared  to  be  greater  than 
could  fairly  be  ascribed  to  errors  of  observation.  Among  tlui 
sources  of  error  which  may  produce  such  discrepancies,  wc  may 
here  mention  the  personal  equation  in  bisecting  a  star  by  a  mieio- 
meter  thread.  Prof,  J.  H.  C.  CoFFiKt  has  demonstrate  die 
existcnee  of  such  an  equation,  more  or  less  constant,  betwoen 
different  observers,  by  comparing  the  declinations  of  the  samd 

*  Provided  th«  «m}»  of  dtTiiloa  snd  of  flexure  kftte  b«eii  dalj  etimiiiAl^d. 
I  jiflrofMMNMl  •/ottmafi  Vol  IlL  p.  1:21. 
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star  obtained  by  the  different  oliserverH  using  the  mural  circle  of 
the  Wa^^hingtou  Obgervatory  during  the  years  1845  to  1849 
inclusive,  the  declinations  having  all  been  reduced  to  the  Bame 
epoch.  lie  aho  found  a  constant  difference  between  the  decli- 
nations of  zenith  gtars  observed  by  himself  when  tlicy  were 
observed  as  southern  stars — Le,  with  the  body  fronting  south — 
and  when  they  were  observed  as  north  era  starei,  and  tliis  under 
conditions  wliich  excluded  the  hypothesis  of  a  parallax  resulting 
from  a  nialadjustiuent  of  focus.  This  difference  amounted  to 
nearly  0".5. 

A  really  constant  error  in  bisecting  a  star  will  affect  the  zenith 
distances  of  all  stars  alike,  but  will  ba%^e  opposite  effects  upon 
the  deduced  declinations  of  stars  north  and  eoath  of  the  zenith. 
It  will  also  have  opposite  effects  upon  the  deelination  of  the 
same  star  deduced  from  direct  observations  and  by  reflection; 
and  hence  the  discordance  between  the  results  of  these  two 
kinds  of  observ^ations  mil  be  twice  that  error.  It  will  also  cause 
the  zenith  points  determined  from  north  and  south  stars  to  differ 
by  twice  the  error  of  bisection. 

Professor  Coffin  also  suggests  tluit  the  discrepancies  referred 
to  may  jjossibly  be  produced,  in  part  at  least,  by  a  habit  of 
making  the  bisection  constantly  before  or  constantly  after  the 
instant  for  which  it  is  recorded,  in  wliich  ca^o  the  error  will  vary 
with  the  deermation.  Thus*  if  the  observ^ation  is  recorded  as 
made  at  the  time  the  star  passes  tlie  middle  thread,  and  the 
obsen^n'  always  makes  the  bisection  at  a  constant  time  before  or 
after  the  transit,  the  error  will  be  simply  the  reduction  to  the 
meridian  fur  this  time,  and,  cunse<juently,  proportional  to  sin2i); 
but  if  he  obaer^^es  at  the  eonstani  disttmce  c  from  the  middle 
thread,  tlie  error  in  the  time  being  ^secJ,  the  corresponding 
error  in  tlie  deelimition  will  be  proportional  to  t^sec^tJsin  25, 
tbat  is,  proportional  to  tan  d. 

Inclhmtiim  of  the  micrometer  thread  is  another  source  of  error, 
which  should  always  be  attended  to  and  removed  by  adjustment 
if  possible,  or  by  computing  the  correction  tor  it  It  is  evident 
that  the  error  in  the  observed  declination  will  be  proportional 
to  the  distance  of  tlie  point  at  which  the  observatiuu  is  made 
from  the  middle  thread.  The  inclination  will  be  determined  by 
bisecting  a  st4ir  at  two  exti'eme  point^j  on  the  right  and  left  of 
the  field*  The  difference  of  the  two  observations,  when  both 
have  been  reduced  to  the  meridixmj  w^ll  give  the  required  correc- 


MERIBIAN    CIRCLE. 

tioii  for  inelination,  A  star  near  tJie  pole  will  be  preferable  for 
thU  |nir|)OHe,  as  a  number  of  bisections  maj  be  made  at  each 
extremity  of  the  field* 

202,  Example, — As  an  example  involving  all  the  variouB  cor- 
rootiona,  I  extract  the  following  from  the  Greenwich  Obfienra- 
tioiia : 

Zcniih  dislaoces  ob&erved  with  the  Transit  Circle. — Greenwich,  April  10>  1BS2. 


Oti^L 

Pointer. 

JSSS.. 

T 

A 

B         0 

D 

« 

P 

^ifaio<if(Refloetod) 

^  Booti*  (Dirt€C) 
lf«dlr  point 

33      0 
170    40 

0.763 

M30  2^.ro 
n  .901  I  (m 
0  m  Q.  81» 

0.012 

2rMB 
0,8dO 
0.836 

OJ0O3 
0T43 

lir.110 

St  Jfl4 

At  the  observation  of  3y  Booiis  there  were  also  observed 

Burom.  29^86,  Att.  Therm.  33*.2,  Ext.  Therm,  85**  J. 

The  pointer,  which  is  used  in  sotting  the  circle  for  an  observa- 
tion, givcis  the  degrees  and  next  preceding  5'  of  the  circle 
reading. 

One  revolution  of  a  circle  mieroRcope  is  called  a  ''nominal 
minute,"  and  the  raeau  value  of  4^902  corresponds  to  5',  »a  thai 
the  nominal  minutes  are  reduced  to  true  minutes  of  arc  by  la- 
creasing  tliem  Ijy  their  ^'5  pint.  Since  the  mean  of  the  micro- 
scopes 13  to  be  tbnud  by  dividing  their  sum  by  6,  and  the  deci- 
mal part  of  the  quotient  is  then  to  be  converted  into  nominal 
aeoonds  by  multiplying  by  60,  tlie  nominal  seconds  in  the  mean 
are  obtained  at  once  by  simply  adding  the  decimals  of  the 
several  microscope  readings  (making  the  integers  the  same  itt 
all)  and  removing  the  decimal  point  one  place.  Thus^  in  the 
first  observation,  making  2  the  common  integer,  the  sum  of  the 
decimals  is  .610,  and  hence  the  mean  is  2'  6'MO  (nominal), 
which  increased  by  its  A  ^^  i?jr  P^'*"^  i®  2'  8".62  of  arc  This 
requires  a  further  correction  for  variation  of  the  value  of  a 
microscope  revolution  from  its  mean  value,  that  is,  for  error  of 
runs  (Art.  22).  The  correction  for  runs  on  the  given  date  wa# 
4-  0".576  for  100  nominal  seconds,  and,  therefore,  the  correction 
of  the  first  obser\ation  is  -f  U".576  X  1.261  =  +  0".78, 
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There  is  next  to  be  ap}*lied  the  corroetioii  for  error  of  gradua- 
tion  uod  of  flexure.  These  are  eombiued  in  a  table  given  in 
the  introduction  to  the  obsen^ations,  irom  which  their  values,  as 
used  in  the  following  reduction,  are  taken  with  the  argument 
"Pointer  reading." 

The  value  of  one  i-evolution  of  the  telescope  micrometer  was 
29". 626,  and  the  reading  multiplied  by  tliis  number  is  always 
additive  to  the  circk^  reading. 

The  distance  of  the  Btiir  from  the  meridian  is  expressed  by 
the  number  in  the  last  column  of  the  above  table,  here  denoted 
by  N,  which  is  the  number  of  the  transit  thread  at  which  the 
bisection  is  made.  The  middle  thread  is  assimied  to  be  in  the 
meridian;*  and,  since  the  average  distance  of  two  adjacent 
threads  was  207".31,  the  number  of  the  middle  thread  being  4, 
the  distance  of  the  star  from  the  meridian  is  represented  by 

€  =  207",31  (N  —  4) 

The  formula  for  reduction  to  the  meridian  is  put  under  the  ap- 
proximate form 

Jl  =  I  T^  Bin  1"  sin  2d=  \  t»  sin  1"  sin  d  cos  d 

and  r  is  also  found  approximately  by  the  formula  r  ^  c  sec 4; 
hence,  according  to  this  {rather  inaccurate)  method,  we  have 

M  =  l(^  sin  1"  tan  d 

which  for  the  Greenwich  instrument  gives 

M  =  0".1042  tan  a  x  (iV  —  4)« 

as  given  in  the  explunations  of  the  obsen^ations. 

The  micrometer  thread  was  inclined  so  that  an  observation  at 
one  of  the  side  threads  required  t!ie  correction  —  0'M75  X 
(.V-4). 

The  complete  reduction  of  the  above  observations  is,  there- 
fore, as  follows.  In  computing  the  reduction  R  w^e  have  as- 
sumed 3  =  19*^  8'. 


*  I  am  here  atating  tUe  nictliod  employed  at  tbe  Greenwich  OT^serTntorj,  not  re- 
comaiendiiig  it.  For  sturs  near  l1i«  pole  it  is  not  tjufficientlj  accurate,  as  wiU  bo 
found  by  reducing  some  uf  the  ohaerTations  of  a  and  X  Fr^tt  Minona  by  our  com- 
plete formula  (193).     A  difference  of  0".2  or  0".8  occurs  in  some  caaea. 
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Me&n  t>t  microscopes 

Reduction  to  arc  =  ^ 

Correction  for  rum 

DiTiftion  error 

TeteJKiope  mieromcter 

Beduclion  to  meridmn 

Corr.  for  mcliaation  of  thread 

Pointer 

Corrected  merid*  circle  reading 


Hence,  bj  ij  BootlSj  we  Lave 


nB>oiii(B) 

^at^(D) 

RfldlrFi. 

-f    2*   eMO 

+  irer.ia 

-f  ir4ir.8s 

+         2  .62 

+         1  M 

+         9M 

+         0.78 

+         OM 

+         I^M 

+         1  .61 

+         1.24 

+      a.» 

+    »  26  .16 

<i-    9  67  .8$ 

+  ia  82  M 

—         0  .82 

-f         0  .82 

+          2  ,88 

—         2  .38 

147*20' 

32«  <y         ' 

179«»4<K 

147    81  39  .02 

82    lU  60  .08 

179    61  16  .e- 

App.  zenith  dist.  (R) 
u  *'  <*     (D) 

Mean  app.  zen.  diat. 
Eefmction 


320  28'  20  ,98 
32    10  50  .08 


32    19  35  .53 
+   38  .01 


r  =  32  20  13  .54 
f  =  51  28  38  .20 
d=^19     8  24  .66 

The  half  differenee  of  the  apparent  zenith  distunces  (R)  audi 
(D)  is  evideutly  the  zenith  point  eorreetion,  and  18  here  -j-  8'  45",453 
additive  to  all  circle  readings.  According  to  the  nadir  pointi 
obaervation,  it  ia  -f  8'  44'^33.  The  practice  at  the  Greenwich  j 
Observatory,  liowever,  is  to  employ  for  a  number  of  consecutive] 
days  a  mean  vahie  of  the  zenith  point  correction  obtained  from^ 
all  the  vahiGB  determined  during  the  period.  Thus,  the  Tne^ia^ 
vahie  employed  from  April  12  to  April  24,  1852,  a  period  il 
cludiuL^  the  above  observation^^  was  -j-  8'  45'M6.  The  practice 
recommended  by  Bessel  of  employing  the  nadir  point  readiiigi 
determined  at  the  time  of  the  observation  is  prefemble. 


203.  The  zero  pmnts  of  the  circle  may  also  be  determined  by  i 
reversing  the  a.vi8,  if  the  microscopes  rest  on  the  axis  and,  con-j 
aequently,  are  reversed  with  it.  Let  a  collimating  telescope  be 
placed  anywhere  in  the  meridian  with  ltd  axis  directed  towards  J 
the  rotation  axis  of  the  meridian  circle,  an*!  let  it  be  provided, 
with  a  cross  thread  in  ita  focne.  Direct  the  tele»cope  njKm  the'' 
collimator,  and  bring  the  micrometer  thrtnul  u|x^n  the  inter«eet4ail , 
of  the  cross  thread.     Let  Cbe  the  circle  reading  correctoil  fori 
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the  inclination  of  tlio  microscope  frame,  micrometer  reading,  &c. 

Now  reverse  the  rototion  axis,  luitl  make  a  similar  observation 
upon  tlic  collimator.  Let  C"  be  the  corrected  reading.  Tben  it 
18  evident  that  1{C  —  C)  is  tlie  true  zeiiitli  distance  of  the  colli- 
mator (supposing  the  readings  to  commence  at  the  zenith),  while 
i{C+  C")  is  the  true  reading  when  the  teleeeopc  is  vertical,  and 
represents  the  zeniih  jminL  This  method  may  occueionally  be 
used  for  the  purj^ose  of  comparison  with  the  methods  already 
given ;  but  it  is  too  tronblesome  for  constant  use.  Moreover, 
observations  depending  on  the  spirit  level  are  not  so  reliable  as 
those  made  from  the  surface  of  mercuryj  wliich,  when  at  rest, 
must  be  pfrffrfl*/  horizontal. 

Another  method,  suggested  by  the  ever-inventive  Bessel 
(before  the  introduction  of  the  mercury  collimator,  however),  is 
also  dependent  on  the  spirit  level,  but  admits  of  greater  accuracy 
tlian  the  above,  because  a  level  of  larger  dimensions  may  be  used. 
The  level  is  applied  to  the  collimating  telescope,  which  is  placed 
in  the  horizontal  plane  of  the  axis  of  the  meridian  circle.  When 
tlie  bubble  is  in  any  given  position,  the  sight  line  of  the  colli- 
mator makes  a  given  angle  with  the  vertical.  If^  then,  the  colli- 
mator with  its  level  is  iirst  placed  south  and  then  north  of  the 
circle,  and  the  bublde  of  the  level  brought  to  the  same  reading 
in  each  case,  the  zenith  distance  of  the  cross  thread  observed  by 
the  circle  must  be  the  same,  but  on  opposite  sides  of  the  zenith. 
The  mean  of  the  two  circle  readings  will  therefore  be  the  zenith 
point  reading.  Instead  of  bringing  the  level  of  the  collimator 
to  the  same  reading,  it  will  be  preferable  to  observe  the  inclina- 
tion in  each  position  north  and  south,  by  reversing  the  level  in 
the  usual  manner;  then  the  difference  of  the  inclinations  will 
be  applied  as  a  correction  to  the  mean  of  the  circle  readings  to 
obtain  the  true  zenith  point.  This  method  has  the  advantage 
of  not  requiring  a  reversal  of  the  axis  of  the  meridian  circle. 
Pliite  ni.  Fig.  2  represents  a  collijuator  with  its  spirit  level,  aa 
required  in  this  method.  Two  piers,  one  north  and  one  south 
of  the  circle,  are  each  provided  with  Vs,  which  receive  the  col- 
liniating  telescope  alteruately. 

Finally,  to  complete  the  enumeration  of  methods  depending 
on  the  spirit  level,  the  collimating  telescope  may  be  placed  ver- 
tically over  or  under  tlie  telescope  of  the  meridian  circle.  The 
level  is  then  attached  to  the  collimator  at  right  angles  to  its 
optical  axis.     Two  observations  are  made  upon  the  cross  thread 
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of  the  collimator  as  before,  the  collimatinjor  teleBcope  beinj 
(between  the  two  oh^ervatioiit^)  revolved  IBO"^  about  tlie  vertiea 
line.  The  mean  of  the  ciixie  reudings,  corrected  fur  difterene^ 
in  the  inclination  of  the  collimator  as  shown  by  the  level,  wil 
be  the  zenith  or  nadir  point  reading. 


204.    Flexure. — Not:v\^thstiindiiig  the   conical   form  which 
given  to  the  telescope  tubea  of  large  instiniments,  their  vreigh 
produces  a  sensible  flexure,  winch  may  diange  the  position  of| 
the  optical  axis  of  the  telescope  witli  respect  to  the  zem  point 
of  the   circle.     It   m   iniportarit,    therefore,   to   invegtigate  the 
anKHint  of  thi?^  flexure.     The  following  h  Bes.<el*s  methofl. 

Two  eollimatort?,  such  as  that  represented  in  Plate  XIL  Fig.  2^| 
arc  mounted  in  the  horizontal  plane  of  the  axis  of  the  circle,  on€ 
north  and  the  otlier  Houtli.     The  cro^^s  threads  of  the  collimator 
admit  of  adjustment  (by  a  micrometer  screw,  for  example),  so  that' 
they  may  be  brought  to  coincide  with  each  other,  the  meridian 
circle  being  raised  upon  the   reversing  apparatus*   during  this 
adjustment.     The  two  intersections  of  the  cross  threads  of  the 
coltinuvtors   now  represent   two  infinitely  distant   pointi^  whu^H'? 
angular  distance  is  exactly  180°.     The  meridian   circle   being 
replaced,  obser\'e  this  angnlar  distance  in  tlie  usual  numncr.     It 
is  evident  that  the  errora  of  division  of  the  circle  will  not  enter, 
since  the  same  two  divisions  come  under  the  opposite  reading 
microscopes  in  the  two  obsenations  in  revei'se  positions.     Th#i 
difference  of  the  two  circde  readings  will,  tlierefore,  be  exactlj 
18Q^  if  there  is  no  flexure.     But  if  the  difference  is  less  th 
180°  by  a  quantity  x,  then  ix  is  the  correction  for  flexure  in  thi 
horizontal  jjosition  of  the  telescope.     In  this  way.  Airy  foundi 
tliat  when  the  Greenwich  transit  circle  was  directed  upon  tb#| 
&outh   collimator,  the   circle   reading  was   8U°  46'  15".r*2,   and4 
when  upon  the  north  collimator,  269°  46'  16".85;  the  differencoJ 
180^  0'  0^'.83  is  the  apparent  distance  of  the  two  opposite  points' 
measured  through  the  nadir,  and  hence  one-half  of  0".83,  or  0",41, 
is  the  ettect  of  flexure  in  increasing  apparent  nadir  distanoes  orj 
in  diminishing  apparent  sienith  distmices.  i| 

In  different  positions  of  the  telescope,  the  mechanical  effec?t  of ' 
each  particle  of  metal,  supposing  it  to  act  simply  as  a  woighfc-l 
attached  to  a  lever,  will  vary  as  the  sine  of  the  zenith  distance: 
80  that  if/ is  the  horizontal  flexure, /sin  z  expresaea  the  flexum^ 
in  general.     It  is  not  quite  certain,  however,  that  the  flexun 
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always  follows  tliis  simple  law;  and  to  determine  the  law  experi- 
mentally, we  sliould  have  the  means  of  mounting  a  pair  of  col- 
limators in  a  line  making  any  angle  with  the  vertieaL 

The  flexure  determined  by  the  above  method  is  properly 
called  the  astrtmoimWd  flexure,  as  it  gives  tlie  deviation  of  the 
optical  axiB,  which  becomes  a  direct  correction  of  our  astro- 
nomical measures.  It  is  evident^  however,  tliat  it  does  not 
exftress  the  absolute  flexure  of  the  tul>e.  If  when  tlie  tube  is 
horizontal  both  ends  drop  the  same  distance,  the  ojitical  line 
determined  by  the  centre  of  the  objective  and  the  micrometer 
thread  will  merely  be  moved  parallel  to  itself,  and  no  flexure 
will  appear  from  the  circle  readings;  for  the  collimators  do  not 
determine  merely  a  single  fixed  line  in  space,  but  rather  a 
system  of  i»ara]lcl  lines,  or  simply  a  fixed  direction. 

Tlie  etfeet  of  the  flexure  upon  an  observation  is,  then,  zero 
if  the  absolute  flexures  of  the  two  Iiiilves  of  the  telescope  are 
equal ;  and  when  these  are  unequal,  the  eflect  is  proportional  to 
their  difference.  This  leads  directly  to  the  method  of  elimi- 
nating flexure,  first  suggested  hy  tlie  elder  Repsolp  in  1823  or  '24, 
by  interchanging  the  objective  and  ocular  of  the  telescope.  Let 
us  fiuppose  that  at  any  given  j^enitli  distance  the  centre  of  the 
objective  drops  tlie  linear  distance  «,  and  the  horizontal  thread 
in  the  focus  drops  the  distance  a',  bo  that  a  and  a'  repi'esent  the 
absolute  flexures  of  the  t^vo  halves  of  the  tube.  Then,  if  the 
whole  length  of  the  tube  is  denoted  hy  2r,  the  angles  of  depres- 
sion of  the  two  portions  may  be  expressed  by  —  and  —  respect- 

irely.  If  then  y  is  the  angle  which  the  sight  line  now  makes 
%vith  the  direction  it  would  have  had  if  no  flexure  had  taken 

place,  we  have  j-  =  ;  that  is,  the  astronomical  flexure  is 

^  r 

proportional  to  the  abstdutc  flexure*  Now  let  the  objective  and 
ocular  be  interchanged,  and  the  telescope  revolved  IHO^,  so  as  to 
be  again  directed  upon  a  point  at  the  same  zenith  distance  as 
before.  The  ahsoluk  fi'xares  belnrf  the  same  as  before,  that  of  the 
object  end  is  now  a',  and  that  of  the  eye  end  is  a:  so  that  the 

astronomical  flexure  is  now  — -- — -=  —  y.     Hence  the  mean  of 


t^vo  observations  of  the  same  star  made  with  the  objective  and 
ocular  reversed  will  be  free  from  the  effect  of  flexure*  More- 
over, the  half  dift'ercncc  of  the  measured  zenitli  distances  will 
be  the  astronomical  flexure.     It  is  here  assumed  that  the  abso- 
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lute  flexures  of  the  two  halves  remain  the  same  when  the  ob- 
jective ami  ocular  are  interchanged.  For  a  tliseussioii  by  IIansejC 
of  the  conflitions  necesisurj'  in  tlie  construction  of  the  telescope  in 
order  to  satisty  this  condition  (if  possible),  see  Astr.  NacL^  VoL 
XVn.  p.  70.* 

As  to  the  eflfect  of  gravity  upon  the  form  of  the  circle^  see 
Bessel*s  paper,  Astr.  Nack,^  YoL  XXV» 


205.  Ohsaralkms  of  the  decimation  of  the  moon  trtth  (he  meridian 
circk. — In  these  observations,  the  micrometer  tliread  is  usually 
brought  into  contact  with  the  full  limb,  and  a  correctioii  k 
applied  to  the  deduced  declinatiou  of  tlje  limb  for  the  moon's 
parallax  and  Hemidiameten  When  the  ohi^ervatiuu  ia  not  made 
in  the  meridian,  the  reduction  to  the  meridian  (1S^4)  is  also  to  be 
applied,  togetlier  with  a  correction  for  the  moon's  proper  motion. 
The  mojit  precise  formula  for  making  these  reductions  is  that 
given  by  Bessel,  which  is  deduced  as  follows. 

lu  Fig.  4t»,  p.  29t),  let  0  now  represent  the  apparent  position 
of  the  moon  s  centre,  and  suppose  the  observed  point  of  the 
nioon*8  Vnnh  to  be  designated  by  3/ (not  given  in  the  figure). 
Conceive  an  arc  to  be  drawn  from  A  tangent  to  the  moon's  Hrab. 
The  point  of  contact  3f,  and  the  points  A  and  0,  form  a  triangle, 
right  angled  at  M^  ctf  which  the  side  MO  is  the  moon's  appareut 
semidiameter  =  »',  the  side  AO  —  90*=*  +  c,  and  the  angle  al  A 
may  be  denoted  by  d.     We  have  then 


Let 


ain  8^=  sin  d  cose 

^j  ==  the  observed  declination  of  the  h'rab,  corrected  for  re- 
fraction, 
d' ^=  the  apparent  declination  of  the  moon's  centre; 


then  in  the  triangle  A  OP  we  liavo  the  sides  AO  =^  £K>*'  +  c^ 
P^  ^  90^  —  n,  PO  =  90°  —  3\  and  the  angles  PAD  =^i^^zd^ 
APO  =  90<*  -f  (r  —  wi) ;  whence,  as  in  Art.  199 


sin  d'  = 
000  a'  sin  (r  ~  m)  = 
009  ^' COS  (r  —  m)  — 


—  fiin  n  ain  c  -f  cos  n  cos  c  sin  (d,  :;:  if) 

cos  n  sin  c  +  sin  n  cos  c  sin  (d,  :;:  i) 

006  c  cos  (^j  :;:  i) 


*  See  mUa  Dr.  OorLD't  remarki  on  the  meriditn  circle  of  the  Ihidlej  ObMrniofy* 
PToceedings  of  the  Am.  Avnocistloa  tw  the  Adr.  of  Science,  10th  meeting,  p«  llA. 
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Bat,  as  before,  we  shall  neglect  the  iusensible  term  sin  n  sin  c^ 
and  put  cos  n  =  1,  and  then  the  first  and  third  of  these  equa- 
tions will  suffice  to  determine  i'.  Moreover,  since  in  the,  case 
of  the.  moon  r  will  not  exceed  1"*,  the  neglect  of  m  will  cause 
no  sensible  error  in  cos  (r  —  m).    Hence  we  take 

sin  d'  =  cos  c  sin  (d^  qp  d) 
cos  d'co&T  ===  cos  c  cos  (^,  qi  d) 

OTy  developing  the  second  members, 

gin  d'  =  cos  c  cos  d  sin  ^^  q=  sin  5'  cos  S^ 
cos  d'  cos  T  =  cos  c  cos  d  cos  ^j  dt  sin  5'  sin  ^^ 

whence,  by  eliminating  cos  c  cos  dy  we  find 

qp  sin  5^  =  sin  ^'  cos  ^j  —  cos  ^'  sin  ^^  cos  r  (1^5) 

If  now  we  put 

d  =  the  moon's  geocentric  declination, 

« =         "  "  semidiametor, 

» =         "  eq.  hor.  parallax, 

5/  =  the  geocentric  or  reduced  latitude  of  the  place  of 
observation, 

p  =  the  earth's  radios  for  the  latitude  f , 
J,  J'  =  the  moon's  distance  from  the  centre  of  the  earth 
and  from  the  place  of  observation,  respectively,  the 
equatorial  radius  of  the  earth  being  unity, 

we  have,  by  the  formulae  of  Art.  98,  Vol.  L, 
J'  sin  ^'  =  J  sin  ^  —  p  sin  / 

J'  cos  d'  =  J  cos  d  —  p  cos  f '  COS  T 

this  last  being  equivalent  to  the  more  rigorous  one  in  (183)  of 
Vol.  I.,  when  the  moon  is  near  the  meridian;  and  by  Art  128, 
Vol.  I.,  we  also  have 

J'  sin  5'  =  J  sin  8 

Substituting  these  expressions  in  (195),  after  multiplying  it  by 
J',  we  find 

:?:  J  sin  «  =  J  sin  (d  —  d^)  -{-  2  J  cob  S  sin  ^^  sin* }  t 
— />  sin  (/ —  ^j)  — />  com/ sin  ^j  8in*T 
VouIL-JO 


806 


HSRIDIAN  CIBCLE. 


Dividing  by  J  =  -: — >  this  becomes 

=p  sin  «  =  sin  (^  —  ^j)  +  2  cos  d  sin  d^  sin* }  r 

—  /t>  sin  9r  sin  (f/  —  9^)  —  p  sin  it  cos  /  sin  d^  sin*  r 

where  the  last  term  is  evidently  insensible.    If  then  we  put 

sin  jj  =  /)  sin  IT  sin  (/  —  d^)  G96) 

we  have 

sin  (9  —  d^)  =  sin  j!>  qi  sin  «  —  2  cos  d  sin  d^  sin* }  t 

The  last  term  (which  is  the  reduction  to  the  meridian)  will 
seldom  exceed  1'^  and  may  be  put  under  the  form 


sm 


i2=/^Ysin«l".sin2a.T« 


The  quantity  r  is  here  the  true  hour  angle  of  the  moon,  to 
find  which,  let 

fi^  =  the  sidereal  time  of  the  observation, 


/*  = 


moon's  transit, 


X  =  the  increase  of  the    moon's  right  ascension  in  one 
sidereal  second } 


then 
and  hence 


r  =  (l-i)0i-A4) 
B  =  f^  Bin  1"  sin  2^  (1  —  Xy  (;i  —  ,t{)* 


(197) 


The  first  two  terms  of  the  value  of  sin  {3  —  d^)  differ  but  little 
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as  given  by  Bessel.*  The  upper  or  lower  sign  is  to  be  used 
according  as  the  north  or  the  south  limb  is  obsen-ed* 

The  declination  thua  found  is  reduced  to  the  time  //j  of  the 
observation.  But  if  we  wish  its  value  at  the  time  of  the  meri- 
dian passage,  we  must  add  to  it  the  correction  {ji  —  //J  X\  in 
which  I*  is  the  increase  of  the  declination  in  one  sidereal 
second,  or 

60.1643 

where  a^  ^  the  increase  of  declination  in  one  minute  of  mean 
time,  as  now  given  in  the  American  Ephemeris.  The  value  of 
1  —  A  is  found  as  in  Art*  154:  namely,  taking  Aa  =  the  increase 
of  tlie  moon'a  right  ascension  in  one  minute  of  mean  time,  we 
have 

Aa 


k  = 


so  that,  putting 


00.1643 


we  fihall  have 


log  (1  —  1)  —  ar.  CO.  log  B 


and  log  B  may  be  taken  from  the  table  on  page  179, 

In  practice,  it  will  generally  be  most  convenient  to  apply  the 
several  reductions  directly  to  the  observed  zenith  distance,  as  in 
the  following  example. 

Example.— The  declination  of  the  moon  was  observed  with  the 
meridian  circle  of  the  Washington  Observatory,  1850,  September 
17*     The  nadir  point  was  fii-st  observed  as  follows: 


Nadir  point 
at  20*.6 

CireU  Microscopes. 

Micromoter  tliread  in  co- 
incidence with  its  image: 
mean  of  10  readings  = 
38'.934. 

A 

B 

0 

n 

MenDS. 

0".9 
0  .7 

r'.g 
1  .-1 

2".2 
2  .0 

V'A 
1  .6 

1".60 
1  .42 

Heana 

0  .80 

1  .65 

2  .10 

I  .60 

1  ,51 

The  value  of  one  revolution  of  the  micrometer  =  34".3t56,  or 


»  Tahulft  Rtgiemonlanat^  Introd.  p,  LV. 
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1"  =  0^t)291 ;  and  hence,  by  the  nietliod  of  Art.  197,  the  micro- 
meter  zero  (or  reading  of  the  mieronieterwhen  the  circle  reading 
was  O"*  0'  0")  was 

(M)  =  38^0a4  +  0^0291  X  L51  =  38^9T8 

The  observation  of  the  moon  was  as  follows,  S.L.  denoting 
Bouth  hmb: 


Moon.S.L, 


circle  Microscopes. 


B 


Mmui* 


55'=*  52'  45".7  42".8  45".2  W.l    44"*95 

Biirom.3D*»J14Att,Tlierm.64'».Exl.Therm.62^$ 


Clocks  fi^ 


39.904 
39  .876 


The  circle  was  icest^  m  wliieh  ponition  the  readings  are  zenith 
distances  towards  the  south.  The  correction  for  runs  was 
—  0".7o  for  3',  and  sinee  the  excess  of  the  reading  over  a  muttii»le 
of  3'  is  1'  44".95,  the  proportional  coiTection  for  runs  is  —  0".48» 

The  cl«>ck  time  of  transit  of  the  moon***  centre  OA^er  the  meridian 
was  fi  ^^  2V  11^  1G\80. 

Tliu  latitude  of  the  obsenatory  is  f  —  88*=*  63'  39''.25,  and 
therefore  ^  —  ^'=11'  14",54,  log  p  =  9.9994302.  The  lonptudo 
is  5*  8"  12*  west  of  Greenwich. 

For  the  date  of  the  ohsen^ation,  we  take  from  the  Nauticml 
Almanac 

J  =  —  IG^  r.7 
aJ  =  +  0".377     in  1-  mean  time,        ir  ==  54'    9".64 
Ao  =       2'.0150    **    **      **         *  s  =z  14'  45''.49 

whence   log(l  —  X)  =  9J8521  and  x'  ^  +  r.l060 

Tlie  correction  for  tlie  micrometer,  or  31  —  ( Jf),  converted  into 
seconds,  is  additive  to  the  circle  reading*  The  reduction  to  the 
meridian,  or  It,  found  hy  (197),  is  also  nlgebniicaUy  additive  to 
the  circle  reading,  attention  being  paid  to  the  sign  of  3;  and  the 
correction  for  change  of  declination  to  be  added  to  the  circle  read* 
ing  will  l»e  —  (ji  —  ^t,)  /',  Since  the  sum  of  tliesc  three  correctiona 
should  be  the  name  for  each  micrometer  obsen^ation,  tlie  prtscision 
of  the  observations  will  he  ghouni  by  computing  tlaa  sum  for 
each.     Thus,  we  find 
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M— ^1 

M-(M) 

je 

-(^-^)?.' 

Sums. 

—  4'.2 

33".60 

—  0".00 

+  0".44 

34".04 

—  15.2 

31  .82 

—  .03 

+  1  .61 

83  .40 

—  26.2 

30.82 

—   .09 

+  2  .78 

33  .51 

Mean  =  33  .65 


Hence  we  have 


Circle  reading  = 

Corr.  for  runs  = 

Moan  corr.  for  niicroni.,&c.  = 

Apparent  zenith  distance  = 

By  Table  II.  Eefraction  = 

^i=f  — ^1  — (^  — f')l  9  —  ^1  = 


=  55°  43'  29" 
[By(196),p=:44'41".75 


-(P  +  s)  = 

^  —  d  = 
9  = 


55" 

52' 44" 

.95 

—  0 

.43 

+  33 

.65 

55 

53  18 

.17 

+ 

1  25 

.60 

55 

54  43 

.77 

— 

59  27 

.24 

— 

0 

.10 

54 

55  16 

.43 

38 

53  39 

.25 

^=  —  16     1  37  .18 


206.  Observations  of  the  declination  of  a  planet,  or  the  sun. — The 
larger  planets  are  observed  in  the  same  manner  as  the  moon, 
that  is,  by  making  the  micrometer  thread  tangent  to  the  limb, 
and  when  the  planet  is  treated  as  a  spherical  body  the  observa- 
tion is  also  reduced  in  the  same  manner. 

In  the  case  of  the  sun,  both  limbs  may  be  observed.  The 
reduction  to  the  meridian  may  be  facilitated  by  a  table  giving 
the  logarithm  of  the  factor 

i>  =  ^=^sinl"(l  — >l)«sin2a 
4 

for  each  day  of  the  fictitious  year  (Vol.  I.  Art.  406),  such  as 
Bessel's  Table  Xn.  of  the  Tabulae  RegiomontmuE.  This  table 
also  gives  for  each  day  of  the  year  the  value  of 

a  =  increase  of  the  sun's  declination  in  100  sidereal  seconds, 

so  that  the  reduction  of  the  observed  declination  to  the  meridian, 
including  the  correction  for  the  change  of  declination  in  the 
interval  r,  is 

100  +  ^" 
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The  correction  for  parallax  may  be  put  under  the  form 

8".5T116 


P^ 


p  sio  (^'  —  d) 


ill  which  r  ^=  son's  dii^tance  froni  the  eartli,  the  mean  distance 
being  unity,  and  in  each  obdervatoiy  this  quantity  may  be  com- 
puted  for  the  latitude,  and  lor  each  day  of  the  year,  and  also 
inserted  in  the  tabk^.  Li  order  to  embrace  every  thing  neeet^ary 
for  the  complete  reduction  of  the  obsenxnl  declination,  the  table 
contains  aLso  the  sun's  semidiameter  for  eacli  day  of  the  fictitlotu 
year. 

207.  (hrreciion  of  the  observed  declination  of  a  planet's  ar  the  moan's 

limb  for  spheroidal  figure  and  defective  illiimimiiion* — Let  us  eou- 

»ider  the   mo^t   genenil   case  of  a   spheroidal  phmet  partially 

illuminated.     The  correction  to  reduce  the  observed  declinatiun 

of  the  limb  to  that  of  the  centre  m  equal  to  the  perpendicular 

distance  from  the  centre  to  tlie  miemmeter  thread,  which  is 

tangent  to  the  limb  and  perpendicular  to  the  meridian.     Tlie 

formulae  for  computing  this  perpendicular  in  general  are  (Yob  L 

p.  580) 

tan  d  ,  -     ^i  •    TT 

em  ;p  =  sm  ^  em  V 


Und^  = 


«"  = 


s  sin  1*  C08  j^ 


Bin  6' 

in  which  s"  is  the  required  peq>endieular,  tJ  the  angle  which  it 
makes  with  the  axia  of  the  planet  (reckoning  from  the  north 
point  of  the  disc  towards  the  eai*t),  c  is  a  constant  depending  \\p<m 
the  eccentricity  of  the  planet^a  meridian,  Fthe  angular  dintauce 
of  the  earth  and  sun  as  seen  from  the  planet,  and  ^  i*  the  eqtia* 
tonal  radiu«  of  the  disc,  or  greate«?t  appurent  j^emidianietcr  at  the 
time  of  the  observation.  The  perpendicular  here  coineitles 
with  the  declination  circle,  and  consequently  we  have  at  once 
tf  ^  — '  /),  or  180^  —  />,  according  as  the  norlb  or  the  south  limb 
ifl  observed;  p  denoting,  m  in  the  article  referred  to,  tlie  po»itioii 
angle  of  the  axis  of  the  planet.  From  the  diHcusshm  in  Vol  L 
Art*  354,  it  follows  that  (putting  —  p  for  &)  the  north  limb  will 
be  full  (and,  consequently,  the  south  limb  gibbous)  whuu  md  p 
and  sin  V  have  the  same  sign.  Wu  shall,  therefore,  here  clumgQ 
the  aign  of  nin  jf,  and  take 
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Jill 


taiip'=^ 


tan  j? 


8tnx  =  Bin  j/ sin  V 


,,      s^  sin  M 
«"=-?.  -^-^  cos  X 


(199) 


f  %mp* 


in  which  5^=  the  greatest  apparent  semidiamet^ir  at  the  mean 
distance  of  the  gan  from  the  earth,  and  r'  ^^  the  planet's  geocen- 
tric distance.  Wc  then  have  tlie  rule:  ilte  north  or  (he  south  limb 
is  ihefidl  lifnb  accordmg  as  sin  j[  is  positive  or  negative.  The  formuIsB 
for  computing  /j,  Vy  and  c  are  given  in  Vol,  I,  Arta»  348  et  seq*, 
and  5^  is  given  on  p.  578. 

The  gibbosity  of  Saturn,  however,  is  wholly  insensible,  and 
even  that  of  Jupiter  at  the  north  and  south  points  of  the  limb 
cannot  exceed  0".05,  which  is  so  much  less  tban  the  usual  errors 
of  declination  obser\^ations  that  it  may  be  disregarded.  Hence, 
for  Satuni  and  Jupiter  the  correction  will  depend  only  upon  the 
figure  of  the  planet,  and  will  be  computed  by  the  equationa 


tan  j/ 


_^  tan  p  -J/  _  ^0    ^^^  P  '^^o  ^^^  P 

c  f    siny        r'    cosy 


in  which   for  Jupiter  we  take  log  e  =  9.9672,  and  for  Saturn 

e  —  |/(1  ^  ee  cos' t)  =  V  (1  —  [9.2706]  cos'  i),  I  and  p  being  taken 

directly  from  the  tables  for  Saturn*8  Ring  given  in  the  Ephemeris. 

A  further  simplification   may  he   permitted  in  the  case  of 

COS  D 

Saturn ;  for,  on  actcount  of  the  small  values  of  v.  the  ratio  — ~ 

cs         ^^^P 
will  be  very^  nearly  unity,  and   if  we   take  s^'^^we  shall 

have  the  true  value  of  5"  within  less  than  0'',05i 

It  h  hardly  necessary  to  remark  that  when  we  neglect  the 
gibbosity  of  Jupiter  or  Saturn,  the  mean  of  the  observed  decli- 
nations of  the  north  and  soutli  limbs  gives  at  once  the  declination 
of  the  centre. 

For  Mars,  Venus,  and  Mercury  the  correction  will  be  only  for 
defective  illumination;  but  in  tliis  ease  we  can  avoid  the  separate 
computation  of  j)  and  F,  as  follows.  Substituting  in  the  equa- 
tion for  sin;f  (199)  the  values  of  sin;?  and  sin  V  given  in  Vol.  I. 
p.  577,  and  moreover  observing  that,  since  these  bodies  are 
regarded  as  spherical,  we  have  0  =  1,  and,  consequently,  y  =  2?, 
there  results 

7? 
fiin  x^--;  [<JOs  S'  sin  D  —  sin  ^'  cos  D  cos  (a'  —  A)]      (200) 

Ji 
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f       a',  ^'  =  the  planet's  right  aecension  and  deelinatiani 
A,  J)  =  the  sun's  "  «  " 

Mf^Hf^z  the  earth's  and  the  planet's  distances  from  the  san; 

and  a  positive  value  of  sin  ;f  will  here  also  indicate  that  the  north 
limb  is  full  and  the  south  limb  gibbouB,  and  a  negative  value 
the  roverBe*  Adapting  this  formula  for  logarithms,  we  have, 
therefore, 

tan  F=Un  I)  sec  (a'  —  A) 


smx 


R    sin  (F  —  d')  sin  D 


(201) 


or,  more  conveniently,  perhaps, 

tan  E  ^  tan  i'  eos  (a'  —  A^ 

M    sin  (D  —  JB)  cos  <»' 
^         J?  cos^ 


(201*) 


E  being  t^iken  Icsa  than  90°,  with  the  sign  of  its  t-angent 
Then  we  find  the  reduction  to  the  centre  of  the  planet  by  the 
formula 

(202) 


#"  =.  —  COfl  y 


IS  the  declination  of  a  cusp  of  Venus  or  Mercury  baa  been 
observed,  we  rauet  find  p  by  the  formula  (Vol.  I*  p.  577) 


tan  p  =  cot  (a  —  A)  sin  {F  —  H')  sec  F 


(208) 


in  which  -Fhas  the  same  value  as  above,  and  then  the  redaction 
to  the  centre  of  the  planet  will  be 

/'  =  JcofliJ 

For  the  raoon,  when  the  gibbous  limb  has  been  observed,  the 
formuhe  (201)  may  be  used  for  computing  ;f ;  but  on  account  of 
tlie  small  difference  of  ^  and  Ii\  we  may  put  their  qnotient  —  1. 
Since  the  declination  of  the  gibbi^ns  limb  will  not  be  obi»ervi*d 
except  when  the  moon  is  nearly  fiill,  it  will  be  beiit  to  reilnee 
dhe  observations  as  if  the  observed  limb  were  full,  act*ording  to 
Art  205,  and  then  to  apply  a  e-mail  correction  for  glbbooity* 
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This  correction  will  be  a5  =  5  —  5  cos  ;f  =  5  versin  ;f .    Hence  the 
formulse  for  the  moon  will  be 

tan^=  tan  ^'co8(a'  —  -4) 

sin  (2)  —  J5?)  cos  ^'    .  .  . 

Biny   = ^^ -f }    (204) 

A8  =8  versin  x 

Example  1. — The  apparent  declination  of  the  southern  cusp 
of  Venus,  at  its  transit  over  the  meridian  of  Greenwich,  July  16, 
1852,  observed  with  the  transit  circle,  was 

^'=16^0'46".60 

From  the  Nautical  Almanac,  we  have 

a' =8*  11-    1'.46  log  r'=  9.4675 

'  A=7  43    42.80  D       =  2P  19^  8" 


and  from  Vol.  I.  p.  578, 


8^  =  8".55 


Hence,  by  (203),  we  find  log  tan  p  =  0.0031,  and,  consequently, 
8"=^'cosp  =  20".53 

and  the  apparent  declination  of  the  planet's  centre  was,  there- 
fore, 

d  =  15^  1'  6".13 

Example  2. — The  apparent  declinations  of  Jupiter's  north  and 
south  limbs,  observed  at  Greenwich,  March  18,  1852,  were — 

N.L.  J'=  — 17^21' 57".36 
S.L.   J' =  —  17    22  37  .61 

To  illustrate  the  complete  formulae,  let  us  take  the  gibbosity 
of  the  planet  into  account.  For  this  purpose,  we  take  from  the 
Nautical  Almanac 

a'  =       230<>  56'.4  A  =  22AO  25'.0 

^'=—    17    22.2  f  =    28    27.5  log  1^=0.6783 

and  from  Vol.  I.  p.  574, 

n  =  357<»  56'.5  t  =  25<»  25'.8 


su 
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Hence,  by  the  formulse  (619),  Vol.  L, 

F=  201<'  23'.5  X  =  2W  52'.3 

F=il— i  =  — 10^2r.7 
F'=^  20^  47'.5  log  tan  1)  =  9.4281 

Then,  by  (199),  taking  log  c  =  9.9672,  we  have 

log  sin  X  =  n8.7025 

from  which  it  follows  that  the  south  limb  was  full.    Hence, 
taking  s^=  99".70,  we  find 

For  full  limb       («")  =  ^  •  ?|^  =  19".50 
r'  Binp' 

For  gibbous  limb  «"  =  («")  cos  /   =  19  .47 

The  declination  of  the  centre  was,  therefore,  according  to 
these  observations, 


FromN.L.    d  = 
"     S.L. 


—  V  22'  16".83 
«     "    18  .11 


Considering  the  difference  of  these  results,  which  is  by  no 
means  as  great  as  often  occurs  in  the  Greenwich  observations  of 
Jupiter,  it  appears  that  the  practice  there  followed  of  always 
applying  the  polar  semidiameter  (which  is  the  one  given  in  the 
Nautical  Almanac)  is  quite  accurate  enough /or  these  observations. 
Our  more  exact  method  will  not  be  without  application,  however, 
in  cases  where  greater  refinement  both  in  observation  and 
reduction  are  attained. 
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hwMciL  shows  that  the  north  limb  was  gibbous.     The  correction 
iwas 

AS  ^8  verein  x  ^  T'.SS 

und  the  true  declination  was,  therefore, 

d  =  +  W  IT  rM 


CHAPTER  VIL 


THE   ALTITUDE   AND   AZIMUTH   INSTRUMENT, 

208.  Teis  instrument  may  be  regarded  as  a  transit  instrument 
combined  with  both  a  vertical  and  a  horizon tal  circle,  by  means 
of  which   both  the  altitude   and  tbe   azimuth   of  a  star  may 

[he  obseiTed  at  the  instant  of  its   transit  through  the  vertical 

[plane  described  by  the  telescope.    This  combination  is  not  often 

I  used  for  the  higher  purposes  of  astronomical  research,  as  every 

additional  movement  introduced  into  an  instrument  diminishes 

its  etabilitj"  and  increases  the  risk  of  en^or.    However,  at  Green- 

[  wich,  a  regular  series  of  extra-mcridian  observations  of  the  moon 

[is  carried  on  with  such  an  instrument,  for  the  sake  of  comparison 

[with  meridian  observations.     The  instrument  has  there  received 

the  name  of  the  altaziffiutfu     In  other  places,  it  lias  been  called 

the  astrmomiml  fhriMhUk;  and,  in  fact,  the  general  tbeory  of  the 

instrument,  whieh  wilt  be  given  hereafter,  will  be  found  to  be 

I  directly  applicable  to  the  common  theodolite  employed  in  geo- 

f  detic  measurement 

Still  another  name  is  the  imiversal  instrumenij  so   called  on 
[account  of  its  numerous  applications;  but  this  name  is  usually 
given  only  to  tlie  portable  instriiments  of  tins  class*     The  small 
^  universal  instruments  of  Ehtel  are  well  known. 

209.  Sometimes  the  horizontal  circle  is  reduced  to  small 
dimensions,  and  designed  simply  as  a  finder,  or  to  set  the  instru- 
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meet  approximately  at  a  given  azioiuth ;  while  the  vertical  cireli 
is  made  of  unusually  large  diiuensious,  and  is  intended  for  thd^ 
most  refined  a^trouomieal  lueasiirement.  The  instrument  is 
then  known  simply  as  a  rcrtieal  eirek.  Such  h  the  Ertel  Yertieal 
Circle  of  the  Pulknwa  Observatory,  the  telescope  of  which  hiu 
a  focal  length  of  77  inches,  and  its  vertical  etrele  a  diameter  of 
43  inclies.* 

This  instrument  is  permanently  mounted  upon  a  solid  granite  i 
pier  (?,  Plates  X*  and  XL,  wliieli  is  insulated  from  the  walls  and 
floor  of  the  building.  It  fttuntls  upon  a  tripod  which  is  ailjunt 
by  foot  screws.  Tlie  three  feet  are  so  placed  that  two  of  them  are 
m  the  east  and  west  line :  hence,  Ijot  cue  of  these  tw^o  is  seen  in 
Plate  X.,  which  is  a  projection  of  the  instrument  upon  the  plane 
of  the  meridian,  while  all  three  are  seen  in  Plate  XL,  which  i^ 
a  projection  upon  the  plane  of  the  prime  vertieah  The  lueridionul 
foot  screw  oi  carries  a  small  circle  y- graduated  into  360°,  the  index 
of  which  is  attached  to  the  foot.  One  revolution  of  this  circle 
changes  the  uiclination  of  the  instrument  in  the  plane  of  the 
meridian  318'';  consequently,  one  division  corresponds  to  0".88, 

The  centre  of  the  instrument  is  held  in  place  by  the  suppoitJ 
a  attached  to  the  pier. 

The  vertical  stand  consists  of  a  hollow  cone  of  braeg,  in  which' 
turns  the  steel  axis  6.   The  lower  extremity  of  this  axis  \n  convex 
and  smoothly  finished,  and  is  supported  by  a  system  of  three 
counterpoises  r,  suspended  upon  levers  wliich  relieve  the  preiisim 
upon  the  hearing  points  of  the  vertical  axis,  and  thus  diminia 
the  friction.    At  the  top  of  the  conical  stand  is  a  13  inch  aidmotli] 
circle,  the  verniers  of  which  are  attached  to  the  axis.     This  Ui 
provided  with  a  clamp  and  tangent  screw  which  is  moved  by  the 
rod  (I  in  giving  tlie  upper  portion  of  the  instrument  a  entftU 
motion  in  azimuth. 

The  upper  extremity  of  the  vertical  steel  axis  carries  the  atroti 
oblong  bar  i\  which  may  he  called  the  bed  of  the  instrunicnt.] 
On  this  bed  rests  tlie  adjustable  frame  rfyi^  which  supports  the 
horizontal  axis  i  in  the  Ys  at  n\     This  axis  should  be  perpen* 
dicular  to  tlie  vertical  axis,  and  its  adjustment  in  this  respect  !• 
eftected  by  means  of  two  opposing  screws  at  h. 

The  axis  i  has  two  equal  cylindrical  pivots  of  steel  at  rr.     It  is 
hollow,  to  admit  light  from  the  lamp  x,  which  is  reflected  npon 


^  8#i  Pmtr^tiam  ie  TtAt^r,  etnt.,  kti.,  p.  180. 
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the  tlireads  of  the  reticule  of  the  telescope  hy  a  mirror  in  the 
interior  of  the  tube  at  w.  The  telescope  and  principal  vertical 
circle  o  are  firmly  and  invariably  attached  to  one  extremity  of 
this  axis.  At  the  opposite  end  of  the  axis  is  a  smaller  vertical 
circle  m,  which  serves  as  a  finder.  From  the  centre  of  this 
finding  circle  radiate  four  i''<inieal  arms  terminating  in  ivory 
halls  n.  The  telct^cope  is  Hwept  in  the  vertical  plane  Bolely  by 
nieani^i  of  these  Vmlkj  never  by  touching  the  telcBcope  or  prin- 
cipal vertical  circle.  When  the  telescope  is  approximately 
pointed  and  clamped,  fine  vertical  motion  is  given  to  the  tangent 
screw  by  the  rod  k.  The  instrument  is  ewept  in  azimuth  hy 
means  of  an  ivory  ball  at  /,  the  fine  azimuthal  motion  being 
given  by  the  rod  d 

The  circle  is  read  off"  by  four  microscopes  attached  to  a  squarOf 
frame  a,  which  is  fixed  to  the  frame  iif^v.  The  level  ^9  attached 
to  this  frame  indicates  its  inclination  with  respect  to  the  horizon. 
The  circle  is  divided  to  2',  and  the  microscopes  read  directly  to 
single  seconds,  and  by  estinuititm  to  O'M,  or  even  less.  The 
prolmble  error  of  reading  of  a  single  microscope  is  given  by 

TERS  as  only  0^'.090  in  observations  by  day,  and  0",098  in 
►'oliservations  by  night 

The  friction  of  the  horizontal  axis  in  the  Vb  is  diminished  by 
the  single  counterpoise  />,  which,  by  moans  of  a  lever,  the  fulcrum 
of  which  is  at  //,  supports  the  principal  part  of  the  weight  of  the 
telescope,  vertical  circles^  and  horizontal  axis,  by  exerting  an 
ofiward  pressure  at  r.  The  point  r  being  at  suitable  distances 
from  tlie  two  Ys  respectively  (nearer  to  the  principal  circle  than 
to  the  finder),  the  Iriction  in  both  Ys  is  equally  relieved ;  while 
the  whole  weight  of  the  movable  portion  of  the  instrument  is 
transferred  to  a  point  //,  very  near  to  the  veiiical  axis  of  rotation. 

The  striding  level  s  rest^  upon  the  pivots  of  the  horizontal 
axis,  and,  by  reversal  in  the  usual  mannei*,  serves  to  measure  the 
inclination  of  this  axis  to  the  liorizon. 

The  reticule  at  i  is  composed  of  tliree  horizontal  threads,  two 
of  which  are  close  parallel  threads  (the  clear  space  between  them 
being  only  6"),  which  serve  for  the  observation  of  object**  which 
present  sensible  discs,  or  of  those  which  are  too  faint  to  he 
observed  by  bisection  (see  Art,  198).  The  third  thread  is  18" 
from  tlie  others,  and  is  used  in  observing  staiis  by  bisection. 
The  unequal  distances  prevent  mistakes  in  the  choice  of  threads, 
The«e  horizontal  threads  are  crossed  by  two  i^ertical  ones,  the 
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distance  of  which  is  1'  of  arc.  The  middle  point  hetween  the 
determines  tlie  optical  centre  of  the  instrument,  and  all  obec 
VEtiou3  are  made  wa  nearly  m  possible  at  this  point. 

The  extreme  accuracy  attainable  in  the  obscr\'ation  of  xenit 
distance!?  with  tliis  inRtrnment  may  he  inferred  from  the  folloWi^ 
ing  values  of  the  ^eniih  'point  2  {sqq  Art,  219)  of  the  circle, 
cited  by  Struve,  from  observations  by  Peters  upon  Polaris  at  it 
upper  and  lower  culminatiouB : 


1813. 

Upper  traaait. 
2 

Diff.  from 
ne»a, 

April  13 

0"  0'  33".18 

—  0".32 

14 

33  .26 

—  0  .19 

17 

33  .82 

+  0  .37 

19 

S3  .27 

—  0  .18 

20 

33  .75 

+  0  .30 

22 

83  .17 

—  0  .28 

24 

S3  .45 

0  .00^ 

2.1 

33  .G8 

+  0  .23 

26 

33  .29 

—  0  .10 

27 

38  .68 

+  0.28 

Lower  Iruitit. 

DfC  front 

Z 

niMB. 

ill4 

0°  C  33".$4 

—  (r.08 

16 

88  .32 

—  0  .40 

20 

83  .45 

-0  s; 

21 

33  .94 

-f  0  ^ 

22 

83  .48 

-0  .24 

24 

38  .50 

—  0  .22 

2fi 

S3  .94 

+  0  .22 

26 

33  .98 

+  0  .26 

27 

83  .82 

+  0.19 

28 

34  .12 

+  040 

I 
I 


Moan  0   0  33  .45 


0    0  33  J2 


Hence,  assuming  that  the  zenith  point  of  the  circle  was  conetmit 
the  probable  error  of  an  obsen^ed  value  of  Z  wafl,  for  citlif 
series,  =  0".22.     Tliis  error,  however,  is  the  combined  *  f" 
error  of  observation   and  variability  of  Z,     But   the  pi  a  J 

error  of  observation  was  obtained  from  the  discrepancies  liotweenl 
the  several  values  of  the  ktitndo  deduced  from  these  eame  obner 
vationei,   and   wa9=^0'M7:   so   that  the  probable   error  of 
arising    from    variation    in    the    instrument  waa  =  i'^(0'M 
—  (O'MTf  ]  ^  0'M4.     The  means  for  the  two  transits  diflifer 
0",27,  which  results  from  the  use  of  different  divisions  of  thi 
circle  and  different  parts  of  the  micrometers.    To  compare  the 
justly,  it  would  be  necessary  first  to  eliminate  especially  the 
division  errors. 

In  order  to  eliminate  the  effects  of  flexure,  the  objective  and 
ocular  are  made  interchangeable  (see  Art.  204). 

The  dimensions  of  the  various  parts  of  the  instrument  may  btl 
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[,  takea  from  tlie  plates,  wliich  are  accurately  drawn  upon  a  scale 
of  A.* 

210.  The  poiiable  universal  mstruments  are  usually  so  arranged 
tliat  tlie  vertical  circle  maj^  ho  removed  altogether  from  the 
instrument  when  horizontal  aiigk*s  only  are  to  be  measured. 
One  of  thesG  instruments  is  represented  in  Plate  XlL  In  Fig;  1, 
the  instniment  U  arranged  for  meas^uring  horizontal  anglea 
exclusively.  In  Fig.  2,  the  telescope  of  Fig,  1  is  replaced  by 
another  which  is  connected  mth  a  vertical  circle  and  (unlike  the 
azimuth  telescope)  is  at  the  end  of  the  horizontal  axis.  The 
weight  of  the  telescope  and  vertical  circle  in  coimteqioised  by  a 
weight  at  the  opposite  end  of  the  axis.  The  ftjcal  length  of  the 
telescope  in  instruments  of  this  kind  seldom  exceeds  24  inches. 

The  following  discussion  of  the  theory  of  these  instruments 
will  apply  to  any  of  the  IVirms  above  mentioned,  as  I  shall  con- 
sider their  two  applications — to  azimuths  and  to  altitiidca — 
independently  of  each  other. 


211.  Azimuihs.—Let  A^H,  Fig.  49,  represent  the  true  horizon, 
^the  zenith.     Let  us  suppose  the  vertical  p.    ^^ 

axis  of  the  instrument  to  be  inclined  to  the 
true  vertical  lino,  so  that  when  produced  it 
meets  the  celestial  sphere  in  iT'.  Let^l„//' 
be  the  great  cirde  of  wliieh  Z^  is  tlio  pole. 
The  plane  of  this  circle  is  that  of  the  gra- 
duated horizontal  circle  of  the  instrument. 
Let  us  suppose,  further,  tluit  the  horizontal 
rotation    axis,    which    should   be    at   right  ^ 

angles  to  the  vertical  axis,  and,  consequently,  parallel  to  the 
horizontal  circle,  makes  a  small  angle  with  tliis  circle*  As  the 
instrument  revolves  about  its  vertical  axis,  this  rotation  axis  will 
describe  a  cotucal  surface,  and  the  prolongation  of  this  axis  to 
the  celestial  sphere  will  describe  a  snuill  circle  AA*  pandlel  to 
A^'*  Let  A  }m  the  point  in  which  this  axis  produced  through 
tlie  circle  end  meets  the  sphere  at  the  time  of  an  obser\^ation, 
and  O  the  position  of  a  star  observed  on  any  given  vertical  thread 

*  Fur  h\\  the  pftrticulara  of  the  use  of  this  iuslrument  in  ihe  tletprmination  of  the 
decTtnftiioD  of  a  circumpolar  trfar,  consult  the  memoir  of  Dr.  C.  A.  F,  PimtRsr, 
Aatron,  ^VacA,,  Vol,  XX J L,  RtmlUtie  out  Beotachiun^eH  det  Potarttfrnt  am  ErttUchtn 
Vertiealkrat$  dtr  J*ulkow€ur  Sttrnwaric* 
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in  the  field.  Ab  tlie  telescope  revolves  upon  the  horizontal  axis,] 
its  axis  of  collimation  de^cnbes  a  great  circle  of  which  A  is  th#.| 
pole,  and  the  given  thread  describes  a  small  circle  parallel  taJ 
this  great  obcle.    Let 

c  ==  tho  dietaiice  of  the  thread  from  the  collimation  ajoa, 

poartive  when  the  thread  is  on  the  same  side  of  the 

collimation  axis  as  tho  vertical  circle, 
b  ^  the  elevation  of  A  above  the  horizon  as  given  by  tho 

spirit  level  applied  to  the  horizontal  axis^  positive  when 

the  circle  end  of  this  axis  is  too  high^ 
i  =  the  inclination  of  the  vertical  axis  to  the  true  vertical 

line, 
f  =  the  inclination  of  the  honxontal  axis  to  the  aximnth 

circle, 
a  =  AZH, 
a'  ^  AZ*H, 
A  ==  the  azimuth  of  tho  star  0^  reckoned  from  A^  as  the 

origin, 
z  ==  the  zenith  distance  of  the  star; 

then,  in  the  triangle  AZZ\  we  have  AZ=%Q^  —  b,  ZZ*~  i, 
jIZ'^  90^-1',  AZZ^^im^'-a,  AZ'Z^a\  and  hence,  by 
8ph.  Trig., 

sin  ft  =  cog  fl'  cos  r  sin  i  -|-  sin  T  coe  t 

cos  /*  008  a  ^  cos  a'  cos  i'  cos  i  — ^  sin  T  sin  i 

cos  ^  sin  fl  =  sin  a'  cos  t' 

Bnt,  I,  i',  and  b  being  always  m  small  tliat  we  can  neglect  their^ 
squares^  these  equations  may  be  reduced  to  the  following^ 


b  =  i  cm  a*  +  r  ==  i  cos  a  -f  ** 


}  ^*^i 


In  the  triangle  AZO^  we  have  the  angle  AZO  =  A^O  -f  AJSA 1 
=  ii  +  90^— fl,  and  the  sides  ^O  =  90°+e,  AZ=90''  —  i, 
ZO  =  -2;  and  hence 

—  sin  e  ==  sin  b  cos  z  —  cos  b  sin  ^  sin  (ii  —  a) 

or,  since  c  and  b  are  small, 

sin(il  —  a)  =  • +  -; — 

tan  z       sin  ^ 

Ilence  sin  {A  —  a)  is  also  a  small  quantity,  and  the  angle  A  —  B 
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is  either  nearly  0°  or  Bearly  180°.    Wlien  the  Tortioal  circle  at 

I  the  extremity  of  the  horizontal  axis  is  to  the  left  of  tlie  obt^erver, 

^  as  supposed  in  the  above  diagram^  it  is  evident  tliat  A  and  a  are 

•  nearly  equal,  and  A  —  aiB  nearly  0°,     But  if  the  insti'ument  be 

revolved  about  it-^  vertical  axi^^,  tbe  azimuth  circle  remaining 

fixed,  and  the  telescope  be  again  directed  to  the  aanie  point  0, 

the  vertical  circle  will  be  on  the  riglit  of  the  observer,  and  the 

P  angle  a  will  be  increased  by  180°.  In  this  case,  therefore,  180° 
—  (J.  ^  a)  w^ill  be  a  small  quantity.  Putting,  tlien,  A  —  a  or 
ISO*'  —  {A  —  a)  for  sin  {A  —  a)j  we  have 

A  ^  a  -}-  b  cot  z  -\-  c  coaec  z  [Circle  L,] 

A  =  a  -f-  180°  —  b  cot  z  ~  c  coaec  z    [Circle  H.] 

Now,  a  is  not  read  directly  from  the  azimuth  circle  ;  but  if  we 
^Kput  ^'=the  actual  reading  and  ^4^=  the  readiiig  when  the 
|^»  point  A  in  the  diagram  is  at  A*  (in  which  ease  the  telescope, 
I       when  horizontal,  is  directed  towards  the  point  A^)^  we  have 


a  =  a'^A  —  A^ 
a +  180^=^'  — A 


[Circle  L.] 
[Circle  R] 


and,  therefore, 


A=A'' 


b  cot  z  ±:  c  coaec  z 


We  have  supposed  the  azimuths  to  be  reckoned  from  the  point 
^1^;  but  it  is  indifferent  what  point  of  the  circle  is  taken  as  the 
origin  when  the  instrument  is  used  only  to  determine  differences 
of  azimuth,  since  the  constant  ^4^,  of  the  above  equation  will 
disappear  in  taking  the  difference  of  two  values  of  A.  For 
absoluie  azimuths,  let  us  denote  the  azimuth  of  the  point  ^,j  from 
the  south  point  of  the  horizon  by  ^4^ ;  then  the  azimuth  of  tbe 
star,  also  reckoned  from  the  south  point,  will  Ijc  equal  to  the 
above  value  increased  by  A^,  If,  therefore,  wo  add  A^  to  the 
Becond  member,  and  then  write  aA  for  the  constant  A^  —  A^^,  we 
'  shall  have 

A  ^  A  +  aA  :^  b  cot  z  ±  c  cosec  z    [^  c^Jc\q  r  1      C-*^^) 

l^are  A  now  denotes  the  absolute  azimuth  of  the  stiar,  and  a  A 
is  the  index  correction  of  the  cinde,  or  reduction  of  the  reading? 
[to  absolute  azimuths.  Tlie  readings  for  circle  right  differing  by 
180°  from  those  for  circle  left,  we  shall  always  assume  that  the 
former  have  been  increased  or  diminished  by  180°,  when  two 

Vol.  U.—2i 
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observations  in  difFeront  po.sitions  of  the  instrument  are  CdO^I 
pared.     "We  miiBt  now  determine  the  quantities  c,  6,  and  ajI. 

212.  To  find  c  and  b, — The  most  convenient  method  of  finding  i 
e  with  a  fixed  instrument  is  to  employ  a  coUimating  telescope 
placed  on  a  level  with  the  horizontal  axis,  such  as  that  of  Plate 
m.  Fig.  2.  The  croes  thread  of  the  collimator  is  observed  bm  an 
infinitely  distant  point  or  star,  whose  zenith  distance  is  90*^ ;  and 
hence  cot-?  =^  0,  cosecz  =  1.  Observing  it  both  with  circle  left 
and  circle  right,  let  A'  and  tI"  be  the  readings  of  the  azimuth 
circle  (the  latter  readmg  being  changed  180°) ;  then  we  have 


whence 


A  =  A*  +  a4  +  e 

A=^A'+^A  —  c 

c=l(A''-A') 


(i 


which  will  give  c  with  its  proper  sign  for  circk  left. 

If,  however,  the  collimator  h  below  the  level  of  the  horizouta] 
axis,  so  that  the  telescope  must  be  depressed  to  observe  it,  we  j 

Bhall  have 

A  ==^  A'  -}-  aA  -\-  b  cot  J  -f  0  cofiec  z 
A^  A*^  +  A  A  --  b  cot  z  —  c  cosec  z 

in  which  z  =  the  zenith  distance  of  the  coUimator  =  90**  +  de- 
pression of  the  telescope,  as  given  by  the  vertical  circle ;  and 

then 

c  =  J  {A"  —  A')  sin  2'  —  5  cos  z  (208) 

and  b  must  be  observed  with  the  striding  level  applied  to  the 
axis,  as  in  the  case  of  the  transit  instrument. 

When  the  telescope  is  furnished  with  a  micrometer,  the  valne 
of  c  can  he  found  with  still  greater  accuracy,  by  means  of  twa 

collimators,  as  in  Art,  145. 

218.  In  some  cases  the  spirit  level  cannot  be  reversed  upOQ 
the  axis,  but  is  permauently  attached  to  it  or  to  the  fnime  which 
supports  it  It  is  then  reversed  only  when  the  instrument  is 
reversed,  and  it  becomes  necessary  to  know  the  level  zero,  or 
that  reailiug  of  the  level  which  corresponds  to  a  truly  horisonlal 
position  of  the  axis.  Let  this  reading  be  denoted  by  l^  oud  let 
I  be  the  reading  at  any  obsenation ;  then  we  have 
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^hcre  I  is  the  mean  of  tlie  readings  of  the  two  ends  of  the 
bubble,  the  readings  towardt^  the  circle  end  being  always 
reckoned  us  poBitivc.  Then  to  find  /„  we  have  recourse  to  the 
observation  of  two  stars,  one  near  the  zenith  and  the  other  near 
the  horizon,  or  of  the  same  star  at  difterent  times*  Let  jV  and 
^"  be  the  circle  reading^?,  ^'  and  2''  the  zenith  distances  of  the 
high  star  for  circle  left  and  circle  right,  respectively ;  1%  f"  the 
level  readings ;  then,  A^  and  A^  being  the  true  azimuths,  we  have 

A^  ^  A'  +aA  +  (I'  —  g  cot  j'  +  c  cosec  / 
A,:^A**^j^A  —  (r'—  y  cot  r"^  c  cosec  ^' 

The  difference  between  A^  and  A^  may  be  accurately  computed 
from  the  known  place  of  the  star,  and  a  small  error  in  its 
assumed  place  will  not  sensibly  affect  this  difference,  K  the  star 
is  near  the  meridian  (which  will  be  advisable),  the  change  in 
azimuth  will  be  senmhly  proportional  to  the  interval  of  time 
between  the  two  observations;  so  that  if  X'  and  T"  are  the 
sidereal  clock  times,  and  5^1  the  change  of  azimuth  in  one 
second,  we  shall  have 


A^—A^  =  U{T'-T) 


(209) 


in  wliich  T"  —  T'  is  in  seconds ;  and  SA  may  be  found  by  the 
differential  formula 

.  dA  15''  COB  ^  cos  q 

dT  sin  z 

where  8  =  the  star's  declination,  and  the  parallactic  angle  q  is 
found  by  Art.  15  of  Vol.  I.  The  tliffercnce  of  the  above  equa- 
tions will  then  give  us  the  equation 

^  nil^ -\- nc  ^  27  (210) 

where,  to  abbreviate,  we  denote  the  known  quantities  as  follows : 

m  =^  cot  z*  +  cot  /'  n  ^  cosec  r'  +  cosoc  z"    'i     ^91 1\ 

p  ^A'^^A'  —  {A^  —  A,)  —  V cot  z'  —  /"  cot  y        /    ^"    ^ 

In  like  manner,  the  low  star  gives  a  similar  equation, 

--m'?^  +  nV=/  (212) 

and  from  the  two  equations  the  unknown  quantities  l^  and  c  are 
found  by  the  usual  method  of  eliminatiom    If  a  greater  number 
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of  stara  Lave  been  obsenx^d,  the  equations  may  be  combined  hyl 
the  method  of  least  squares.  Where  there  is  a  collimator,  it  i 
may  always  be  used  as  the  low  star  of  this  method, 

214.  To  detemiine  the  index  correction  aA^  observe  anj 
known  star  in  either  position  of  the  iueitniraent ;  then,  having 
computed  its  true  azimuth  ^1  (Vol.  L  Art,  14),  we  have 


£^A  =  ^  ^  (A'  Hz  b  cot  r  ih  <?  cosec  z) 


(218) ' 


215.  With  a  portable  iaatrument,  such  as  is  described  iu  Art 
210,  the  use  of  a  collimator  is  impracticable,  since  the  telescope 
is  at  the  extremity  of  the  axis,  aiul,  therefore,  cannot  be  directed 
towards  the  collimator  in  btitli  positions.  We  must  then  employ 
stars,  as  in  the  preceding  article;  but,  as  in  portable  instruments 
the  inclination  A  is  usually  found  directly  by  the  striding  level, 
a  sitigli*  star  observed  in  both  positions  of  the  iustruinent  will 
suffice.  If  we  take  the  pole  star  when  near  the  meridian,  w© 
can  suppose  z  to  have  tlie  same  value  for  both  observationSy  and 
we  shall  have  the  two  equations 


A^  =  A'  +  aA  +  h*  cot  r  +  c  cosec  z 
-ig  —  -4"  4-  Aii  —  fc"  cot  z  —  c  cosec  z 


whence 


c  =  i  [^"  —  4'  —  {A^  —  A^\  sin  J  —  i  (6'  +  6")  coe  z      (214) 

and  it  will  then  be  expedient  to  determine  ^1  at  the  eame  time 
from  either  A^  or  A^ 

216,  If  instead  of  a  single  vciiical  thread  there  are  aeTen 
such  threads,  the  horizontal  transit  of  the  star  is  observed  over 
each  by  the  elot^k,  as  in  ordinary  transit  (djservations,  the  reading 
of  tlie  horizontal  circle  rcnuiining  constunt.  If  the  star  is  nut 
too  tar  trom  the  equator,  the  intervals  of  time  between  the 
transits  over  the  threads  may  be  assumed  to  be  proportional  to 
tlie  flistances  of  the  threads,  aud  then  the  mean  of  the  timet 
will  be  the  time  of  the  sttir's  transit  over  tlie  mean  thread.  Thu 
collimatlon  constant  r,  determined  from  stars  as  in  the  preceding 
articles,  will  then  be  that  of  the  mean  thread. 

If  some  of  the  threads  have  failtHl  to  be  observed.  let/p/^Ao. 
be  the  distances  of  the  threads  from  the  mean  thread,  ponitive 
for  thi'eads  on  the  same  side  of  the  mean  as  the  vertical  circle ; 


AZIMUTHS. 


and  lef /^,  be  tlie  mean  of  the  distances  of  the  threads  ohsen^ed, 
and  Tq  the  mean  of  the  observed  timeti.  Then/j,  +  e  is  tlie  dis- 
tance of  the  mean  of  the  obs^erved  threadd  from  the  colliinatioii 
axis;  and  the  azimuth  at  the  time  Ty  is  found  by  the  formula 
(206),  eubstituting^o  +  ^  ^^^  ^** 

217.  If,  however,  we  wish  to  j proceed  rigorously,  we  can 
reduce  ea^h  thread  to  the  mean  thread  by  the  complete  formula 
(138), 


8in/  = 


Bin/ 


cos  d  COS  n  ooa  t 


+  2  tan  1 6in»  J I 


Fig.  50. 


where  J  is  the  interval  of  time  in  which  the  star  describeB  the 
distance  /,  and  /  =  r  —  m,  r  being  the  cast  hour  angle  of  the 
star,  and  m  and  n  being  determined  by  (78).  But  we  can  sim- 
plify this  formula  for  our  present  purpose  as  follows.  Let  A, 
Fig.  50,  be  the  puiiit  in  whi<"h  the  horizontnl  axis  of  the 
instrument  meets  the  sphere  when  produced  through 
the  circle  end  (as  in  Fig.  49) ;  Z  the  zenith  ;  P  the  pole ; 
Othe  star  when  in  the  collim.'ition  axis  of  the  telescope. 
Since  the  small  inciination  of  the  horizontal  and  verti- 
cal axes  will  not  seutiibly  affect  the  thread  inteiTals,  we 
can  here  regard  A  i\b  the  pole  of  the  vertical  circle  ZO^ 
and  the  triangle  OPD  may  be  regarded  an  right  angled 
at  D.  In  this  triangle  we  Ijave,  according  to  the  de- 
finitions of  »i,  rt,  and  r  in  Art  123,  the  angle  OPD  =  OPZ 
—  APZ  ^  —  T  —  (90°  -  7n)  =  -  90°  -  t,  and  the  side  PD 
=  JJ*  -  90^  ^  (90°  -  n)  --  90°  =  ^  ?l  We  have  also  OP 
^  90°  —  a,  and  the  parallactic  angle  POD  =  q.     Hence 


cos  n  cos  t  =^ 
tan  t  ^ 


cos  q 

tan  f]  sin  i 


and  our  foiTnula  becomes 


sin  /  =  — 


sin/ 


cos  S  cos  q 


+  2  sin  5  tan  q  sin*  J I 


This  applies  for  circle  left.  For  circle  right  it  U  only  necessary 
to  change  the  sign  of  the  first  term,  so  that  the  complete  for- 
mula is 


sin  I : 


_       sir*/ 


cos  d  cos  q 


-f  2  sin  5  tan  q  sin*  i  I 


(215) 
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Ill  this  equation  tlie  coiiBtarits  ^^jaiuW^fire  uiikTiown;  but  if  we 
now  revolve  the  iDstruiiiout  180^  in  azimutli,  and  observe  the 
zenith  distance  of  the  same  point,  we  shall  have 


^^=c-:, 


^2,=-(t,-n 


where  f '  and  I'  denote  the  new  readings  of  circle  and  level;  and 

hence,  for  circle  riff  hi, 

in  which 'c'  is  computed  by  the  formula 

e'  =  /^!±A'Jsinrcot  J^-Zf^jsinrtani/ 

c'and  6' being  the  collimation  and  the  inclination  of  the  hori- 
zontal axis  in  thia  second  observation.  The  mean  of  the  tri^o 
values  of  z  is 

,  =  i(V-  0+  i(^'-  0  +  K^'+  0  (219) 


Tlieir  difterence  gives  the  constant  quantity 


(230) 


If  the  observed  point  is  moving,  as  in  the  case  of  a  star,  the  \'iiIuo 
of  z  obtained  t>y  (219)  is  the  zenith  distance  at  the  mean  time 
between  the  two  observations;  and,  in  genend,  if  a  series  ofxenith 
distances  is  taken,  one  half  in  each  position  of  the  circle,  and  if 
(^  denotes  the  mean  of  all  the  readings  of  the  circle  in  the  first 
position,  J 'the  mean  of  all  tlie  readings  in  tlie  second  position, 
I  and  r  the  corresponding  means  of  the  readings  of  the  circle 
level,  the  %'alue  of  ^  given  by  (219)  will  be  the  zenith  distance  lit 
the  mean  of  all  tlie  oliserved  times,  p^on^W  always  tliat  the  sericft 
is  not  extended  so  far  as  to  introduce  second  diiferences  of  the 
change  of  zenith  distance.  The  correction  for  second  difterencea, 
when  necessary,  may  be  found  by  Yob  I.  Art,  lol. 

The  corrections  €  and  e'  are,  however,  usually  rendered  insen* 
sible  in  practice  by  observing  the  star  only  in  the  middle  of  tlio 
field,  or  as  near  tlie  middle  vertical  thread  as  jiossible,  which  is 
eflected  by  giving  the  instrument  a  slow  motion  in  uramuth  while 
the  star  passes  obliquely  across  the  field,  and  thus  keeping  tlie 
middle  thread  constantly  upon  the  star  until  it  is  bisected  by  the 
horizontal  thread. 
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220.  The  equation  (220)  gives  the  constant  ^^j  -f  l^  only  when 
the  obseiTed  point  is  fixed.  The  crot^H  tljread  of  u  eollimatin/5 
telescope,  or  a  distant  terrestrial  ohjcot,  may  be  used  as  such  a 
fixed  point;  and,  making  tlie  oh?5ervatioMs  in  the  two  positions  of 
the  circle  only  in  tlie  middle  of  the  tield,  we  shall  have  e'  —  £  =  0: 
80  that  if  we  denote  this  constant  by  iJ  we  t^hall  have 


^^u^  +  n  +  iQ  +  n 


(221) 


With  this  constant  thiiB  determined,  a  single  obsen^ation  of  a  star, 
In  either  position  of  the  instrument,  will  suffice  to  determine  its 
zenith  distance,  since  we  shall  then  have 

^  =  ^  ^  (C  +  0    ^^^  circle  L. 

The  constant  ^cxprcBses  tlie  zenilk  point  (sf  (he  instrifmajf^  since 
in  any  position  of  the  instrument  it  is  equal  to  the  corrected  circle 
reading  when  the  obsen^ed  object  is  in  the  zenith. 

If  we  wish  to  deduce  ^from  the  two  obsen-ations  of  a  star,  at 
the  times  T^and  J'^  we  must  compute  the  ditterenee  between  the 
zenith  distances  for  the  iirterval  T^  —  Ty  which,  when  the  interval 
is  small,  may  be  done  by  tlie  differential  formula 

dt 

in  which  T'—  jT  is  supposed  to  be  reduced  to  seconds  of  arc ; 
and  then  we  shall  have 

^  =  i  (C  +  CO  +  i  (^  +  ^') "  i  ^ 

It  should  be  remarked  that  when  ^^'is  numerically  less  than 
f  we  should  increase  it  l)y  360°,  both  in  finding  z  and  Z, 

^Vlien  the  two  observations,  in  opposite  positions  of  the  axis, 
are  made  very  near  to  the  meridian,  it  will  be  adnsable  to  reduce 
each  to  the  meridian  by  applying  the  correction  for  circum- 
meridian  altitudes,  Vol  L  equation  (289)  or  (290). 

Example,— To  determine  the  zenith  point  of  an  Ertel  uni- 
versal instrument,  the  telescope  was  directed  towards  a  distant 
terrestrial  object,  and  the  horizontal  thread  was  brought  into 
coincidence  with  a  sharply  defined  point  in  the  object,  twice  in 
each  position  of  the  vertical  circle.     The  readings  of  the  circle 
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and  level  wero  a.^  below.  The  gradtiatioe^  of  the  level  proceed] 
coutinuouftly  from  the  right  to  the  left  end  of  the  tube,  so 
the  values  of  I  are  simply  the  arithmetical  means  of  the  readmgfl  j 
of  the  two  ends  of  the  bubble.     The  value  of  one  division  ^=2"A  J 


Circle  L, 


Circle  R 


Circle  readings. 

LcTcI  readings. 

{ 

180»    2' 30". 

40.2    14.6 

27.4     1 

180     2  35 

40.4    14.5 

27.45 

359    56  20 

38.2    12.8 

25.5 

359    56  30 

38.5    12.9 

25.7 

Hence,  taking  the  meansj  we  have 
C'=  359    56  25  . 


I  =  27,43 

r=  26.60 


269 


59  28  .75 
+  53  ,04 


^,^  26.52  r=53^04 


Z=  270      0  21  J9 


A  series  of  zenith  distances  of  the  8un*8  lower  limb  near  the 
meridian  was  then  tukeii,  as  follows: 


Circle  L. 


Circle 
reading. 

Lcrel 

reading. 

Circle  reading  cor- 
rected for  leTel. 

OI>MrTWl  M&itb 

229"  SC  50" 

38.4 

12.7 

229" 

51'  41".l 

40« 

8*  40^.7 

229    57  15 

38. 

12.3 

229 

58    5  .3 

40 

2  16  J 

230      2    5 

37. 

11.5 

230 

2  53  .5 

89 

67  28  .8 

230      5  15 

37.6 

12. 

230 

6    4  .6 

39 

W  17  .2 

230     7    0 

87. 

11.4 

230 

7  48  .8 

89 

52  83  .0 

809    52  15 

33.4 

7.9 

309 

52  56  .8 

89 

6£  S4  .S 

809   54  10 

33. 

7.4 

809 

54  50  .4 

39 

M  28  .6 

309    67  50 

33.6 

8.0 

309 

68  31  .0 

89 

58    9  .8 

310     2  40 

33.8 

8.3 

310 

3  22  .1 

40 

8    04 

810     9  15 

84. 

8.8 

310 

9  67  .8 

40 

1»86.0 

Circle  R, 


Here  we  have,  at  the  first  observation, 

dlY. 

C  =  229**  60'  50"  I  =  +  25.55  =  +  51'M 

and  hence  the  corrected  circle  reading  is 
C  +  J  =  229°  51'  4rM 
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831 


le  correction  e  being  neglected,  as  all  tlie  observations  were 
[Biade  near  tbe  nuddle  veitical  thread,  we  obtain  tbe  observed 
Isseuith  distance  by  enbtraeting  this  niiiaber  from  tbe  above  read- 
[ing  Z  of  tbe  zenith  point,  whence  z  =  40°  8'  40''.7. 

In  like  manner,  tbe  fifth  observation  gives  j''  -[-  p  ^  309"^  52' 
5C.3,  from  wbit.'h  Z  is  sulitraeted  to  obtain  the  obsei'ved  zeuitb 
distance.     Tbe  results  are  given  in  the  last  column. 

TbeBC  observations  have  been  employed  in  A^ob  L  Art,  171,  as 
circummeridian  zenith  distances  for  determining  the  latitude. 

221*  In  the  methods  of  observation  al>ove  adopted,  a  know- 
ledge of  the  deviations  i  and  i'of  tlie  liorizontal  and  vertical  axes 
from  their  normal  positions  Is  not  required  :  it  is  only  necessary 

[that  they  should  be  srualL  Their  values,  however,  can  be  reatlily 
investigated.  Li  the  triangle  AZZ\  Fig.  51,  we  have  the  angle 
ZAZ^  =  BB'  =  i^z^  —  l^^l^  as  given  by  the  level  of  the  vertical 

icLrcle ;  and  this  triangle  gives,  wdth  the  notation  of  Art.  211, 


am  A2, 


8m  I  em  a 


cos  b 


or,  taking  a  for  a', 


1  Bm  a'=^\^l 


At  the  same  time,  we  have,  from  the  level  b  of  the  horizontal  axis, 

I  cos  a  -\-  a  ^h 

r  Now,  revolving  the  instrument  180^,  the  angle  a  becomes 
a  +  180°,  and  if  tbe  level  reading  of  the  vertical  circle  alidade  is 
now  l\  and  the  inclination  of  the  horizontal  axis  is  b\  we  have 

—  i  sin  a  =^l^ —  V 
—  tcos  a  -\-  V  ^  6' 


t  sin  a^=  1(1*  —  I) 
i  cos  a  =  4  (6  —  6') 


Hence,  combining  these  equations  with  the  former  ones,  we  find 

}    (223) 

which  deteiTnine  i  and  a;  and  for  i*  we  have 

f^i(b  +  b')  (224) 

We  can,  also,  find  i'and  i'  from  the  inclinations  of  the  horizontal 
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axis  alone.  Let  the  alidade  of  the  azimiitli  circle  be  set  at  any 
assumed  reading  ^1',  and  then  ako  at  A*  +  120^  and  A*  +  240°, 
and  let  6,  h\  6",  be  the  inclinations  of  tbe  horizontal  axis  given 
by  the  spirit  level  in  the  three  positions.    Then  we  have 

1  COB  a  -\-  V  =^b 

tco8(a  +  240*)  +  i'=r=&" 

the  sum  of  wliich,  since  cos  {a  +  120°"^  +  cos  {a  +  240°)  =  —  coa  tf, 
gives 


TMSy  subtracted  from  the  let  equation,  gives 


t  cos  ^  = 


(225) 


(226) 


and  the  difference  of  the  2d  and  3d  equations  gives 


1  sm  a  = 


¥'  —  U 


1/3 


(MfT) 


which  determine  i  and  a.  This  method  may  be  used  for  in»tni-> 
mcnts  intended  only  for  the  measurement  of  horizontal  angles. 
In  other  instruments,  both  methods  may  be  used,  and  the 
accordance  of  the  results  will  indicate  the  degree  of  perfecticrti 
in  the  workniaiiship  of  the  vertical  pivots  of  the  instrument. 

222,  If  there  are  several  horiz.ontal  threads,  the  vertical  trmmt 
of  the  star  over  each  may  l*o  observed,  revolving  the  in^trumetit 
ttlowly  in  azinuith,  so  an  to  make  tiic  transit  occur  in  the  middle 
of  the  field.  The  level  of  the  alidade  should  be  read  both 
before  and  after  the  observation,  and  the  mean  taken  as  the 
value  of  /  at  the  mean  of  the  times  of  observation.  WHien  the 
star  is  not  near  the  meridian,  the  zenith  di^^tunce  represented  by 
the  mean  of  the  threads  may  be  assumed  to  con*espond  to  tJie 
mean  of  the  obser^■ed  clock  times ;  but  when  near  the  meridian 
a  correction  for  second  ditterences  will  be  necessary. 

In  Vol.  L  Art.  lol,  we  have  fi>und  that  if  j;,  7',,  7;,  &c,  art^ 
the  several  clock  times,  and  T  their  mean,  the  corrected  timo 
corresponding  to  the  mean  of  the  zenith  distances  is 


T,^T+  ,\km. 


(228) 
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in  which,  i  being  the  hour  angle,  A  the  azimuth,  and  q  the  par- 
allactic angle  of  the  star, 

,       cos  ^  COS  or 

*  = ; 

suit 

and  m^  is  the  mean  of  the  quantities 

2Bin^i{T.—T)  2  8m«l(^,  — ^)   «, 

sin  1"  sin  1" 

which  can  be  taken  from  Table  V. 
For  the  moon,  the  correction  will  be 


15^ 


log  B  being  found  as  in  Art.  154. 

If  the  transit  is  defective,  that  is,  if  only  a  portion  of  the 
threads  have  been  used,  it  will  be  necessary  to  apply  to  the  circle 
reading  a  correction  which  will  be  the  difference  between  the 
mean  of  the  threads  observed  and  the  mean  of  all  the  threads. 
Thus,  /  denoting  the  distance  of  any  thread  from  the  mean  of 
all,  and  n  the  number  of  threads  observed,  the  correction  of  the 

circle  reading  will  be  -  J!f.     The  value  of  /  for  each  thread  will 

be  most  readily  found  from  complete  vertical  transits  of  stars 
which  are  not  so  near  to  the  meridian  as  to  require  a  correction 
for  second  differences,  since  we  can  then  use  the  differential 
formula 

/  =  15  /  X  —  =  15 /cos  f>  sin il 
at 

in  which  /is  the  interval  between  the  observed  time  on  a  thread 
and  the  mean  of  all  the  times. 

To  compute /with  regard  to  second  differences,  see  Vol.  L 
Art.  150. 

223.  Correction  of  the  observed  azimuth  and  zenith  distance  of  the 
limb  of  the  moon  or  a  planet  for  defective  iUimiination. — I  shall  here 
consider  only  the  case  where  the  defective  limb  of  a  spherical 
body  has  been  observed.  The  formulee  for  the  more  general 
case  of  a  spheroidal  planet  may  easily  be  deduced  from  those 
given  in  Vol.  1.  (occultations  of  a  planet) ;  but  they  are  rarely 
if  ever  required.     We  can  obtain  the  formulse  necessary  for  our 
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present  purpose  from  those  given  in  Arts*  157  and  207  of  the 
present  volume.  It  it?  evident  that  in  computing  the  apparent 
outline  of  the  disc  of  a  planet  ad  ilkimiiuited  by  the  sun,  any 
system  of  co-ordinates  may  be  used,  provided  the  places  of  the 
sun  and  planet  are  exfvreatied  in  the  same  sj'stem.  If,  then,  we 
here  subi^titute  the  zenith  for  the  pole,  and,  consequently,  the 
horizon  for  the  equator,  we  have  only  to  substitute  zenith  dis- 
tance for  polar  di^^tance  and  azimuth  for  right  ascension,  or 
rather  the  negative  of  the  azimuth,  since  the  azimuth  is  reckoned 
from  left  to  right,  while  right  ascension  is  reckoned  from  right 
to  left.     Puttiugj  therefore, 

if  ^  the  snn's  zenith  distance, 
a  ^        "         azimuth, 

A  =  the  planet's  aKimath,  i 

s  =  the  planet's  apparent  Hemidlameter, 
i^,  ^=tho  geocentric  distances  of  the  earth  and   planet^ 
respectively, 

we  have,  by  (124),  for  computing  the  horizontal  perpendicolar 
from  the  centre  of  a  planet  upon  the  vertical  thread  in  contact 
with  the  defective  limb,  the  fomiulpe 


Bin  y  =  —  Bind  sm  (a  —  A\ 


(229) 


The  value  of  ein;^  will  be  positive  or  negative  according  a^  the 
2d  or  the  let  limb  is  defective.  The  value  of  8  may  be  found 
from  its  meau  value  given  in  Vol,  I.  p.  578, 

For  the  moon  we  can  put  R  ^  W. 

Since  we  wish  to  deduce  from  the  observed  azimuth  of  tho 
defective  limb  that  of  the  true  limb,  the  correction  of  the  circle 
reading  mil  evidently  he 


M  = 


5  —  «"       ^  versin  jf 


sm  , 


sm  z 


(890) 


Again,  for  compnthig  the  vertical  peqiendicular  from  the  centre 
of  a  planet  upon  the  hoiizontal  thread  in  contact  with  the 
defective  limb>  we  deduce  from  (200),  by  changing  the  co-ordi- 
nates, 

ein  /  =  —  [sin  j  cos  <i  —  cos  j  sin  d  cos  (a  —  Ay]       (281) 
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or,  by  introducing  an  auxiliary, 

tan  H  =  tan  d  cos  (a  —  A) 


885 


8in;if     = 


B    sin  (z  —  E)  cos  d 


(231*) 


i^' 


cos^ 


and  the  correction  to  reduce  the   observed^  zenith  distance  to 
that  of  the  true  limb  will  be 


dz  =  8  versin  / 


(232) 


A  negative  value  of  sin  ^  ^vill  indicate  that  the  upper  limb  is 
defective. 

Example  1. — The  following  observations  of  the  azimuths  of 
Begidus  and  of  the  moon's  1st  limb  were  made  at  Greenwich 
with  the  "  Alt-azimuth,"  May  3,  1852. 


DIL. 

DIL. 
Begulus. 
Begulus. 

The  clock  time  is  the  mean  of  the  transits  over  six  vertical 
threads.  The  clock  correction  is  the  reduction  to  sidereal  time. 
The  circle  readings  are  the  means  of  four  microscopes.  The 
level  reading  is  the  mean  of  the  indications  of  six  levels,  per- 
manently attached  to  the  instrument,  parallel  to  the  horizontal 
axis.     The  level  zero,  found  by  the  method  of  Art.  213,  was 


Vortical 
circle. 

Clock  time  of 
transit. 

Circle  reading 

Level 

Clock 
corr. 

Left 

11*  26-  12'.96 

140"  39'  39".71 

—  19".79 

+  11'.46 

Eight 

12     3    11.30 

328    45  10  .76 

—  20  .14 

11.51 

Bight 

12  31    55.37 

62    54  43  .04 

—  21  .49 

11.55 

Left 

12  45    26.33 

246    84  47  .08 

—  19  .28 

11.57 

^0  = 


30'M6 


The  collimation  constant  for  the  mean  of  the  threads  was,  for 

circle  left, 

c  =  +  2".68 

The  observations  being  taken  for  the  purpose  of  determining 
the  moon's  azimuth,  we  shall  first  find  the  index  correction  of 
the  circle  from  the  known  star  Begidus.  From  the  Nautical 
Almanac,  we  take 

Begulus,  R.  A.  =       10»  0*  29*.32 
"         Decl.  ==  +  12<' 41' 16".6 
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The  hour  angles  of  the  star  at  the  two  observations  are,  there- 
fore, 

Circle  R    <  =  2*  31"  37*.60 
Circle  L.    <  =  2  45     8  .58 

with  which  and  the  latitude  ip  =  bV  28'  37".84  we  find,  by  Vol. 
I.  Art.  14,  the  stars's  true  azimuth  and  approximate  zenith  distance, 

Circle  R    ^  =  52<>  10  13".10  z  =  49<»  22^ 

Circle  L.    A  =  bb    50  39  .25  ^  =  51     4 

The  zenith  distances  are  apparent,  i.e.  affected  by  refraction. 
The  instrumental  corrections  for  the  star  are  then  as  follows: 


Circle  R. 
Circle  L. 


b  =  l  —  lt 

=fc:  i  cot  z 

db  e  cosec  » 

+    8".67 
4- 10  .88 

—  7".45 
+  8  .79 

—  3".58 
+  3  .45 

The  corrected  circle  readings  are,  therefore  (adding  ISO®  to 
the  reading  for  Circle  R.), 


Circle  R 
Circle  L. 


Corrected  A' 


242*^  54'  32".06 
246    34  59  .32 


which,  compared  with  the  true  azimuths  A  above  found,  give 
the  index  correction 
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b=l-k 

dcbeott 

±  c  ooseo  t 

+  10".37 
+  10  .02 

+  2".36 
—  8  .01 

+  2".75 
—  2  .80 

Circle  L. 
«     R 

Applying  these  and  the  above  found  index  correction,  the  true 
azimuths  of  the  limb,  as  observed,  were 

Circle  L.  At  11*  26-  24'.41    Sid.  time,     A  =  809^  55'  25".30 
«     E.    "  12     8    22 .81      «      "  A  =  318     0  45  .48 

But  the  moon's  limb  was  slightly  gibbous ;  and  we  must  yet 
apply  the  correction  given  by  our  formulae  (229)  and  (230).  As  the 
correction  will  not  be  sensibly  different  for  the  two  observations, 
we  may  compute  it  for  the  middle  instant  between  them,  which 
corresponds  to  the  mean  solar  time  8*  ST"  16*.    For  this  time,  we 

find 

Sun's  tt  =  2*  44-  15'.74 
«      d  =  +  15°  54'.6 

from  which  we  deduce  the  sun's  azimuth  and  zenith  distance 

a  =  136*'  4'.9  d  =  102*'  8M 

and  hence,  taking  A  =  313°  58M  (the  mean  value),  we  find 

log  sin  X  =  n8.5570 

Since  sin  jf  is  negative,  the  first  limb  is  defective.    Then,  since 
8  =  16'  86".5,  and  the  mean  value  of  2:  =  75°  14', 

^^^.vorsm;r^^,gy 
sm  z 

which  is  to  be  added  to  the  above  values  of  j1  to  obtain  the 
azimuths  of  the  true  limb. 

Example  2. — The  following  observations  of  the  zenith  dis- 
tances of  the  collimator  and  of  the  moon's  lower  limb  were 
made  at  Greenwich  with  the  "Alt-azimuth,"  Sept.  21, 1852. 


Collimator.    Circle  L. 
"     R 

Vol.  IL— 22 


Circle  reading 

Level  reading 

i  +  l 

315<»  47'  57".53 
160    23  80  .84 

74".68 
82  .46 

316°  4^  12".16 
160    24  52  .80 

Z=   68     7    2  .48 
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The  vertical  transit  of  the  moon  was  observed  on  six  horizontal 
threads,  as  follows : 


3)L.L.  Circle  L. 


Thread. 

Clock. 

Tn  —  T 

2iin«}{r,- 

-T) 

"•            ami" 

I 

19»  38-  11'.5 

—  3-  43'.4 

27".22 

II 

39    47.0 

—  2      7.9 

8  .93 

III 

41    16.0 

—  0    38.9 

0  .88 

IV 

42   42.5 

+  0    47.6 

1  .24 

V 

44     5.5 

+  2    10.6 

9  .80 

VI 

46    27.0 

+  3    82.1 

24  .53 

r=19  41    54.92  m.=  12  .01 

Clock  corr.  =        +      7 .90 
Sid.  time     =19  42      2.82 

Circle  reading  C  =  341^  27'  12".55 

Level       "        I  =  +  80  .90 

C  +  ;='341    28  33  .45 

Z=   68     7     2  .48 

^  =    76    38  29  .03 

This  zenith  distance  does  not  correspond  precisely  to  the  mean 
time  r,  on  account  of  the  moon's  proximity  to  the  meridian.  To 
obtain  the  correction  for  second  differences  by  our  formula  (228), 
we  have  found  above  the  differences  between  the  several  clock 
times  and  Ty  and  also  the  mean  (mj  of  the  corresponding  values 
of  m.  Then,  to  compute  the  coefficient  A,  we  have  the  approxi- 
mate azimuth  of  the  moon  at  the  time  of  observutiuii. 
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The  change  of  the  moon's  right  ascension  in  one  minute  of 
mean  time  Avas  2*,40;  and  hence,  by  the  tahle  in  Art.  154, 


ar.  CO.  log  B  =^  log  (1 
We  have,  therefore,  the  correction 


k)  ^  9.9823 


which,  being  added  to  the  sidereal  time  above  found,  gives 
19*  42"*  7M9  as  the  sidereal  time  corresponding  to  the  \x^\  iirent 
zenith  distance  7G^  38'  29".0a. 

It  should  be  observed  that  iu  the  obsennition  of  the  collimatttr 
one  of  tlie  tiorizontul  threads  is  made  to  bisect  the  cross  tliread 
of  tlie  collimator,  and,  therefore,  in  order  to  make  the  circle 
readings  correspond  to  the  mean  of  the  threads,  they  must  be 
increased  by  the  distance  of  the  hnrizorital  thread  employed 
from  the  mean.  In  the  above  obserA'ations  the  4th  thread  was 
employed,  the  distance  of  which  from  the  mean  of  the  six 
threads  was  1'  0".4(i.  This  quantity  is  included  in  the  circle 
readings  above  given,  so  that  they  represent  the  readings  that 
would  have  been  obtained  if  the  tictitious  thread  called  the  mean 
tliread  had  actually  been  observed  in  coincidence  with  the 
threads  of  the  colliniator. 

In  conehision,  it  is  to  be  remarked  that  Btars  may  be  observed 
both  directly  and  by  reflection  in  a  mercury  horizon,  in  which 
ease  the  difference  of  the  readings  of  the  vertical  circle  (corrected 
for  any  change  in  the  alidade  levels,  &e.)  will  be  twice  tbe  alti- 
tude. The  combination  of  the  reflected  oliservations  in  both 
positions  of  the  axis  gives  i\iQ  nadir  point  of  tlic  instrument, 
precisely  as  the  zenith  point  is  obtained  from  the  direct  obser- 
vations. The  method  of  conducting  such  observations  will  be 
readily  inferred  from  what  has  already  been  said  under  Meridian 
Circle,  Art  200, 


[For  an  example  of  the  use  of  a 
termining  the  longitude  of  a  place  by 
Vol  L  p,  380,] 


portable  instrument  in 
moon's  azimuth. 


de- 
see 
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CHAPTER  VIII. 


THE   ZENITH    TELESCOPE. 


224,  The  zenith  telescope  is  a  portable  lustrament  specially 
arlaptcd  for  the  measurement  of  small  tltjferences  of  zenith  dis- 
tance. It  18  eesentially  the  invention  of  Ciipt,  Andrew  Talcott^ 
of  the  U.  S,  Corps  of  Engiueert?  {in  1834) :  but,  having  been  exclu* 
«vel y  adopted  in  the  U.  S.  Coast  Survey  for  the  detemiinatioti 
of  latittidci?,  it  has  there  received  ^*vera]  iniiirovemeuti*,  which 
have  given  it  a  more  general  character  than  it  po^dcsAed  at  fir»t. 
As  now  eonstrncted,  it  can  he  used  at  all  zenith  distances,  and 
may  be  regarded  a,s  designed  for  the  comparison  of  any  two  nearly 
equal  zenith  distances  in  any  azimuths.  The  nietliod  oftinding 
the  latitude  by  thia  instrument,  now  known  as  TalcotCa  Mdkmi^ 
is  one  of  the  rnost  valuable  im[^roveHients  in  practical  a^^tronomr 
of  recent  yean?,  surpassing  all  previously  known  mctliods  (not 
excepting  that  of  Bebsel  by  prime  vertical  transiti^)  both  in  isini* 
plicity  and  in  accuracy. 

Plate  XLU,  represents*  one  of  the  zenith  telescopes  of  tli4» 
TT.  S.  Coaat  Sur%^ey,  The  telescope  is  attached  to  one  end  of  • 
horizontal  axis  Qy  and  \^  counteri»oiscd  by  a  weight  O  at  the 
other  end,  which  is  so  connected  with  the  leleflcope  by  the 
curveil  lever  P,  P,  P  as  to  tend  not  only  to  equalize  the  piHQdsuro 
of  the  axis  Q  u|>on  the  two  Y%  but  to  prevent  the  flexure  of  llit 
axis.  The  Vs  of  the  horizontal  axis,  one  of  which  is  iK^en  at  AV 
are  connected  with  each  other  by  the  liorizontal  Iwir  M^  anil 
thereby  to  the  vertical  column  C  This  column  revolver  aboiii 
a  vertical  axis  and  cumes  a  vernier  and  clamp  *\  by  niean?^  of 
which  it  may  be  set  at  any  reading  of  the  horizontiU  einde  BB. 
The  vertical  axis  and  horizontal  circle  are  s^^jured  to  a  tri|KMi, 
the  feet  of  which,  A.  A^  A,  arc  levelling  .screws  for  adjusting  th^ 
verticality  of  the  axis.  The  striding  level  H  is  applied  t*i  \\\^ 
horizontal  axis,  as  in  the  case  of  the  transit  instrnnient 

We  now  come  to  the  distinctive  features  of  tlie  instrunu'tic, 
the  spirit  level  L  and  the  nncrometer  E.     The  level  L  is  at  ri^bl 
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ftngles  to  the  horizontal  axU,  and,  consequently,  in  the  jilanc  of 
motion  of  the  telescope,  and  U  firmly  connected  with  tlie  bar  H, 
whi(*h  revolves  upon  u  centre  secured  to  the  telescope :  eo  that 
it  may  be  placed  at  any  angle  witli  the  optieal  axis  of  the  tele- 
^*ope.  In  order  to  Ret  the  level  at  any  given  angle  approximately, 
the  bar  i/t-arries  a  vernier,  whieh  by  the  ehuiip  /  can  he  Mxed 
at  ally  re-ading  of  the  vertical  circle  A'  and  this  circle  is  pemm- 
nently  connected  with  the  telescope*  This  eirele,  being  graduated 
from  Q°  at  its  middle  point  to  90^  in  each  direction,  will,  when 
properly  adjosted,  give  the  zenith  distance  of  a  fitar  towards 
which  the  telescope  is  directed  when  the  bubble  of  the  level  is 
in  the  middle  of  the  tube ;  and  it  therefore  sei*ves  as  a  finder  by 
getting  the  vernier  upon  the  given  zenith  distance  of  a  star  and 
then  revolving  the  telescope  until  the  bubble  plays.  When  the 
telescope  is  tJiiis  approximately  set,  it  is  ehimped  by  the  screw 
Gj  wldeh  act^  opon  a  circular  collar  around  the  horizontal  axis, 
and  then  a  fine  motion  in  zenith  distance  can  he  given  to  the 
telesc4tpe  by  the  tangent  screw  i^.  Tins  fine  motitm  is  required 
only  in  bringing  the  bubble  of  the  level  nearly  to  the  middle  of 
the  tube. 

J?  is  a  filar  miei-oraeter  vnih  one  or  more  movable  threads 
carried  by  a  single  micrometer  screw  with  a  graduated  head 
reading  directly  to  himdredths  of  a  revolution,  and  by  estima- 
tion to  thousandttis.  In  the  instniinents  in  use,  one  revolution 
is  usually  less  than  50",  and  hence  each  observation  is  read  f*ff, 
by  estimation,  within  less  than  0".05.     There  arc  usually  addeil 

^peveral  fixed  vertical  threads,  so  that  the  instrument  can  be  used 
transit  instrument  w4ien  required, 
the  preliminary  adjustment,  when  getting  up  the  instru- 
meat,  the  test  of  the  vertie^lity  of  the  axis  Cis  that  the  reading 
of  the  striding  level  .Sf  is  not  changed  while  the  instrument  nmkes 
a  complete  revolution  in  azimuth*     The  perpendicularity  of  the 

I  horizontal  and  vertical  axes  Q  and  C  is  proved  when,  after 
having  made  <7  vertical,  Q  is  horizontal  ;  and  the  latter  is  proved 

[hy  revei*sing  the  level  S  upon  the  axis. 

The  middle  transit  thread  can  bo  approximately  adjusted  by 

I  causing  it  to  coincide  with  a  very  distant  terrestrial  point  in  two 
positions  of  tlie  telescope  for  wlucli  the  readings  of  the  hori- 
zontal  circle  differ  exactly   180^.     Tliis,   liowever,   is   but  an 

I  approximation ;  for  there  will  bo  a  parallax  in  the  apparetit 
poi»ition  of  any  terrestrial  point  as  observed  in  the  two  positions, 
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eiuce  the  abgoltite  position  of  the  centre  of  tlie  telescope  i» 
ehangcd  bj  twiee  its  eonstimt  distiiuee  from  tlie  vertical  axi*. 
We  can  easily  compute  tfie  amount  of  this  parallax  in  a  given 
caBc  and  allow  for  it;  tor  if  J  —  the  dir^tanee  of  the  centre  of  the 
telescope  from  the  vertical  axis,  D  —  the  distance  of  the  object, 
and  p  =  the  parallax,  we  have 

but,  as  the  horizontal  circle  is  not  designed  for  very  aoeurate 
measures,  it  will  not  usually  be  wortli  while  to  use  this  metliod 
further  than  to  make  a  firt^t  atljustment.  A  perfect  adjui^tment 
can  be  directly  effected  by  the  use  of  two  colli  mating  teledcopeA 
(Transit  Inst,,  Art  14o),  for  which  we  can  temporarily  use  tbi 
telescopes  of  two  theodolites  or  other  fichl  instruments  at  hand 
When  the  instrument  is  used  as  a  txansit^  the  collimation  cob 
8tant  can  be  determined  from  a  number  of  stars  ol>served  in  tlr 
two  positions  of  the  axis  by  the  method  of  least  squares,  suj 
posing  two  different  azimuths  but  the  same  collimation  in  th 
two  sets  of  equations  of  condition,  as  in  the  example,  p.  202. 

The  verticality  of  the  transit  threads  is  proved  by  the  method 
used  for  the  transit  instrument 

In  finding  tlie  lattkule  by  meridian  observations,  the  instr 
ment  is  frequently  revolved  in  azimuth  180'^  for  the  alternat 
observation  of  mulh  and  south  stars,  and,  to  save  time  in  thii 
operation,  two  stops,  6,  6,  are  provided,  which  can  be  clamped 
at  any  points  of  the  limb  of  the  horizontal  circle,  and,  con^e-j 
queutly,  at  such  points  that  the  telescope  sliall  be  iu  the  meri* 
dian  when  the  clamp  e  bears  against  either  stop, 

225,    TakoU*3  method  of  finding  the  latitude. — Two    stam  ai«, 
selected  which  culminate  at  nearly  equal  zenith  distances,  on| 
iiortli  and  the  other  south  of  the  zenith.     Tlie  ditlerence  of  tliet 
zenith  distances  must  be  less  than  the  breadth  of  the  tield  of  thf 
telescope,  and  it  is  better  to  have  it  less  than  half  this  breadth,  tc 
avoid  observations  near  the  edge  of  the  field.    Their  right  a»eeii« 
sions  Khonhl  be  nearly  equal,  so  that  their  transits  may  occii] 
within  so  short  a  periotl  that  the  state  of  the  instrument  may 
assumed  to  have  remained  unchanged  ;  but  a  suificient  iiitorvi 
should  be  allowed  lor  making  the  necessary  obser\*atiou  of  thi 
level  and  micrometer  and  for  reversing  in  azimuth.     The  «toj 
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having  been  previously  set  (by  means  of  some  known  star)  so  as 
to  mark  the  meridian,  the  finding  circle  JTis  set  to  the  mean 

zenith  distance  of  the  two  Btars,  and  the  telescope  h  pointed  so 
sla  to  make  the  reading  of  the  level  X  nearly  zuro.  The  tele- 
scope can  now  be  direetAxl  upon  either  star  by  revolving  the 
instrument  about  the  vei-tieal  axi:?,  and  this  axis  is  supposed  to 
be  so  nearly  vertical  that  the  reading  of  the  level  will  not 
be  greatly  changed^  since  for  aecnrate  detcrniinations  with  a 
spirit  level  it  is  alwaj^s  important  to  make  the  inclinations  which 
it  is  to  measure  as  small  as  possible,  and  not  to  use  the  extreme 
divisions.  The  clu'onometer  times  of  the  tran.sits  of  the  stars 
have  been  previously  computed  from  their  right  ascensions  and 
the  chronometer  correetion.  The  instrument  being  set  for  the 
star  which  culminates  first,  when  the  star  comes  into  the  field 
an  assistant  calls  the  seconds  of  the  chronometer,  and  the 
observer  bisects  the  stiir  by  the  micrometer  thread  as  nearly  as 
possible  at  the  computed  time  of  transit;  or,  failing  in  doing 
this  satisfactorily^  he  bisects  it  soon  after,  and  reeonls  the  actual 
time  of  the  observation.  lie  then  reads  the  level  and  micro- 
meter, revolves  the  instrument  180°,  and  observes  the  second 
star  in  the  same  manner. 

Several  bisections  of  the  star  might  be  made  while  it  is  passing 
through  the  field,  and  each  could  be  reduced  to  the  meridian; 
but  in  the  Coast  Survey  a  single  deliberate  meridian  observa- 
tion is  regarded  as  preferable  to  several  circummeridian  obser- 
,  Tfttions. 

We  must  not  fail  to  remark  that,  since  the  excellence  of  thia 
method  depends  upon  the  invariability  of  the  angle  which  the 
telescope  and  level  make  witli  each  other,  the  observer  must  not 
touch  the  tangent  screw  /after  having  set  for  the  proper  zenith 
distance,  until  the  observation  of  the  two  6tai*s  is  completed. 
The  same  restriction  does  not  apply  to  the  tangent  screw  J^, 
which  moves  the  telescope  and  level  together ;  and,  iJi  case  the 
vertical  axis  is  not  verj^  well  adjusted,  it  may  be  necessary  to 

*  The  single  obserYntion  ifl  preferable  on  the  score  of  8imi>ltoitjr  in  the  eubscqucnt 
reduolioiii»,  but  it  o&iitiot  be  regarded  aA  tnoro  ocourato  tUfvn  ilie  lueatt  of  ticTi«rml 
properly  taken  observations.  The  best  reason  for  preferring  the  single  obstTTation 
i«  fouricl  in  the  present  state  of  tbe  Ht^r  catalogues,  for  even  tlie  aiuglu  observation 
with  tbe  icnith  tclcfcope  is  subject  (o  a  Igb^  probable  error  tbaa  Ibe  place  of  tbe  star 
in  Diosi  of  the  cai^tbigucii  that  bare  to  be  used.  It  is^  therefore,  prefenible  to 
plinpUfy  tbe  indiYidual  observations  aod  to  multiply  obsorTations  bj  taking  differeut 
'  ^irt  of  atars. 
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use  this  screw,  after  turning  to  the  Hoeond  star,  in  order  ta  briiij 
the  bubble  of  the  lev^el  near  the  middle  of  the  scale, 

Now  let  m  be  the  micrometer  reading  (reduced  to  arc)  for  th« 
sou  them  star.  Let  m^^  be  the  micrometer  reading  for  aoy  point 
of  the  field  arbitrarily  assumed  as  the  micrometer  zero ;  and  let 
^0  be  the  apparent  zenith  distance  represented  by  fy*^  when  the 
level  reading  is  zero.  Let  us  also  suppose  that  the  micrometer 
readings  inoreaao  as  the  zenith  dii^tances  decrease.  Then,  if  th^ 
level  reading  were  zero,  the  apparent  zenith  distance  of  the  i 
would  bo 

Let  I  be  the  equivalent  in  arc  of  the  level  reading,  positive  when 
the  reading  of  the  north  end  of  the  level  is  the  greater;  let  r  be] 
the  refraction.     Then  the  true  zenith  distance  of  the  aouthei 
star  18 

z  =  r^  +  m,  —  m  +  i  +  r 

The  quantity  Zq  +  rn^is  constant  so  long  as  the  relation  of  the] 
level  and  telescope  is  not  changed.     We  shall,  therefore,  have 
for  the  northern  star 


Hence  we  have 


3^  =  z^  +  m^  —  m'--l'+f 


z  —  2'=m'—m-\-l'+l  +  r  —  f^ 


But,  ltd  and  3'  are  the  declinations  of  the  south  and  north  stmra^ 
f«§pectively,  and  f  the  latitude,  we  have 


and,  therefore, 


f^y  —  f 


Thus,  to  tlie  mean  of  the  declinations  we  have  to  add  throt  < 
rections,  which  I  shall  consider  separately, 

226»  The  correction  for   refraction. — Tlie    oligervations  ^ 

usually  restricted  to  zenith  distances  less  than  25*^,  and  the  diiTer-l 
encc  of  zenith  distance  being  necessarily  less  than  the  hmdtli 
of  the  field  of  the  telescope,  the  difference  of  tlie  n  fnicticnis  ii 
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80  small  that  the  variations  depending  on  the  state  of  the  barom- 
eter and  thermometer  are  not  sensible,  and  we  may  employ  the 
equation 

in  which,  if  z  —  z'  is  expressed  in  minutes,  the  differential 
quotient  —  will  denote  the  change  of  the  mean  refraction  cor- 
responding to  a  change  of  one  minute  of  zenith  distance.  K 
we  take  Bessel's  formula  for  the  refraction, 

r  =  o  tan  z 

in  which  a  may  be  regarded  as  constant  for  small  variations  of 
J?,  we  have 

dr a  sin  1' 

dZ  008*^ 

by  which  we  readily  form  the  following  table : 


3 

dr 
di 

0" 

0".0168 

6 

.0169 

10 

.0173 

15 

.0180 

20 

.0190 

25 

.0205 

The  principal  term  in  the  value  oi  z  —  z'  is  m'  —  m,  and  we 
may  in  practice  take  (m'  —  m  being  expressed  in  minutes) 


i(r-r')  =  i('»'-'»)f- 


(284) 


The  correction  for  refraction  then  has  the  same  sign  as  the  cor- 
rection for  the  micrometer.* 


*  If  we  wish  to  consider  the  actual  state  of  the  air  as  giTen  by  the  barometer  and 

tliermometer,  we  hate  only  to  multiply  the  Taluet  of  ~  by  ^  and  y,  whose  loga- 

di 
rithms  are  giren  in  Table  IL 
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227.  The  correction  for  kecL — If  we  denote  tbc  readin^e^  of  the 
uortli  and  soutli  ends  of  the  bubble  by  //  and  s^  tbe  incliuatiaiia 
observed  at  the  obsen^ations  of  the  south  and  north  stars,  re- 
speettvely,  expressed  in  divisions  of  the  level,  or,  as  I  shall  call 
them,  the  Ici'ti  readings,  will  be 

'"      2  *"      2 


and,  putting  D  =^  the  value  of  a  division  of  the  level  in  secondflj 

of  are,  we  shall  have 

aud  the  eorrection  for  the  level  will  be 


\{V  +  l)=KL''VL)D. 


f^+^<i^)i>     (2a5) 


Thus  tlie  correction  for  the  level  is  found  with  iti*  proper  sign  by 
subtracting  the  sum  of  the  soutli  end  readings  from  the  sum  of 
the  north  end  readings,  and  multiplying  oae-foiirth  the  remainder 
by  the  value  of  a  division, 

228.  The  correction  for  the  viierometer. ~Ii*  we  denote  the  actual 
micrometer  reailiiigs  for  the  noutli  and  north  stiirs  by  31  and  M\ 
expressed  in  revolutions  of  the  screw,  and  put  li  ^  the  value  of 
a  revolution  in  seconds,  w^e  have 

I  im'  —  m)  =  1  (Jlf'  ~  M)  R  (2»6)t 

We  have  supposed  the  readings  to  increase  as  the  zenith  dis- 
tances decrciise,  or,  which   is  the  same  thing,  that  the  readings^ 
increase  from  the  upper  part  of  the  field  towanls  the  lower  paru 
This  is  desirable  only  on  account  of  the  symmetry  it  gives  to  the 
reductions,  the  proper  sign  of  the  correction  being  determined,  a4j 
in  the  case  of  the  level,  by  always  subti'acting  soutli  readingil 
from  north  readings.     But  it  is  well  to  reverse  the  instrumeutl 
oceasionally,  using  tlie  telescope  sometimes  on   the   right  audi 
sometimes  on  the  left  of  the  vertical  axis,  in  oinler  to  eliminate 
any  unknown  peculiar  error  of  the  instrument,  and  in  conformity 
with  the  general  principle  of  varying  the  circumstances  under 
which  difti'rent  determinations  of  the  same  quantity  are  made. 
This  reversal,  of  course,  reverses  the  sign  of  the  readings,  audi 
therefore  when  the  readings  are  the  reverse  of  those  aliove  sup- 
posed  it  will  V»e  sufficient  to  mark  them  all  with  the  negat]Vt| 
sign,  and  then  to  proceed  by  the  same  fonnula?  as  before. 
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229.  Redaction  to  the  meridian. — When  from  any  cause  the 
observer  fails  to  obtain  the  meridian  observation,  a  single  extra- 
meridian  observation  is  usually  substituted.  This  observation 
may  be  taken  in  either, of  two  ways. 

First.  The  instrument  is  left  clamped  in  the  meridian,  and  the 
star  is  observed  at  a  certain  distance  from  the  middle  vertical 
tliread,  the  time  being  noted.  The  reduction  to  the  meridian  is 
then  the  same  as  for  the  meridian  circle  (Art.  199),  namely,  r 
being  th^  hour  iangle  of  the  star  in  seconds  of  time, 

i(15r)»8inl"8in2^ 

This  is  to  be  added  to  the  observed  zenith  distance  of  a  southern 
star,  or  subtracted  from  that  of  a  northern  star,  and  in  either  case 
one-half  of  it  is  to  be  added  to  the  latitude.  The  correction  to 
the  latitude  is,  therefore, 

a:  =  1  (15  t)»  sin  1"  sin  2  ^  =  [6.1347]  t»  sin  2  d  (237) 

when  one  of  the  stars  of  a  pair  is  observed  out  of  the  meridian. 
If  both  are  so  observed,  two  such  corrections,  separately  com- 
puted for  each,  must  be  added.  If  the  star  is  south  of  the 
equator,  the  essential  sign  of  the  correction  is  negative. 

Secondly.  We  may  follow  the  star  off  the  meridian  by  revolving 
the  instrument  in  azimuth,  keeping  the  star  near  the  middle 
vertical  thread.  The  reduction  is  then  the  same  as  that  of 
circummeridian  altitudes  (Vol.  I.  Art.  170),  namely, 

(15  t)' sin  1"  cos  ^  cos  d 
2  H\nz 

which  is  always  subtractive  from  the  observed  zenith  distance, 
and  therefore  the  correction  to  the  latitude  in  this  case  will  be 

^^  ^  (15r)' sin  1"  cosy  COS  ^ 
4  sin  2 

the  upper  sign  for  a  northern  and  the  lower  for  a  southern  star. 

230.  Selection  of  stars. — The  fundamental  stars  whose  declina- 
tions are  determined  with  the  highest  degree  of  precision  are  too 
few  to  afford  suitable  pairs  for  this  method,  and  hence  we  must 
have  recourse  to  the  smaller  stars.  Those  of  the  6th  or  7th 
magnitude  are  the  smallest  that  can  be  easily  observed  with  a 
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portable  instniment.  But,  as  the  dccliniitions  of  these  stnrs  arc 
not  very  iirecirfely  cleteruiiued,  we  arc  obliged  to  employ  a  large 
nombcr  uf  (lairg  iu  order  to  elimiruite  their  errors  as  far  lis  possi- 
ble by  tiiking  the  mean  of  all  the  rciult**.  The  British  Associa- 
tion Catalogue  will  generally  furnish  from  fifteen  to  thirty  pairs 
for  any  given  latitude  on  almost  any  niglit  in  the  year^  but,  as 
the  declinations  of  the  stars  select^jd  will  often  be  found  to  rest 
upon  a  single  obserration,  or  upon  a  single  authority,  tbe^e  ought 
to  be  rejected  unletis  tliey  can  be  found  also  in  more  recent 
catalogues.  In  order  to  secure  every  available  pair,  the  catalogue 
should  be  consulted  from  the  earlioHt  right  ascension  which  the 
daylight  at  the  time  of  the  beginning  of  the  series  of  obsen^a- 
tions  permits,  to  the  latest  hour  at  which  it  is  desirable  to  observe. 
It  is  found  expedient  to  prepare  a  talde  in  which  all  the  stars 
which  culminate  within  25^  of  the  zenith,  both  north  and  souths 
are  arranged  in  the  order  of  their  right  aseennions.  From  this 
table  suitable  pairs  are  selected  to  satisfy  as  nearly  as  possible  the 
following  conditions ;  Ist^  The  difterence  of  the  zenith  distances 
in  a  pair  should  not  be  more  than  10';  in  order  not  to  have  ta 
ob«en-e  either  star  near  the  edge  of  the  field,  and  also  m  order 
to  leasen  the  effect  of  an  error  in  the  determination  of  the  value 
of  the  micrometer  screw.  2^,  The  difference  of  the  right  ascen- 
sions of  a  pair  should  not  be  less  tlum  one  minute,  so  us  to  give 
time  to  read  tlie  micrometer,  and  to  revolve  the  instrument  to 
Tjc  prepared  for  the  second  star;  and  not  greater  than  about 
twenty  minutes,  to  avoid  changes  in  the  state  of  the  instniment 
3d,  The  interval  between  pairs  should  afford  time  for  reading 
the  micrometer  and  level,  and  for  setting  the  instrument  for  the 
next  pair,  4th,  The  greater  zenith  distance  should  he  as  often 
that  of  the  northern  as  that  of  the  southern  star,  as  an  error  in 
the  value  of  the  micrometer  screw  will  thereby  be  rendered  lews 
sensible.  The  efiect  of  such  an  error  would  cNidently  be  wholly 
insensible  in  the  case  of  a  pair  whose  sjenith  distances  were 
exactly  ccjual;  and,  in  general,  for  any  number  of  pairs  the  effect 
of  such  an  error  upon  the  final  result  will  be  die  more  nearly 
insensible  the  more  nearly  we  approach  to  the  condition 


I2  —  I:^^Q 


f23S) 


281.  Example. — To  illustrate  the  preceding  method,  I  cxtmct 
from  the  records  of  the  U.S*  Coast  Sun^y,  by  the  kind  permis- 
sion of  tlie  Superintendent,  a  portion  of  the  obser\*atians  taken 
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at  the  Jiosli/n  Siation,  Virginia,  in  July,  1852,  and  sball  give  them 
very  nearly  In  the  form  in  wliich  they  are  reeorded  and  reduced 
upon  the  Burvey.  Alter  selecting  tlie  most  Buitiible  paii*y  of  stars 
by  the  process  above  described,  a  Hat  is  made  out  for  the  use  of 
the  observer  in  preparing  for  each  ubeervatiou,  as  follows ; 

Programmo  for  Zenith  TelcBCOpe. 
U.  S.  C.  S.  Rosljn  St&tion,  V».  Approx,  lat.  ^  87*  14' 


Qtmr, 

M«g. 

AR. 

Deo. 

Zen.  Dist. 

Setting. 

B,  A  0.4843 

*'       4902 

6 

6 

14»  33- 
14   43 

21' 
37 

+  45°    3' 
29    14 

7°  49' 

8     0 

N. 
S. 

7"  55' 

"       4902 

6 

14  43 

37 

29    14 

8      0 

s. 

*'       4965 

5i 

14  57 

55 

45    14 

8      0 

N. 

8     0  1 

*'       4991 

G 

15     2 

2 

26    52 

10    22 

S. 

'*       5092 

7 

15  20 

21 

47    35 

10    21 

N. 

10    21 

*'       5092 

7 

15  20 

21 

47    35 

10    21 

N. 

«       5192 

5 

15  86 

38 

26    40 

10    28 

S. 

10    24 

Ac. 

&c. 

The  following  are  some  of  the  observations  taken  by  Mr.  Dean: 


Date, 
18&2. 

Stir. 

Micrometer. 

LeTcl. 

Merid. 
dist. 

No. 
B.A.C. 

N. 

8. 

Ba»ding. 

Diff.  Z.  Disl. 

N. 

s. 

N  — 8. 

July  9 

4843 
4902 

N, 
S. 

BOT, 

29.590 
12.340 

Itc«. 

+  17.250 

32.4 
34.0 

35.0 
35.3 

—  3.9 

- 

"     9 

4902 
4965 

S. 

N. 

12.840 
13.990 

+    1.650 

34.0 
33.8 

35.3 
87.0 

—  4.5 

"     9 

4991 

5092 

S. 

N. 

23.810 
25.525 

+    1.715 

31.2 
39.2 

39.5 
33.0 

—  2.1 

.'    9 

5U92 
5192 

N, 
S. 
N. 
S. 

25.525 
14.800 

+  10.725 

39.2 
32.8 

33.0 
41.0 

—  2.0 

«  19 

5911 
5922 

14.805 
20.075 

—  11.870 

48.5 
43.0 

43.6 
49.0 

—  1.1 

X0'.9 

"  20 

6453 
6530 

s. 

8.225 
5.360 

—    2.865 

44.4 
50.2 

49.4 
43.5 

+  1.7 

20.5 

850 


ZENITH  TELESCOPE* 


The  stars  5911  and  6453  were  observed  out  of  the  meridian  at 

the  hour  angles  lO'.O  and  20',5,  respectively,  the  iiistriiment 
remaiiiiiig  in  the  meridian. 

The  next  step  is  to  deduce  the  apparent  declinations  for  the 
dates  of  the  obBervations  from  the  eatalogueg,  using  for  this  pur- 
pose not  only  the  B.  A.  C,  but  alao  any  later  catalogues  in  %vbich 
the  stars  can  be  found. 

The  value  of  a  revolution  of  the  mierometer  was  J?  —  4l'^40, 
and  that  of  one  division  of  the  level  was  D  =^  1".65.  The  com- 
putation of  the  latitude  is  then  as  follows: 


StAJT. 

ftimd^ 

MI  +  ^O 

OorrectloiiA. 

tAtltwl«. 

Uicrooi. 

L«Td. 

R»fr. 

M«dd. 

4843 

4902 

4902 
4965 

-f45<»    2'56".50 
H-2fl    14     1  .80 

37*' 

8'  29".21 

-f  5' 57^08 

-r\6i 

-f-r.io 

37"  14'  24M8 

29    H     1  .85 
45    18  43  M 

37 

13  62  .75 

-f  0  34  .15 

-1  ,86 

-rO,01 

25  .06 

4901 
501+2 

26    52  24  JH 
47    85  16  .37 

87 

18  60  .55 

+0  86  .50 

^0.87 

4-0.01 

25  .11» 

mm 

5192 

47    a5  16  .87 

26    46  13  ,52 

87 

10  44  .95 

+8  42  .01 

-0.88 

4-0.06 

2e  .lO 

5922 

4S    23  22  .47 

20  13  41  .ats 

87 

18  81  .92 

-^    5.71 

^-0  .46 

-0  .07 

+0.02 

25  .11 

6453 

22    27  47  .31 
52      3     0  .31 

37 

15  28  .81 

-0  59  .31 

+0.70 

— 0  .02 

+0.04 

25  .22 

M«ui  =  87  U^  M 


232.  Discussion  of  the  results. — In  combining  the  resulta  ab* 
tained  by  this  method,  we  should  have  regard  to  their  re»peetivo 
weights.  The  wangbt  of  any  result  fmm  a  pair  is  a  function  of 
the  }vrobahIe  error  of  the  deelinatiuns  of  the  stains  and  of  the 
proba1»le  error  of  observation. 

TIjc  probable  error  of  an  observation  of  a  single  jmir,  which 
may  be  denoted  by  r,  is  found  by  comparing  all  the  observations 
on  the  same  pair  with  their  mean,  where  a  sufficient  imiiiber  of 
observations  have  been  taken.  Assuming  that  the  jrrobahlo 
error  of  observation  is  the  same  for  every  pair  of  start^  we  cnn 
find  its  mean  value  from  all  the  pairs,  as  follows.  If  r,  denotes 
the  residuals  obtained  by  comparing  the  mean  of  the  results  by 
the  first  pair  with  w,  individual  results  from  that  pair,  r,  the 
residuals  obtained  in  like  manner  from  a  second  pair  cm  which 
there  are  n^  obsers-ations,  and  so  on,  to  m  pairs,  we  bave^  accord* 
ing  to  the  theorj'  of  least  squares, 
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where  [t?iVj  &c.  denote  the  sums  of  the  squares  of  the  values 
of  i?i,  &e.,  and  q  is  the  factor  for  reducing  mean  errors  to  pro- 
bable errors.  (See  Appendix,  Art.  15.)  The  sum  of  these  equa- 
tions gives 

(n  —  m)  ee  =  gr«  [pv] 

where  n  denotes  the  whole  number  of  individual  results,  or  n 

=  Wi  +  71,  + +  w»,>  and  [yv]  the  sum  of  the  squares  of  all 

the  residuals,  or  \yv]  =  [t'l^J  +  [lY^']  + +  [v«i? J.     Hence 

we  have 


q  =  0.6745 


(240) 


Example. — The  individual  results  of  the  whole  series  of  ob- 
servations at  Roslyn  in  July,  1852,  from  which  the  above  are 
extracted,  were  as  stated  in  the  following  table,  in  which  only 
the  seconds  of  latitude  are  given. 


To  find  the 

trror  of  obtervation. 

No.  of 
pair. 

Lat. 

Means. 

V 

VV 

1 

24".78 

2 

25  .05 

3{ 

26  .19 
24  .47 

24".83 

.86 
.86 

.1296 
.1296 

26  .19 

25  .94 

26  .47 

26  .20 

.01 
.26 

.27 

.0001 
.0676 
.0729 

5 

26  .62 
26  .08 
26  .14 

25  .91 

.39 
.17 
.23 

.1521 
.0289 
.0629 

6J 

22  .95 
22  .50 

22  .73 

.22 
.28 

.0484 
.0529 
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No.  of 
pair. 


16 


17^ 


18 


19 


20^ 


21 


L»t. 


25".94 
26  .74 
26  .23 
25  .18 

25  .82 

26  .01 
24  .99 

24  .86 

26  .37 

25  .94 

25  .84 

26  .16 

25  .97 

25  .92 

25  .60 

25  .37 

26  .02 
25  .67 
25  .89 

25  .20 

26  .32 
26  .49 
25  .97 


Means. 


26".02 


25  .42 


26  .08 


25  .72 


25  .70 


25  .93 


.08 

.0064 

.72 

.5184 

.21 

.0441 

.84 

.7056 

.40 

.1600 

.59 

.3481 

.43 

.1849 

.56 

.8186 

.29 

.0841 

.14 

.0196 

.24 

.0576 

.08 

.0064 

.25 

.0625 

.20 

.0400 

.12 

.0144 

.35 

.1225 

.32 

.1024 

.03 

.0009 

.19 

.0361 

.50 

.2500 

.39 

.1521 

.44 

.1936 

.04 

.0016 

\yv\  = 

11.0169 

n  =  73 

m  =  19 

n  —  m  =  54 

Hence,  e  =  0.6745  "x/^^^  =  0''.30 

This  small  probable  error  is  a  proof  both  of  the  great  supe- 
riority of  this  method  over  all  previously  known  methods  of 
finding  the  latitude,  and  of  the  skill  of  the  observer.  Possibly 
an  unusually  favorable  state  of  the  atmosphere  may  have  con- 
spired to  give  this  series  an  unusual  degree  of  precision,  as  the 
average  experience  of  the  observers  of  the  Coast  Survey  gives 
the  value  of  e  somewhat  greater.  Not  to  assume  too  high  a 
degree  of  precision  for  the  observations,  the  adopted  value  upon 

the  Survey  is 

e  =  0".50 

Vol.  IL— 28 
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and  even  this  value  justifies  us  in  asserting  that  the  resullB  by 
this  metliocl  compare  favorably  mth  tliose  obtained  by  tir^t  cla«k«  ^ 
fiLxed  inBtrnments  of  the  observatory,  where  the  measures  depend  i 
upon  graduated  cirelea. 

But  the  precision  of  the  residts  is  impaired  hy  the  defeetiva  j 
state  of  the  catalogues  of  the  smaller  stars,  and  the  necessity  for 
using  »iieh  stars  in  order  to  find  suitable  pairs  is  tlie  only  ''weak] 
point  of  the  method,"     The  facility  of  multiplying  the  number  j 
of  pairH,  on  account  of  the  extreme  simplicity  of  the  obser\'ation^ 
iu  a  great  degree  compensatCH  for  this  defect 

If  now  we  denote  the  probable  error  of  an  observed  zenith 
distance  by  f^,  we  have  the  probable  error  of  the  obsen'ed  differ- 
ence z  —  ^'=l/2<?/,  and  the  above  value  of  e  is  the  probable 
error  of  \{z  ^  z').     Ilenco  we  have  the  relation 

and,  taking  e  =  0".50, 

which  represents  the  combined  effect  of  the  error  in  bisec 
the  8tar,  the  culmination  error,  or  error  peculiar  to  a  euhnim^l 
tion  arising  frooi  an  anomalous  variation  in  the  refraction  audi 
affecting  ditlerently  the  two  stars  of  a  pair,  the  errors  in  tht' 
values  of  the  micrometer  and  level  divisions,  and  erron?  arising 
from  changes  in  the  instrument  (resulting  chiefly  from  elmugte^ 
of  temperatnre)  between  the  two  observations  of  a  pair.     Of 
these,  the  most  important  is  the  error  in  bisecting  the  ater,] 
which  is  strictly  the  error  of  observation. 

233.  Having  fonnd  the  probable  error  of  observation,  wo  can 
determine  that  of  the  declinations  employed.     For  if  c  is  the^ 
probable  error  of  ol)servation  of  the  mean  valne  of  f  deiluced* 
from  all  the  observations  of  a  pair,  E^  the  probable  error  of  the 
mean  of  t^vo  declinations,  E^  the  probable  error  of  the  latittide^J 
composed  of  the  errors  of  obser\'ation  and  declination,  we  have) 


whence 


(S41) 


The  mean  value  of  E,  for  the  stars  employed  (or  for  s  gi^ilj 
catalogue  when  all  the  declinations  are  taken  from  the  Mil 
catalogue)  will  be  obtained  from  this  etjuation  by  employing  in 
the  second  member  mean  values  of  E^  and  e'.    A  nieaii  ralaoj 
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of  E^  will  be  obtained  from  the  several  means  obtained  from 
the  several  pairs  (\vithout  here  attempting  to  assign  different 
weights  to  the  observations)  by  the  usual  method  from  the 
residuals.  The  value  of  e  may  be  obtained  for  each  pair  from 
the  single  observations,  when  they  are  sufficiently  numerous ; 
but,  as  we  wish  in  the  present  investigation  to  use  all  the  obser- 
vations even  where  a  pair  has  been  observed  but  once,  it  will  be 
expedient  to  compute  e  by  the  formula 


in  which  e  is  the  probable  error  of  a  single  observation  of  a  pair 
already  found,  and  n  is  the  number  of  observations  of  that  pair. 
Then  the  mean  of  all  these  values  of  e*  is  to  be  used  in  (241), 
and  this  mean  is,  for  m  pairs. 


m  —  1  l^n  J 


(242) 


From  the   observations  at  Roslyn  above  given,  we  form  the 
following  table : 

To  find  the  probable  error  of  declination. 


No.  of 

Lat. 

V 

v> 

No.  of 

1 

pair. 

obs.  =  n 

n 

1 

24".78 

.57 

.3249 

1 

1. 

2 

25  .05 

.30 

.0900 

1 

1. 

3 

24  .83 

.52 

.2704 

2 

0.500 

4 

26  .20 

.85 

.7225 

3 

0.333 

6 

25  .91 

.56 

.3136 

3 

0.333 

6 

22  .73 

2.62 

6.8644 

2 

0.500 

7 

25  .93 

.58 

.3364 

6 

0.167 

8 

25  .18 

.17 

.0289 

6 

0.167 

9 

25  .89 

.54 

.2916 

5 

0.200 

10 

25  .79 

.44 

.1936 

4 

0.250 

11 

24  .53 

.82 

.6724 

4 

0.250 

12 

25  .15 

.20 

.0400 

3 

0.333 

13 

25  .22 

.13 

.0169 

4 

0.250 

14 

24  .84 

.51 

.2601 

4 

0.250 

15 

25  .36 

.01 

.0001 

4 

0.250 

16 

26  .02 

.67 

.4489 

4 

0.250 

17 

25  .42 

.07 

.0049 

4 

0.250 

18 

26  .08 

.73 

.5329 

4 

0.250 

19 

25  .72 

.37 

.1369 

4 

0.250 

20 

25  .70 

.35 

.1225 

4 

0.250 

21 

25  .93 

.58 

.3364 

3 

0.333 

Mean  =  25  .35  [vv]  =12.0083 


[i]=' 


366 


356 
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^  =  0.455X^  =  0.273 
EJ"  =  0.240 


,  _  (0.80)*  X  7.366 

20 
E,  =  0",49 


==o.oa 


The  result  is  the  probable  error  of  the  quantity  J  (^  +  *').     That 
of  a  single  deeliiiation  is,  therefore,  0''.49  X  v'-  =  ©"•69* 

If  all  the  dcolhiatioiis  had  been  taken  from  the  same  authcrltv. 
the  probable  error  tluis  found  would  have  deteniiined  the  Wi^^i-hr 
of  that  aiithoritj,  and  eould  afterwards  be  used  in  assigning 
weights  to  diiferent  ob8ervation.s.  For  this  purpoj^e,  the  proba- 
ble errors  of  the  different  authorities  have  been  detemiined  from 
the  numerous  observations  of  the  Coast  Survey  by  discus^ioni^ 
essentially  the  same  as  the  above  (of  eourse,  confining  each  dia 
cuasiou  to  stars  taken  from  iho.  same  source),  with  the  foIUming] 
results:  Cf  denoting  the  probable  error  of  a  single  declinationi 


Autliority. 


t* 

V 

1"U» 

2.2S 

1  .0 

1.00 

0  .85 

0.7S 

0  .6 

0J6 

0  .5 

0.25 

Groombridgo  alone .,,... , 

B.AX\  on  ftuthority  of  Bradley,   Vmzzx^  and 

Taylor..-. 

The  same  with  additional  modern  authority...,. 
Twelve  Year  (Gr.)  Catalogue,  with  less  tlian  six 

observations 

Nautical  Almanac,  or  Twelve  Year  Catalogue, 

with  six  or  more  observations 

284.   ChmbinaUcn  of  the  obsermtiom  A//  weiffhts. — Let  c,  and  c^ 
denote  the  probable  errors  of  the  declinations  of  the  stars  of  a| 
pair  on  which  there  are  n  observations;  then  the  probable  error 

of  J  (a  -f  a')  is 

and  that  of  the  latitude  is 


^♦  =  V^'  +  T 


The  weight  p  of  an  observation  m  reciprocally  proportional  to 
H^  I  or,  since  the  scal€  of  weights  is  arbitrary,  we  may  take 


P^ 


AB^^ 


"v-f  v»  +  ^ 
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Adopting  the  Coast  Survey  value  e  =  O'^SO,  we  have,  therefore » 


p^ 


't'+v'  + 


(244) 


By  this  formula,  the  weight  imity  would  he  aRsigiied  to  a  value 
of  the  latitude  found  by  a  single  ohservatwn  of  a  pair  of  stars  when 
the  declinations  were  perfectly  exaet^  or  to  a  value  found  by 
two  observations  on  a  pair  of  Nautical  Almanac  Btars. 

The  stars  observed  at  Roslyn  were  really  taken  from  various 
authorities,  although,  for  the  sake  of  illustration,  we  have  dis- 
cu63ed  the  probable  error  of  their  declinations  as  we  should  have 
d(»ne  if  hut  a  single  authority  had  been  used.  Let  ua  now  find 
the  final  value  of  the  latitiule  from  all  the  obsen^ations,  having 
regard  to  their  weights  as  determined  by  this  ibrmula.  In  the 
following  table  the  values  of  e^*  are  given  according  to  the 
authorities  from  which  their  declinations  arc  taken,  as  stated 
in  the  table  at  the  end  of  the  preceding  article. 


No,  of 
pair. 

«** 

'f' 

n 

P 

4 

\ 

p6 

ttpp 

1 

1.00 

0.25 

1 

0,44 

24" 

,78 

10".  90 

0^76 

0.25 

2 

0,25 

0,25 

1 

o.m 

26 

.05 

16  .78 

0  .49 

O.IC 

S 

0.86 

0.86 

2 

0.82 

24 

.83 

20  M 

0  ,71 

0.41 

4 

0,30 

LOO 

3 

0.69 

26 

.20 

15  .46 

0  ,66 

0.26 

6 

1.00 

LOO 

3 

0-43 

25 

.91 

11  ,14 

0  .87 

0.06 

[6]» 

1.00 

LOO 

2 

[22 

,73] 

7 

1.00 

0.25 

G 

0.70 

26 

.98 

18  .16 

0  ,39 

0.11 

8 

OM 

LOO 

6 

0.06 

25 

.18 

16  .37 

0  .36 

0.00 

9 

0.36 

0.S6 

5 

1.09 

25 

,89 

28  ,22 

0  .35 

0.13 

10 

0.25 

0.25 

L38 

25 

.79 

34  .30 

0  .25 

0.08 

11 

1,00 

2,26 

0.29 

24 

.58 

7  .11 

1  .01 

o.so 

12 

o.a6 

LOO 

0.59 

26 

.16 

14  .84 

0  M 

0,09 

1$ 

LOO 

0.25 

0.67 

25 

.22 

10  .90 

0  .32 

0.07 

14 

LOO 

0.26 

0,tJ7 

24 

.84 

16  .64 

0  .70 

0.38 

U 

1.00 

0.25 

0.67, 

25 

M 

16  .99 

0  ,18 

0.02 

16 

LOO 

0.86 

0.62' 

26 

.02 

16  .18 

0  .48 

0.14 

17 

LOO 

LOO 

0.44 

25 

,42 

11  .18 

0  ,12 

0.01 

18 

LOO 

LOO 

0.44 

26 

,08 

11   .48 

0  ,54 

0.13 

19 

LOO 

0.26 

0.67 

25 

,72 

17  ,28 

0  ,18 

0,02 

20 

0.25 

0.25 

L38 

26 

.70 

84  ,18 

0  .16 

0.03  1 

21 

0;26 

0.26 

8 

1.20 

25 

.98 

31  .12 

0  .39 

0.18 

<ll=:20 


|>]  =:  14.81  [/.^]  =  806  .47       [/wo]  =  2.80 


9,    — 


26".54 


E.  =  0.6745  J — i^ —  =  0".07 
*•  \(m-l)[p] 


*  The  reiuli  by  the  6th  pair  of  stairs  13  rejected  hy  Pdrce^t  Criterion  (see  .appendix). 
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Hence,  the  final  result  from  these  observations  is 

Lat  of  Boslyn  =  37**  14'  26".54  ±  0".07 

235.  To  dekrmine  the  value  of  a  division  of  the  ked, — It  will  | 
generally  be  most  eouveuioiit  to  iiiiil  the  value  of  tbe  divisions 
of  tbe  level  by  tlie  aid  of  the  luieronieter.  It  would  seem, 
therefore^  mo^st  uatural  to  begin  by  determining  tbe  value  of  tbe 
micrometer  screw;  but  it  will  be  seeu  in  tbe  next  article  that  in 
tbe  investigation  of  tbe  screw  we  must  know  tbe  value  of  a 
divinion  of  tbe  level  in  parts  of  a  revohdion  of  the  screw.  This 
value,  then,  we  are  here  to  find,  and  afterwards,  when  the  micro- 
meter value  bas  been  determined,  we  can  convert  it  into  arc- 
Let  tlie  telescope  be  directed  towards  a  well-detined  terrestrial 
mark,  or,  which  is  better,  to  the  cross-thread  of  a  coUliuatiiig 
tele^eopc.  Let  the  k^vel  be  set  to  an  extreme  reading  L,  BUect 
the  mark  by  the  micrometer,  and  let  the  reading  be  Jf.  Now 
move  tbe  tclesc*>pe  and  level  together  [by  the  tangent  screw  F^ 
Plate  XIII.]  until  the  ba1>ble  gives  a  reading  L'  near  the  other 
extreme.  Bisect  tbe  mark  again  by  tbe  micrometer,  and  let  the 
reading  be  1/'.  Then  tbe  value  d  of  a  division  of  the  level  in 
terms  of  the  micrometer  will  be 


d^ 


M^M' 


(245) 


and  if  R  w  the  value  (in  seconds  of  arc)  of  a  revolution  of  the 
micronii'ter,  we  shall  afterwards  find  tbe  value  D  of  a  division 
of  the  level  in  seconds  of  arc,  by  the  formula 


]>=  Rd 


(my 


Instead  of  a  teiTCstrial  mark  we  may  use  a  eircumpolar  flftai* 
at  it?j  culminalioTi ;  for  we  can  aj^ply  to  each  observation  the  re- 
duction to  the  meridian  (237),  so  that  each  will  be  referred  to 
the  fixed  point  in  which  tlie  star  culminates.  In  this  method^ 
however,  we  are  exposed  to  errors  arising  from  tnmsient  irregil» 
larities  in  the  refraction,  and  also  to  any  error  arising  from  in* 
elination  of  tbe  micrometer  thread.  Tbe  latter  en'or,  however, 
may  be  avoided  by  revolving  the  instrument  in  aximnth,  »o  oa 
to  observe  the  star  always  in  the  middle  of  the  field,  and  then 
we  should  use  the  reduction  to  the  meridian  for  ctrcummeridiaa 
altitudes  (238). 
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Example. — ^The  following  are  some  of  the  observations  for 
determining  the  value  of  a  division  of  the  level  of  a  zenith  tele- 
scope, taken  by  Mr.  G.  W.  Dean,  of  the  U.  S.  Coast  Survey,  at 
the  Roslyn  Station,  Virginia,  June  30,  1852,  the  telescope  being 
directed  upon  a  fixed  terrestrial  point. 


Temp. 

No.  of 
obs. 

Beadingg  of 

Difference. 

d 

V 

«« 

LeTol. 

Micr. 

Mior. 

Level. 

N. 

s. 

90° 

1 

dlT. 

1941 
2106 

diT. 

54.0 
11.2 

diT. 

11.4 
53.9 

165 

42.65 

3.869 

0.176 

.0310 

2 

2111 
2296 

56.1 
10.5 

8.2 
64.0 

185 

45.70 

4.048 

.003 

.0000 

8 

2305 
2506 

55.5 
5.2 

8.8 
59.0 

201 

50.25 

4.000 

.045 

.0020 

4 

2517 
2704 

55.0 

8.8 

9.1 
55.2 

187 

46.15 

4.052 

.007 

.0000 

5 

2709 
2915 

59.0 
9.0 

4.8 
54.7 

206 

49.95 

4.124 

.079 

.0062 

6 

2919 
3116 

56.0 
9.2 

7.8 
54.4 

196 

46.70 

4.197 

.152 

.0231 

7 

1176 
1390 

58.2 
6.5 

5.8 
58.5 

214 

52.70 

4.061 

.016 

.0003 

8 

1396 
1617 

59.6 
4.6 

5.0 
60.1 

221 

55.10 

4.011 

.034 

.0012 

Mean  d  =  4.045    Sura  =  .0638 

The  column  of  v  gives  the  difference  between  each  observed 
value  of  d  and  the  mean.  From  the  sum  of  the  squares  of  v  we 
find  the  probable  error  of  the  mean  to  be 

=  0.6745/^  =  0.028 

The  value  of  d  is  here  expressed  in  divisions  of  the  micrometer 
thread  which  represent  hundredths  of  a  revolution.  Hence  we 
have,  in  parts  of  a  revolution  B  of  the  micrometer,  the  value  of 
a  division  of  the  level, 

D  =  0.04045  B  ±  0.00023  B 
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From  twenty-one  observatious  of  tlie  same  kind,  the  value  fotuid 
was 

B  =  0.03985  R  ±  OMOU  R 

236.  To  find  the  value  of  a  revobdhn  of  the  micrometer. — The  mo6t 
convenient  method  with  this  instroment,  m  it  avoids  displacing 
the  niicrofiieter,  is  by  transits  of  a  circiuii polar  8tar  near  its 
eastern  or  wcBteni  elongation  (Art.  45).  We  first  find  the  hour 
angle  and  zenith  distance  of  the  star  at  the  elongation  bj  the 
formulae 


cos  fj,  =  cot  (J  tan  ^ 


cos  2^  ^^  cosee  S  sin  ^ 


and  then,  a  bcinir  the  star's  right  ascension,  AjTthe  eorrectiaii 
of  the  chronometer,  we  find  the  chronometer  time  of  the  eloDga^  I 
tion  by 

^  _  ^  y,    r+  western  elong; 


T.= 


eabtern 


Set  the  telescope  for  the  zenith  distance  ?y,  direct  it  upon  the  ' 
star  some  20*  or  80"  before  the  tirae  of  elongation,  bringing  the  j 
star  near  the  middle  vertical  thread,  and  ehinip  the  instrument 
Set  the  micrometer  thread  at  any  reading  a  little  in  advance  of 
the  star,  and  note  the  ti-ansit  by  the  chronometer.  Then  advance 
the  thread  to  a  new  rending,  and  again  observe  the  transit^  and 
so  on  until  the  star  has  been  obser%'ed  through  the  whole  field . 
or  through  the  whole  range  of  the  micrometer  screw.  The 
repeated  maniinilation  of  the  screw  may  slightly  disturb  the 
direction  of  the  telesenpc,  but  the  only  change  which  c-an  affect 
tlie  determination  uf  R  will  be  shown  by  the  level,  which^  then*^ 
fore,  must  also  be  frequently  obsei-vod  during  the  transits.  Of 
course,  the  relation  of  the  level  to  the  telescope  must  not  he 
changed  during  the  observations.  Xow,  z^  denoting  as  abovi^ 
the  zenith  distance  of  the  star  at  the  time  T^  and  M^  the  eonre- 
sponding  reading  of  tlie  nncrometer  when  the  level  reading  ii 
jcero^  z  the  zenith  distance  at  the  time  7\^f  an  observed  transit 
when  the  nncrometer  reading  is  3/ and  the  level  n^ading  is  Xt, 
we  have  (neglecting  for  the  present  the  refraction) 

z  =  -r,  +  (3f.-  M)R  -  LI> 

or,  since  we  as  yet  know  the  value  of  a  level  division  only  in  ] 
parts  of  i?, 

s  =  i^  +  {M^^M)R  —  LM 
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In  like  manner,  for  another  observation, 


whence 


The  quantity  z  —  z^  may  be  computed  (as  we  have  shown  in 
Art.  45)  by  the  formula 

sin {z  —  ^o)  =  ±  sin  (2"  —  T^) cos d 

where  the  lower  sign  is  to  be  used  for  the  eastern  elongation ;  or 

^  -  ^0=  ±  sin  (r-  T,)  ^  (248) 

sm  1 

The  value  of  R  thus  found  is  corrected  for  refraction  by  sub- 
tracting from  it  the  quantity  ^Ar,  in  which  Ar  ==  the  change  of 
refraction  at  the  zenith  distance  z^  for  1'  of  zenith  distance,  and 
R  is  expressed  in  minutes.* 

Example. — Observations  of  Polaris  at  its  eastern  elongation 
were  taken  June  30,  1852,  at  the  Roslyn  Station  (Va.)  of  the 
U.  S.  Coast  Survey,  to  determine  the  value  of  the  micrometer  of 
the  same  zenith  telescope  as  was  used  in  the  example  of  the 
preceding  articles. 

To  prepare  for  the  observation,  we  have 

^  =  37°  14'  25" 

^  =  88*^  30' 56"  o=    1»    5*36'.8 

Hence,  z^  =  52*^  44'  42"  t  =    5   55    29.1 

Sid.  time  of  elongation  =  19   10      7  .7 

Chronometer  fast,  24    46.8 

T^  =  19  34    54.5 

The  micrometer  thread  was  set  at  every  half  revolution,  and 

*  The  Talues  of  both  R  and  D  might  be  found  at  the  same  time  ft*om  these  obser- 
vations. For  by  varying  the  level  reading  at  the  different  observations  (by  means 
of  the  tangent  screw  F),  we  shall  have  from  the  observations,  taken  suitably  in  pairs, 
equations  of  condition  of  the  form 

from  which  both  R  and  D  may  be  found.     In  this  method  2  —  /  must  be  the  appa- 
rent difference  of  senith  distance  affected  by  the  differential  refraction. 
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59  traiii^itH  were  obf^ervctl.     I  extrat^t  OTily  those  taken  on  the 
cveti  wliole  rerolutiona,  to  illustrate  the  method. 


Level. 

Temp, 

No.  of 

obs> 

Mior. 
M 

L 

T 

T^T, 

*  —  H 

N. 

R. 

dir. 

dJv. 

77^ 

1 

6 

42.2 

44.8 

—  1.30 

19»ll-39v0 

—  23-15'.5  +  54r.8S 

2 

8 

u 

a 

11 

15  14.2 

19    40.3,      458  ,10 

3 

10 

l( 

II 

a 

18  46  .S 

16     7  n 

875  .73 

4 

12 

II 

ft 

it 

22  23.4 

12   31,1 

291  Jl 

5 

14 

42.5 

44,2 

—  0.85 

25  58  .8 

8   65.7 

208  At 

6 

IG 

t< 

a 

U 

29  29  .4 

5    25.1 

126  ,80 

7 

18 

" 

n 

u 

33    4.4 

^   1    60.1  +    42  J7l 

8 

20 

42.6 

44.2 

—  0.80 

36  36.4 

+    1    41.9 

—  39  .61 

9 

22 

<( 

t\ 

u 

40  11.6 

5    17.1 

123  m 

10 

24 

42.7 

44.2 

-0.75 

43  43,3 

8   48,8 

205  .13 

11 

26 

U 

ii 

a 

47  15.0 

12    20,5 

287  M 

12 

28 

41.9 

45,1 

—  1.60 

50  46.7 

15    52,2 

sod  Ji 

13 

30 

«( 

U 

u 

54  19.3 

19    24.8 

452  .08 

76 

14 

82       " 

a 

it 

57  62.8 

22   58,3 

534.70 

Wc  compare  the  let  observation  with  the  8th^  tlio  2d  with  thftl 
9tb,  &c.,  and  in  each  case  we  have  M*  —  J/  =  14  Rev.,  or,  takinf  J 
d  ==  0.04,  a8  found  on  p.  359,  we  have  for  the  let  and  8th  ob- j 
eervation  {IJ  —  L)d^^  +  0.020  revolution:^  of  the  micrometer;  and  j 
hence,  denoting  the  divisor  in  (247)  by  a,  we  obtain 

a  =.  i/'  -  .If  +  (//  —  L)d  :=  14,020 

Proceeding  thna  for  each  pair  of  transits,  we  Imve — 


Obs. 

a 

t  —  ^ 

« 

r 

*• 

land    8 

14.020 

580".94 

41".436 

+  0".042 

0.0018 

2    «     9 

14.020 

581  .30 

.462 

+  0.068 

.0046 

3    «   10 

14.022 

581  .16 

.446 

+  0  .0S2 

.0027 

4    "    11 

14,022 

579  .33 

.316 

-  0  .078 

.0060 

5    "    12 

13.970 

677  .84 

.363 

—  0  .031 

.0010 

6    "    13 

13.9T0 

578  .88 

.402 

+  0  .008 

.0001 

7    "    14 

13.970 

577  .47 

.886 

—  0  .068 

.0084 

Mean  :=  41  .394 
0196 


Sum  ^    .0190 


Ptol.  error  =  \  J^^^  =  0". 
3  \  6  X  7 
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The  change  of  refraction  for  1'  of  zenith  distance  is,  for  z^  = 

52°  45',  Ar  =  0".046,  and  hence  the  correction  of  the  above  mean 

414 
is  —  0".046  X  -^TT  =  —  0".032.     These  observations,  therefore, 

give  us  the  result 

B  =  41".362  ±  0".014 

The  final  value,  as  found  from  all  the  observations  on  several 
nights,  was 

R  =  41".400  ±  0".011 

and  from  this  we  find  the  value  of  a  division  of  the  level  of  this 
instrument  to  be 

D  =  1".65  ±  0".005 

which  are  the  values  employed  above  in  reducing  the  observations 
for  latitude  at  Roslyn. 

237.  A  more  thorough  method  of  treating  the  preceding  obser- 
vations is  the  following.    We  have  for  each  observed  transit 

z  —  z^  =  (,M^-^  M)  R  —  LBd 

where  M^  is  the  unknown  reading  corresponding  to  z^.  Let  us 
assume  an  approximate  value  for  M^^  denoting  it  by  JSfj,  and  put 
Mq=  Mi  +  X.  Also  let  R^  be  an  assumed  approximate  value  of 
i?,  and  put  R  =  R^+  y.    Then 

z  ^ z^={M^-^  M  +  x){R,+  y)-~  LR^d 

where,  on  account  of  the  small  values  of  i,  we  can  use  R^  instead 
of  R  in  the  last  term.  Then,  neglecting  the  product  xy  as  insen- 
sible when  M^  and  R^  are  properly  assumed,  and  putting 

n  =  0  —  -?„—  (if,  —  Jtf )  JE,  +  LR^d  (249) 

we  have  from  each  observation  the  equation  of  condition 

i^.o:  +  (if,  —  Jf)y  =  n  (260) 

and  from  all  these  equations  x  and  y  can  be  found  by  the  method 
of  least  squares. 
Thus,  in  the  above  example,  if  we  assume  Jl!f|= 19.0,  R^=  41".4, 
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wliieh  are  easily  seen  from  the  observations  to  be  near  approxi*] 
raations,  we  have  the  following  eqiiatious : 


4L4.r  +  13y=  +  0".98 
4L4xH-  Ui^  =  +  0  .55 
4L4x  +    "  -^    -^^ 

41.4  X + 
41.4X  + 
41.4  x  + 
414x  + 


9y  =  +  0  M 
7  y  =  —  0  .24 
53/^  —  0  .29 
3^^  =  +  D  .69 
y  ^  -  0  .04 


41.4  J?—  y=  +  0".47 
41.4  X—  Zjf  =  —  OM 
AlAx—  5y=  +  0  .as 
4L4:r-^  7y=  +  a  M 
41.4x-^  9y  =  +  a  .23 
4L4a*^lly==  +  0  .67 
4L4x-13y  =  +  0  .85 


from  which  we  form  the  normal  equations 


wlience 


23995.44  X: 
910  y: 


x=^  +  0.01 
Jf„  =     19.01 


+  240.12 
-      1.72 

y  ^  _  0.002 
k  ^     41.398 


If  we  Bobstitiite  the  values  of  x  und  //  in  the  equations  of  j 
condition,  we  shall  find  the  Bnm  of  the  squares  of  the  residimlij 
to  be  ==  2.956,  and  Ixenee  the  mean  error  of  a  single  obsen^ation  iii 


=v 


2.956 


14—2 


0".496 


and  con^^equently  the  probable  error  of  y,  the  weight  of  which] 
le  its  coefficient  (=  910)  in  the  final  equation,  will  be 


2  Cr 496 
3*  1^91^ 


=  0".011 


Aiiplyincr  to  the  above  value  of  J?  the  correction  for  refractioa^ 
as  before,  we  have  the  final  result  by  this  method, 

E^  41'^366  ±  O/'Oll 

The  smaller  probable  error  here  found  8hows  that  the  obserra- 
tions  are  better  satisfied  by  the  value  of  Ji  found  by  the  methc 
of  least  squares. 


BXTRA-MBRIDIAN  OBSERTATIONS   POK   LATITUDE  WITH  TUB  SSmH 

TELESCOPE. 

238.  It  has  been  seen  above  that,  although  the  probable  < 
of  observation  with  the  zenith  telescope  U  very  small,  ihegremt 
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probable  error  of  the  declinations  employed,  when  the  observa- 
tions are  restricted  to  the  meridian,  renders  it  necessaiy  to  greatly 
multiply  the  number  of  pairs  of  stars  observed.  But  if  we  are 
willing  to  observe  one  of  the  stars  at  some  distance  from  the 
meridian,  we  can  generally  find  a  pair  of  fundamental  stars,  or 
stars  from  the  most  reliable  catalogues,  which  can  be  observed 
at  the  same  zenith  distance  within  a  sufficiently  brief  interval  of 
time  to  exclude  the  probability  of  sensible  changes  in  the  state 
of  the  instrument;  and  by  moderate  attention  to  the  determina- 
tion of  the  time  the  probable  error  of  observation  will  be  very 
little  increased,  while  the  number  of  observations  necessary  to 
attain  to  the  desired  degree  of  precision  will  be  greatly  reduced. 
It  may  not  be  superfluous,  therefore,  to  deduce  here  the  necessary 
formula*  for  this  purpose. 

Let  d  and  5'  be  the  declinations  of  two  stars,  the  first  of  which 
is  obser\'ed  out  of  the  meridian  at  the  zenith  distance  z  and  hour 
angle  /,  and  the  second  on  the  meridian  at  the  zenith  distance  2:', 
which  is  very  nearly  equal  to  z.     We  have 

cos  z  =  cos  (^  —  d)  —  2  COB  f  cos  d  sin* }  t 
The  second  equation  gives 

which,  substituted  in  the  first  equation,  gives 

sin  [^  —  }  (^  +  ^')  —  i  (^  —-2:)]  sin  }  (^— -  ^'-f-  2: — ^')  =  cos  ^p  COS  ^  sin« }  t 

Putting  then 

COS  ip  cos  ^  sin'  \t  ,orix 

sm  y  =  -; (251) 

^       Bin  J(^  — ^'  +  '^  — '2') 

we  shall  have 

^  =  }(^  +  aO+i(^-^)+r  (252) 

The  quantity  ^'  —  z  will  be  given  by  the  micrometer  and  level, 
precisely  as  in  the  case  of  meridian  observations.  The  value  of 
ip  will  always  be  known  with  sufficient  accuracy  for  the  compu- 
tation of  7*. 

The  effect  of  an  error  in  i  upon  y^  and  consequently  upon  f , 
may  be  computed  by  the  formula 
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To  prepare  for  the  observation,  put  Z=^fi  —  d\  (or  3'  —  fj) 
^j  being  an  astiumed  approxiiiiate  valne  of  ^,  aud  set  the  in^trti 
ment  at  the  zenith  distance  J  for  the  observation  of  both  et 
The  honr  angle  at  which  the  star  out  of  the  meridian  is  to 
observed  will  be  found  by  the  formula 

\  \  008  f 

or  rather, 


Bin 


f  cos  d 


Btn 


\  \  COS  f  COi 


sin  i  (^r-^) \ 


cos  d 


Then  the  sidereal  time  of  the  observation  of  this  star  may  be 

either  a  +  t  or  a  —  t,  a  being  the  right  lu^cension;  and  it  may 
often  he  eoiivenieut  to  obnerve  the  star  at  each  of  these  times. 

It  will  probably  be  moat  expedient  to  ob8er\'e  one  of  the  stars 
in  tlie  nioridian  ;  but,  if  botli  are  observed  out  of  the  meridian, 
we  can  Und  the  latitude  by  the  method  of  Vol.  L  Art*  186* 

239.  The  zenith  telescope  may  be  used  with  advantage  ittj 
measuring  any  small  ditierenee  of  zenith  distance,  It8  applic^tioul 
in  finding  the  longitude  from  equal  zenith  dirttances  of  the  moon'A| 
limb  and  a  neighboring  star  is  given  in  Voh  L  Art.  245.  Thi 
correction  of  the  method  there  given  for  a  small  difference  of^ 
the  zenith  distances  of  the  moon  and  star,  i%s  found  by  th© 
micrometer,  is  obvious. 

240.  We  may  determine  both  time  and  latitude  with  the  zenith 
telescope,  by  observing  a  number  of  stars  at  the  same  altitiidei 
and  combining  them  by  the  method  of  least  squares.  See  VoU] 
L  Art.  189. 

ADAPTATION   OF  THE    PORTABLE   TRANSIT    IXSTRUMKST   AS   A   ZKNTtKl 

TELESCOPE. 

241.  Prof.  C.  S.  Lyman,  of  Yale  Colk^ge,  has  shomi*  that  thai 
transit  instrument  may  be  suceessfully  UHed  as  a  substitute  for  i 
the  zenith  telescope  in  the  application  of  Taloott's  mcUiod  of 
finding  the   latitude  by  meridian  observations.      Ind*'ed,  it   ii. 
evident  that,  if  the  level  usually  attached  to  the  finding  circle  ii 
made  of  the  same  delicacy  a^  that  applied  to  zenitli  tele«uxipeA«  mid 
a  micrometer  is  added  to  the  telescope,  tliat  method  maybe  earric 
out  precisely  in  the  same  maimer  as  with  the  zenith  teleacope,' 


♦  Am.  Joumtl  of  Science  and  An  9,  Vol.  XXX.  |>.  a2. 
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I  The  diiferent  method  of  reversing  the  instrument  by  lifting  it 

I  from  iU  Vs  instead  of  revolving  directly  abont  a  vertical  axis, 

I  does  not  in  any  way  affeet  the  principle,  the  essential  condition 

of  Talcott'8  method  being  always  observed,  namely,  that  the 

relation  of  the  level  and  the  telescope  is  to  be  absolutely  the 

same  at  the  obiseiTations  of  both  stars  of  the  pair. 


CHAPTER  IX. 


THE  EQUATORIAL  TELESCOPE. 


242.  The  eqnatorial  telescope  is  monnted  with  two  axeg  of 
[motion  at  right  angles  to  each  other,  one  of  which  is  parallel  to 
jthe  axis  of  the  earth.     Of  the  various  modes  which  have  been 
employed  for  mounting  the  instrument  according  to  these  con- 
ditions, that  which  is  now  universally  adopted  is  the  one  con- 
I  trived  b}'  Fraunhofeb  and  known  by  his  name. 

Plate   XrV.*  is  a   representation   of  the  great   FiiAUxnoFER 

equatorial  of  the  Pulkuwa  ObseiTatory,  constnieted  by  Merz 

land  Mauler.     The  lens  has  a  clear  aperture  of  15  inches,  with 

a  focal  length  of  22.55  feet.     The  pier  P  is  of  stone  {in  smaller 

instruments  a  wooden  stand  is  frequently  used,  resting  on  three 

'feet).     The  upper  face  of  the  pier  makes  an  angle  with  the  Iiori- 

zon  equal  to  tlie  latitude  of  the  place  ;  secured  to  this  face  is  a 

Ljmetiillic  bed,  which  supports  at  tvvo  points  the  polar  or  hour  axis 

of  the   instniment.     This   axis,  being   in   the  plane  of  the 

leridian,  and  making  an  angle  with  the  horizon  equal  to  the 

[latitude  of  the  place,  is  parallel  to  the  earth's  axis,  and,  conse- 

Beque!itly,  is  directed  towards  the  poles  of  the  heavens.    Perma- 

[iiently  nttaehed  to  the  hour  axis,  and  at  right  angles  to  it,  is  a 

Tietiillic  tube,  X}IX  iu  which  the  derUnaUmi  axis  revolves.     The 

^leseope  is  firmly  attached  to  one  extremity  of  this  declination 

laxis,  and  at  right  angles  to  it,  the  point  of  the  tube  at  which  it  is 

[attached  being  somewhat  nearer  to  the  eye  end  than  to   the 

object  end- 


<^  Eciluced  ttoux  tlic  drawing  m  the  DetcripHon  d«  V obtervntoirt  etntral<it  Stauvb. 
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It  ii*  evident  tliat  its  the  instninieiit  revolves  upon  the  liotir 
axis  the  deelhiation  axis  remahii^  in  the  plane  of  the  celestial 
equator,  and,  consequently,  the  telescope,  as  it  revolves  upon 
the  declination  axis,  ahvay?*  deyeriljej*  sccondarii'S  to  the  eeleiitiml 
eqnator,  or  declination  circles.     The  declination  of  tiie  point  of 
the  hcaverKs  towardi^  which  the  telescope  is  at  any  time  directed 
may,  tlierefore,  he  indicated  hy  the  graduated  tMinad'on  circle  W^i 
which  is  read  hy  two  oppoj-^ite  verniers.     The  hour  angle  of  UmI 
point  irt  ut  the  sanie  time  nhowu  by  the  graduated  Jmur  cirde  1^' 
Avhicli  is  also  read  by  two  opposite  Vermel's. 

The  great  advantage  of  this  mode  of  mounting  the  telescojK' 
is  that  we  can  follow  a  star  in  its  diurnal  motion  hy  revolving 
the  instrument  upon  the  hour  axis  alone,  the  declination  circle 
being  clamped  at  the  reading  corresponding  to  the  star's  flecHna- 
tiou.  Further,  the  star's  motion  being  uniform,  we  can  cause 
the  instrument  to  follow  it  automatically  by  means  of  a  clock/, 
which,  by  a  train,  turns  an  endless  screw  acting  upon  the  circum- 
ference of  the  hour  circle.  The  observer  is  thus  left  free  eitlier 
to  make  a  careful  examination  of  the  physical  appearance  of  tliu 
objects  in  the  field,  or  to  measure  their  relative  positions  with 
the  micrometer  m  of  the  telescope. 

It  is  inijiortaut  that  all  tlie  parts  of  the  instrument  be  so  coun- 
terpoised that  the  telescope  will  be  in  equilibrium  in  all  poiritioni, 
and  possess  the  greatest  freedom  of  movement  upon  either  axii^. 
This  is  effected  in  the  Frai:nuofer  arrangement  in  the  mort 
perfect  manner.  The  equilibrium  of  the  telescope  with  respt^ct 
to  the  hour  axis  is  produced  by  the  counterpoises  ir,  \\\  J'  and 
y,  of  which  ir,  T^'aretixed  cylindrical  ma^ea,  but  y'isa^|ju^l- 
able,  BO  that  the  equilibrium  may  be  firnilly  regulated  with  the 
utmost  nicety.  The  weights  X((>f  which  there  are  two,  one  00^^ 
each  side  of  the  declination  axis)  are  attached  to  the  extremitic 
of  levers  whose  fnlcnims  are  at  x.  The  opposite  extremities  o| 
the  levers  seize  upon  a  4'ircnlar  colUir  at  A',  in  which  there  ar 
four  tVu'tion  rollers.  Tlie  w  eights  J[  thus  not  only  contribute 
the  equilibrium,  but  also  reduce  the  fi'iction  of  the  decltnatici 
axis.  The  centre  of  gravity  of  the  telescope  tube  ii*  not  in 
prolongation  of  the  declirmtion  axis,  but  nearer  to  the  obj« 
glass;  its  equilihrium  with  respect  to  the  deelinatioti  rnxxs 
produced  by  counterpoises  a  (one  on  each  side  of  the  tnW)  at  th^ 
end  of  levers  abc.  Each  of  these  level's  consists  of  two  eooid 
tubed  attached  to  a  cube  at  6,  which  moveti  upon  two  axed;  and 
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leir  extromitics  c  eeizo  upon  a  collar  around  tliG  tubo.  The 
extremity  a^  at  whicli  the  weight  is  placed,  is  free,  and  the  weight 
can  be  adjusted  by  sliding  upon  the  lever.  In  consequcDee  of 
tlie  double  axis  of  each  lever  at  6,  the  counterpoiBes  act  in  all 
positions  of  the  telescope,  and  not  only  balance  the  tube,  hut  pre- 
vent in  a  degree  the  tlexure  of  the  object  end  which  would  result 
from  its  weight,  iucreaaed  as  it  is  by  the  great  weight  of  the 
object  glasB  itself.  The  centre  of  gravity  of  the  telcBCope  and 
all  ita  counterpoises  is  now  in  the  hour  axis  at  a  point  a  little 
above  its  upper  journal ;  the  result  is  a  downward  pressure  upon 
this  journal,  and  an  upward  pressure  upon  the  lower  journal. 
The  weight  w  at  one  extremity  of  a  bent  lever  reduces  the  fric- 
tion upon  the  upper  journal  by  producing  an  opposite  pressure 
at  e  at  right  angles  to  the  axis,  two  friction  rollers  upon  the 
extremity  c^  being  thus  pressed  against  the  axis.  The  remaining 
small  upward  pressure  of  the  inferior  extremity  of  the  axis  is 
reduced  by  a  npring  which  presses  two  friction  rollers  against  the 
axis  at  ^* 

The  weight  of  the  Pnlkowa  telescope  {including  all  the  parts 
which  move,  namely,  the  axes  and  tube  with  its  counterpoises) 
is  very  nearly  7000  pounds;  and  yet,  with  this  admirable  system 
of  counterpoises,  it  moves  upon  either  axis  with  almost  as  much 
ease  as  a  small  portable  instrument.  Without  this  perfect  equi- 
librium  and  reduced  friction,  it  would  have  been  very  difficult  to 
produce  a  regular  automatic  movement  of  the  instrument  by  the 
driving  clock.  As  this  clock  is  required  to  produce  a  contmmus 
regular  inovement,  it  is  not  regulated  by  an  oscillating  pendulum, 
but  by  the  friction  of  centrifugal  balls  against  the  interior  of  a 
conical  box  d  The  rate  of  movement  is  regulated  by  niising  or 
depressing  the  pivot  of  this  conical  pendulum,  wliich,  in  conse- 
quence of  the  conical  form  of  the  box,  changes  the  degree  of 
friction  of  the  balls  against  its  interior  surface.  The  rate  may 
thus  be  adapted  not  only  to  the  motion  of  a  fixed  star,  but  to  tlaat 
of  the  moon,  or  sun,  or  any  planet,  all  of  which  have  difierent 
rates  of  motion.  In  our  own  country,  BoND*s  Spring  Govcrjwi* 
liae  been  successfully  applied  to  produce  the  equable  motion  of 
equatorial  telescopes. 

A^finder  F  is  attached  to  the  principal  telescope  (Art.  16). 

The  field  of  the  telescope  is  illuminated  by  a  lamp  </,  the  light 
of  which  is  reflected  towards  the  reticule  by  a  snudl  mirror 
within  the  tube.     The  direct  iliumination  of  the  threads^  which 

YouXL-2t 
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is  required  when  very  faint  objects  are  to  be  observed,  is  effected 
by  two  siuall  lamps  siispunded  at  n  and  /?.     (See  Transit  XaEtrUi*^ 
ment,  p,  134). 

The  micrometer  is  provided  with  a  position  eircle  (Art.  49). 

248.  Any  point  of  the  heavcna  may  be   observed  with   thai 
equatorial  instrument  in  two  different  positions  of  its  decline 
tion  axis.   For  example,  if  the  declination  axis  is  at  right  angleil 
to  the  plane  of  the  meridian, — that  is,  horizontal, — the  telescopel 
will  describe  the  plane  of  the  meridian ;  and  this,  whether  thel 
eircle  aid  of  the  declination  axis  is  east  or  west;  and,  in  general 
the  same  declimition  circle  of  the  heavens  may  be  described  by  t]i€ 
telescope  with  this  circle  end  of  the  axis  on  either  side.     Thes 
two  positions  are  to  be  distinguished  in  the  use  of  the  instrument 
Let  ns  suppose  the  declination  axis  to  be  produced  through  the 
circle  end  to  the  celestial  sphere*     The  point  in  which  it  meets 
the  sphere  may  be  called  the  pole  of  the  declination  eircle.     If 
the  hour  angle  of  this  pole  is  90^^  greater  than  the  hour  angle  of  j 
a  star  observed  in  the  telescope,  the  circle  is  said  to  precede  tlic 
telescope;  if  the  hour  angle  of  this  pole  is  90°  less  than  that  of 
the  star,  the  circle  is  said  to  foUow  the  telescope,     Thua,  far  i 
star  on  the  meridian  (at  its  upper  culmination)  the  circle />re 
when  it  is  wcM  und  follows  when  it  is  cast  of  the  meridian. 


GEXERAL  THEORY  OF  THE  EQUATOBIAL  IXSTBUMEHT. 

244.  Let  us  fii'st  consider  the  instrument  in  the  most  genef 
manner,  that  is,  without  supposing  its  hour  axis  to  be 
approximately  adjusted  to  the  pole  of  the  heavens.  That  potul 
of  the  celestial  sphere  towards  which  the  hour  axis  is  actually 
directed  will  be  called  tlio  pole  of  the  ins(rnmen(,  or  the  pole  of  it 
hour  axis,  and  tliat  point  in  which  the  declination  axis  produced 
on  the  side  of  the  declination  circle  meets  the  sphere  will  he 
called  the  pole  of  this  axis  or  circle. 

The  instrument  is  designed  to  give,  by  means  of  its  two  circle«| 
the  hoar  angle  and  declination  of  a  sUir  obsen^ed  in  the  mghl 
line  of  the  telescope.  If  the  sight  line  wei^e  ]>erpenilicalar] 
to  the  declination  axis,  and  if  this  axis  were  perpendicular 
the  hour  axis,  the  readings  of  the  circles  would  give  at  ouce 
merely  correcting  them  for  any  index  error)  the  hour  aogte  i 
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declination  referred  to  the  meridian  and  pole  of  (he  instrument.  Tlie 
deviations  from  perpendiciilaritr  being  always  verj  Brnall  in  a 
well  constructed  instrument,  approximate  formulsB  will  fully 
suffice  to  reduce  given  readings  to  the  proper  values  referred  to 
the  pole  of  the  instrument.  But  an  eqaatorial  instrument  may 
sometimes  be  used  in  a  place  for  which  it  Avas  not  intended,  and, 
having  no  adjustment  hy  whieli  the  angle  which  its  hour  axis 
makes  with  the  horizon  can  be  greatly  changed,  tlic  pole  of  the 
instrument  may  be  so  far  from  the  celestial  pole  that  the  reduc- 
tion of  the  hour  angles  and  decUnatiouB  from  their  instrumental 
to  their  true  values  (referred  to  the  celestial  pole)  will  require  the 
use  of  rigorous  formuUe.  In  order  to  provide  for  such  a  case,  I 
shall  first  consider  the  method  of  deducing  the  instrumental 
quantities  by  approximate  but  sufficiently  exact  formulae;  then 
give  tlie  rigorous  formulae  for  reducing  these  to  the  celestial 
pole,  and  finally  give  the  approximate  furmulte,  most  trequently 
required,  for  the  case  in  which  the  deviation  of  the  hour  axis 
from  the  celestial  pole  is  very  small.  As  some  flexure  of  the 
declination  axis  and  of  the  telescope  is  always  to  be  expected  in 
an  instrument  of  this  kind,  I  shall  include  its  eftect  in  tlie 
£)rmulie. 


Fig.  62- 


245.  To  find  the  instrumental  deelination  and  hour  angle  of  an 
observed  point, — ^Let  the  figure  be  a  projection 
of  the  celestial  sphere  upon  tlie  plane  of  the 
equator  of  the  instrument;  P'  its  pole;  Z  the 
zenith  of  the  observer:  then  P'Z  may  be 
ftlled  the  meridian  of  the  insitrument. 
Let  Q  be  the  pole  of  the  declination  axis  of 
the  instrument  "While  the  instrument  re- 
vives upon  the  hour  axis,  the  point  Q  will 

ribe  a  circle  of  which  P'  is  the  pole,  and  which  would  be  a 
circle  if  the  axes  were  at  right  angles  to  each  other,  in 
rhich  case  we  should  have  P'Q  =  90^,  But  we  shall  assume 
lat  there  is  a  deviation  from  this  condition,  and  suppose  the 
irc  P'Q  to  be  ~  90"^ —  i:  so  that  f  will  express  the  declination 
of  the  point  Q  referred  to  the  equator  of  the  instrument. 

Let  us  next  suppose  the  declination  axis  to  remain  fixed  while 

the  telescope  revolves  upon  this  axis  and  its  sight  line  is  brought 

upon  a  star  S.    As  the  telescope  revolves,  the  sight  line  (which 

yire  may  here  suppose  to  be  determined  by  a  simple  cross  thread), 
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describes  a  circle  in  the  heavetis  of  which  Q  is  the  pole,  and-l 
which  will  he  a  great  circle  if  thi^  sight  line  ie  perpendicular  taJ 
the  declination  axis,  and  a  Buiall  circle,  ASB^  in  any  other  case.] 
Let  UB  suppose  the  polar  distance  of  this  email  circle,  or  QS^  to 
be  90"^—  c:  so  that  t;  will  denote  the  colliination  constant  of  %\ 
given  thread. 

The  revoltttioo  of  the  instrument  upon  the  hour  axis  is  meamired ! 
l>v  the  hour  circle.     When  Q  \b  90"^  ^vest  of  the  meridian,  the 
tck'scope  whonld  be  in  the  meridian,  and  the  reading  of  tlie  hourJ 
circle,  conaequently,  zero ;  but  let  us  Buppose  the  reading  is  thenf 
—  X,    "WT^ion  Q  is  in  the  meridian  and  above  the  pole,  the  reatlin| 
will  be  —  X  —  90°.     If,  then,  for  tlie  acttnil  position  when  th<3 
star  18  observed  at  S  the  reading  is  /,  we  have  the  angle  ZP'{ 
=  t-{-  X  +  90°. 

Let  the  instrumental  hour  angle  ZP'S=^  t\     Then  we  hari 
the  angle  SP' Q  =  ZP'  Q  —  ZP'S  =  <  +  x  —  f  -f  90°  ;  and  dnce J 
from  tlie  conf*troetion  of  the  instrument,  this  angle  differs  ver 
little  from  90°,  the  qrmntity  i  ^  x  —  V  will  Iw  very  small. 

As  the  telescope  revolves  upon  the  declination  axis  and  itsi 
sight  line  describes  the  circle  ASB^  tliC  reading  of  the  deeluia- 
tion  circle  will  vary  directly  with  the  angle  P^QS\  since  Q  \s  the- 
pole  of  this  circle.     If  wo  dentito  the  reading  of  the  deelinaCioa' 
circle  when  the  arc  QS  coincides  with  QP'  by  90**  —  Ad,  and  the 
actual  reading  for  the  star  at  S  by  '/,  we  shall  have  the  i 
p'yX  ^  90°  —  Atl  —  t/,  i>rovidt'd  the  readings  increaiic  with  dl€ 
star's  declination,  as  we  here  suppose* 

Finally,  let  the  ijistrnmcutal   declination  he  rf' ;   that  ia,  Ic 
p\S  =  90°  -  rf'. 

We  have  then  in  the  triangle  QP'S  the  given  parts 

P'Q  ^  90°  ~  t  QS  =  90^  —  c 

P'Q5=90°  — (rf  +  aO 

and  in  order  to  determme  t'  and  (f  we  are  to  find 


5P'C  =  90<'-(r  — f  — x) 
P*S  =  90*'  —  d! 

From  this  triangle  wo  obtain  the  general  equations 

sin  d*  =^  sin  i  Bin  c  4*  cos  *'  ^'os  t  ain  («l  4-  h^ 
COS  i' sin  (f '  —  t  —  x)  =  cos  i  sin  c  —  sin  1  cp»  c  sin  (d  4-  a<0 
00s  rf'co«(r—  e  — X)  ^  cos  c  cos (<l  -)-  Ad) 
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But,  as  I  and  c  are  supposed  to  be  so  small  that  their  squares  and 
products  are  insensible,  these  equations  give 

sin  ci'  =  sin  (d  +  ^d) 
cos  d'  =  COS  {d  +  ^d) 
(t'  —  t  —  x)  COS  d'  =1  c  —  i  sin  {d  -f-  ^d) 
whence 

d'=d  +  ^d 

t'  =  t  +  X  -{-  c  aeo  d^  —  i  tan  d' 


(253) 


246.  Flexure. — The  flexure  of  the  hour  axis  may  be  supposed 
to  be  altogether  insensible,  since  the  centre  of  gravity  of  the 
whole  instrument  falls  very  near  to  the  upper  journal  of  this  axis, 
and  tlie  pressure  at  this  point  is  relieved  by  a  counterpoise. 

The  flexure  of  the  declination  axis,  being  assumed  to  result 
solely  from  the  weight,  changes  the  zenith  distance  of  the  point 
Q.  Denoting  the  zenith  distance  of  §  by  f  and  the  increased 
zenith  distance  by  f  +  rf^,  we  shall  assume  the  flexure  to  be 
proportional  to  sin  f  (Art.  204),  and,  therefore,  put 

dZ  =  s  sin  C 

in  which  e  is  the  maximum  of  flexure  of  the  declination  axis 
corresponding  to  ^  =  90°. 

The  flexure  of  the  telescope  changes  the  zenith  distance  ZSj 
so  that,  putting  ZS  =  C'?  we  can  express  this  flexure  by 

J:'=6  8inC' 

in  which  e  is  the  maximum  of  flexure  of  the  tube  corresponding 
toC'=90°. 

The  flexure  of  the  declination  axis  changes  the  arc  P'Q  =  90° 
—  2,  and  the  angle  ZP'Q  =  t  -{-  x-\-  90°  ;  but  these  changes  (the 
flexure  being  supposed  extremely  small)  evidently  produce  no 
sensible  effect  upon  the  declination  d'.  The  flexure  of  the  tele- 
scope, however,  changes  the  arc  P'S  =  90°  —  rf',  and  thus  also 
d'.     Treating  the  changes  as  diflferentials,  we  have 

d,P'S=  d  (90*^  -~d')  =  dV . cos  P'SZ 

If  w^e  denote  the  zenith  distance  of  P'  by  90°  —  ip^  (or  let  ip^  be 
the  observer's  latitude  referred  to  the  equator  of  the  instrument), 
the  triangle  P'SZ  gives 

^,  „^       sin  cp,  cos  d*  —  cos  <p.  sin  d'  cos  f 

cos  P'SZ  = ^ p 

sin  C 
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and  hence 

dd'  =  —  e  (sin  f j  cos  d'  —  cos  f ^  sin  d'  cos  f)  (m) 

Again,  we  have 

d,P'Q  =  d  (90^  —  I)  =  rf:  cos  P'QZ 

d.zrq  =  dt  =  dz.'^^^ 

sinP'C 

in  which  we  may  put  sinP'^  =  cosi  =  1.     Substituting  also 
the  values 


cos  P'QZ  =  «^y.-«i"'co»^ 
^  COS  I  sin  C 


sin 


p,Q^  ^  COS  (f  +  X)  COS  y, 

sinC 


and  neglecting  the  product  of  d^  and  i  as  insensible,  we  find 

}  (») 


di  =z  —  e  sin  f  ^ 

dt  =       e  cos  f ,  cos  (t  -|-  x) 


Finally,  the  flexure  of  the  telescope  changes  the  arc  QS  =  90*^ 
—  c,  and  we  have 


in  which 


d.QS  =  d  (90*^  —  c)  =  dZ' .  cos  ZSQ 


cos  -^5Q : 


cos  C  —  sin  c  cos  C' 


cos  c  sin  C' 
Neglecting  terms  of  the  second  order,  therefore, 


dc  =  —  e  cos  C 
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Hence,  applying  the  corrections  (m)  and  (q)  to  d'  and  <'  (253),  the 
complete  formulse,  including  the  effect  of  flexure,  are* 


d'  =  d  +  A^  —  e  (sin  ^j  cos  d'  —  cos  ^ ^  sin  d'  cos  t') 
t'  =  t  +  x  +  csecd'  —  i  tan  d'  y   (254) 

+  e  (sin  f ,  tan  d '  +  cos  ^ i  cos  t ')  +  ^  cos  ^ i  sec  d'  sin  t' 


1} 


247.  7b  reduce  the  instrumental  declination  and  hour  angle  (d',  /') 
to  the  celestial  declination  and  hour  angle  (5,  r). — ^Let  PZ      j,.    53^ 
be  the  true  meridian,  P  the  celestial  pole,  P'  the  pole 
of  the  instrument,  S  the  observed  star.     Let  y  and 
i9  denote  the  polar  distance  and  hour  angle  of  P' ; 
that  is,  let 

r  =  PP'         *  =  ZPP' 

and,  producing  PP'^  let 

*'  =  ZP'N  =  180^  —  ZP'P 

The  instrument  gives,  by  the  aid  of  (254),  the  values  of 
rf'  =  90°  -  P'5,  t'  =  ZP'S,  and  we  are  to  find  3  =  90°  —  PS 
and  T  =  ZPS.  The  triangle  PP'/S,  in  which  PP'/Sf=180° 
—  {V  —  tf ')  and  P'PS  =  r  —  tf ,  gives 


sin  ^  =  cos  Y  sin  ^'  —  sin  y  cos  ^'  cos  (f '  —  ^') 
cos  d  cos  (t  —  1^)  =  sin  y  sin  (Z'  +  cos  y  cos  (Z'  cos  (^'  —  ^)    V    (255) 
cos  d  sin  (t  —  *)  =  cos  d'  sin 


i(e'-^')  ) 

^(t'-^)    V 


which  will  determine  8  and  r  from  rf'  and  <'  when  the  instrumental 
constants  7',  t>,  and  t>'  are  known. 

Putting  90°  —  <p  =  PZj  the  relation  between  y^,  tf ',  y,  1?,  and  y 
is  found  from  the  triangle  PP*Z^  which  gives 

sin  f  j=       cos T'  sin  f  +  ^in  y  cos  ^  cos  ^ 
cos  f ,  cos  ♦>'  =  —  sin  z'  sin  tp  -f  cos  y  cos  ^  cos  ^     ^    (256) 
cos  f  J  sin  ^*  =  cos  ^  sin  ^ 


} 


248.  In  the  preceding  discussion  I  have  not  distinguished 
between  the  case  in  which  the  declination  circle  'precedes  and 
that  in  which  it  follows  the  telescope  (Art.  243).  The  formulse, 
nevertheless,  will  apply  to  either  case,  provided  we  reckon  decli- 
nations over  90°  when  they  require  it.  By  Fig.  52,  in  which 
for  a  star  at  S  the  declination  circle  precedes^  we  see  that  when 

*  These  formulas  are  essentiallj  the  same  as  Bb88SL*8.  See  his  Attran,  Unter- 
tuchunffen,  Vol.  I.  p.  7. 
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the  telescope  is  revolved  from  S  towards  J3  anil  passes  beycSffl 
the  pole,  we  shall  huve  deehnatioiis  exceeiling  90^  if  we  wish  to 
employ  the  same  forniuhe  as  have  been  found  for  this  position; 
hut  ibr  these  points  hejoiid  the  pole  the  declination  circle /offoic^ 
the  telescope.  The  declination  in  that  ease,  reckoned  in  the 
usual  nuiuner,  will  be  180*^  —  d%  and  the  hour  angle  will  he 
180*^  +  i\  We  may,  therefore,  employ  these  formulaj  in  their 
present  form  in  all  cases,  but  wlxen  it  falls  between  90°  and 
270^  we  must  finaHy  take  180^  —  #  and  180^  +  ^'  as  the  proper 
instrumental  decliuatiun  and  hour  angle.  (See  also  Traasit 
Instrament,  Art.  128.) 

If,  however,  we  wish  to  distinguish  the  caaes  in  tlie  formulie 
themselves,  we  shall  have,  when  the  circle  precedes^  the  readings 
of  the  circle  being  f/j  aud  t^, 

d'^  d^^  Ad  ^  €  (sin  f  j  coa  d'  —  cos  f^  sin  d'  cos  t') 

t'  =  tj  4-  X  -f-  c  see  tf '  —  /  tan  d* 
-f  c  (sin  f  J  tan  d'  -f  cos  ^  j  cos  f)  +  «  cos  f^  sec  i'sin  f ' 

and  when  ike  drck  follows^  the  readings  being  d^  and  t^       \  (257) 

180**  —  d'  =  (i,  +  A^  +  e  (sin  f^  cosd'  —  cos  fj  sin  ef' cob  t')\ 
180^  +  e'  ==  f,  H-  x  —  c  sec  d'  +  i  tan  d' 

—  t(8ln^jtan<?'H-co8f,co8f' )-|-eco«fP^8Gc<f'8inry 

248.  The  rigorous  formnhii?  (255)  and  (256)  will  be  required 
only  in  the  rare  case  in  which  the  pole  of  the  instrument  in  at 
a  considerable  dititancc  from  the  celestial  pole;  but  I  will  briefly 
indicate  the  methods  of  detenuining  the  instrumental  constants 
for  this  case.  It  will  always  be  possible  to  Ijriug  the  hour  axii 
of  the  instrument  very  nearly  into  tlie  meridian  of  the  place  of 
observation,  whatever  may  be  the  elevation  of  its  pole  above  the 
horizon,  so  that  the  meridian  of  the  instrument  aud  the  true 
meridian  will  nearly  coincide. 

If  we  observe  a  Jixed  powt  in  both  positions  of  the  instrumMt, 
circle  preceding  and  circle  following,  we  shall  have  by  (2S7), 
taking  tlie  sums  of  the  respective  equations, 

180°^«f,+  f/,+  2  Ad 
lSa°  +  2r  =  f,  +  'f  +  2x  +  2e  cos  f ,  see  d*  »in  t* 

the  first  of  which  determines  the  index  correction  (Ad)  of  the 
declination  circle,  and  the  second  determines  the  viUue  of  <'  — x. 
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if  we  have  independently  found  the  flexure  tf,  or  if  the  fixed  point 
ill  the  iiieridian  of  the  instrument  and  consequently  t^  =  0. 
Taking  the  ditt'erences  of  the  same  ecLuatious,  the  observation 

of  the  fixed  point  also  gives 

180*^—24'=  rf,—  efj+  2 c (sin  p, cob  d'—  cos  ^ , mn  d'  cob  T) 

180°=f^  — ij  — 2cBec<i'H-2itan(£'— 2€(8in^,taiirf'-fc08f^co8f') 

le  fifs^t  of  these  determines  tf  when  e  is  otherwise  known,  and, 
ae  value  of  tf  thus  found  being  eubBtituted  in  the  seeondj  we 
hWB  an  equation  of  eoiiditiou  for  determining  e,  i^  and  £.  The 
observation  of  at  least  three  different  points  will  be  necessary  in 
order  to  determine  these  quantities,  or  of  at  least  two  pointt*  if 
we  neglect  £, 

■  Upon  the  supposition  that  the  pole  of  the  instniment  is  very 
near  the  meridian,  but  at  a  eonsiderahle  dirttanee  from  the  celestial 
pole,  Y  is  a  large  arc,  but  ^5^  is  finiall,  and  we  have  from  the  first 
rf  the  equations  (256),  by  putting  cos  i?  ^  d-  1, 

and  the  value  of  y  may  be  found  from  the  observation  of  a  star 
in  the  meridian  and  as  far  from  the  pole  of  the  instrument  as 
posaiblej  since  in  this  ease  we  shall  have  veiy  nearly 

in  which  rf'  will  be  known  from  two  obsei'vations  of  the  star  in 
the  two  positions  of  the  instrument. 

liVlien  Y  lias  been  thus  api>roxi mutely  found,  let  a  star  be 
observed  on  the  six  hour  cirvla  both  west  and  east  of  tlie  meridiem. 
We  deduce  from  (255) 

sin  d'  =.  sin  d  cos  y  +  <508  d  sin  y  cos  (t  —  t"*) 

Denoting  the  instrumental  declination  fur  the  two  obsen^ations 
by  rf/  and  <//,  and  putting  r  =  90°  for  the  first  observation,  and 
It  =  270°  for  the  second,  we  have 

sin  ^/=  Bin  d  cos  ^  +  cos  d  sin  ;'  sin  i? 
sin  d^  =  sin  d  cos  y  —  cos  d  sin  y  sin  ^ 


whence 


sin  »'*  ^ 


sin  /f/  —  sin  dJ 


2  cos  d  sin  Y 

Tills  will  give  a  suflRcient  approximation  to  S^  provided  the  star 
is  not  very  near  the  pole. 
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A  theoretically  rigorous  deter  mi  liatioii  of  both  j  and  d  would 
be  tbund  by  observing  two  jtoint:^  whose  dcelinatioiifi  (Jp  d^  aiid 
houi'  angles  (r^,  r^)  are  known,  and  then  solving  the  equations 

sin  d*  ^  gin  il,  cos  y  +  c06  \  sin  y  cos  (Tj  —  *) 
sin  d*  =:=  mi  ^gCOS  y  -(-  cos  J,  sin  f  cos  (r, —  ^) 

When  7*  and  tf  have  been  found,  w^e  have,  from  the  observatioa 

of  one  known  point, 

cos  d*  cos  (f  —  ^)  ^  sin  ^  sin  ;*  —  cos  H  cos  y  cos  (r  —  #) 

cos  d'  sin  (f '  —  6i')  =i  cos  J  sin  (r  —  i^) 

wliieh  determine  t'  —  &'\  and,  since  ??'  will  be  known  from  (25fi) 
^'  will  ako  be  known.  Finally,  the  instrument  gives  the  value 
of  ('  —  x^  as  w^e  have  shown  above,  and  thus  x  becomes  kuawn. 

250.    When  the  pole  of  the  insinmient  is  rcry  near  the  celestiat 
Y  is  very  small,  but  i>  may  have  any  value  from  0®  to  360^,     Put* 
ting  COR  T  —  ^  '^A  (256),  and  neglecting  terms  of  the  same  ordi 
as  fi  we  find 

^p,  =  ^  +  r  cos  ^ 
*  —  #  =  —  r  sia  ^  tan  ^ 
and  (255)  gives 

r  ==  t'  +  ^  —  *'  —  r  sin  («'  —  *')  sin  d'  sec  d 

or,  within  terms  of  the  second  order, 

d  =  d*—  X  cos  (r  —  ^) 

T  =  i'  —  y  sin  t?  tan  ^  ~*f  sin  (r  —  ^)  tan  ^ 

Suhstitnting  the   values   of  */'  and  /'  from   (254),  and  put 
A<=  X  —  ^  sin  &  tan  ^j  which  is  cunstiuit,  we  have 


(iz=^d'\'  t^d  —  X  COB  (r  —  r*)  —  t  (sin  f  cos  «J  —  cos  f  sin  ^  cos  r) ' 
T  ==  f  4-  At  —  ^  sin  (r  —  *)  tan  <y  4-  c  sec  ^  —  i  tan  ^) 

+  f  (sin  ^  tan  J  +  cos  ^  cos  r)  *j-  e  cos  f  sec  ^  sin  r 


(558) 


which  are  the  formulee  usually  required  in  practice-     Hero  i  i^ 

to  be  rei  koned  bevond  00®  w4ien  necessary,  being  then  the  «»ap- 
plement  of  tlie  star's  declination  (ArL  248'^.  and  then  r  is  the 
star's  hour  angle  increased  by  180°, 

The  diclination   nnd   hour  angle  are  bore  apjmntit^  tlmt   i^ 
aflected  by  n  fmotion,  &c*     If  we  wish  d  and  r  to  represent  tiit.. 
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geocentric  position  of  the  obeerved  point,  we  may  apply  tlie 
corrections  for  refraction,  &c.  to  (/  and  t. 

K  we  prefer  to  distiuguish  the  cases  in  the  fommlse  tliemBelvee, 
we  shall  have — 

Jbr  circle  preceding : 

^  =r  ci  -f-  Arf  —  y  cos  (r-^d) — e  (sin  ^  eos  ^^ cos  ^  Bin  3  cos  r)  | 

T  =  <  +  Af  —  j^  sin  (r  —  i9 )  tail  3  -\-csGQd  —  i  tan  J 

-\-  €  (sin  f  tan  a  -|-  tos  f  cos  r) -\-  e  cos  y»  sec  ^  sin  r 

]     (259) 
JFbf  circle  following : 

180*— ^=t?  +  A(i+7'C08(T— i9)  +  e(8in^co8^— cosfsindcosT)^ 
180'*+T=t  +  At  ^7'sin  (r— 1?)  tan  il  —  c  sec  <J  +  « tan  ^ 

—  e  (sin  f  tan  ^  -f  cos  9?  cos  ")  +  e  cos  tf  sec  5  sin  r 

in  which  5  and  r  will  always  denote  the  declination  and  hour 
angle  of  the  star  reckoned  in  the  usual  manner. 

ADJUSTMENT    OF   TUE    EQUATORIAL   INSTRUMENT. 

251.  The  adjuBtincnt  of  the  instrument  with  respect  to  the  pole 
of  the  heavens  consists  of  two  operations:  Ist,  In'inging  the  hour 
axis  into  the  plane  of  the  meridian,  and,  2d,  giving  tins  axis  an 
elevation,  with  respect  to  the  horizon,  equal  to  the  latitude  of  the 
place. 

For  a  rough  preliminary  adjustment,  place  the  declination  axis 
in  a  horizontal  position,  and  move  the  stand  until  the  telescope 
points  to  a  star  at  tlie  computed  time  of  its  meri*lian  passage. 
The  hour  axis  is  then  nearly  in  the  plane  of  the  meridian. 
Then  bring  the  declination  axis  into  the  plane  of  the  meridian  ^by 
revolving  the  instrument  upon  the  hour  axis  through  OO"^  hy  the 
hour  circle),  and  direct  the  telescope  upon  a  circunipolar  star  on 
the  six  hour  circle.  The  elevation  of  the  axis  slionld  be  ehanged 
80  as  to  make  the  star  appear  near  the  optical  axis  at  the  com- 
puted time  when  the  star's  hour  angle  is  equal  to  0\ 

For  the  final  adjustment,  the  outstanding  deviations  of  the 
instrument  must  be  found  by  properly  combined  observations  of 
stars,  taken  in  tlie  two  reverse  positions  of  tlie  declination  axis, 
by  the  methods  given  hereafter. 

The  position  of  the  polo  of  the  instrnment  with  respect  to  the 
pole  (»f  the  heavens  may  he  expressed  by  the  two  quantities 

e  =  r  <^osd-  ij  =  ^^  siu  ^  (2G0) 

which  arc  the  distances  of  the  pole  of  the  instrument  from  the 
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eix  hour  circle  and  from  the  TTiGridiaii,  respectively.  According 
to  our  defiuition^  of  j-  and  §^  a  positive  value  of  ?  will  indicate  that 
the  iostruTHcntal  pole  is  nbove  the  true  pole,  and  a  positive  value 
of  iy  will  indicate  that  the  pole  of  the  instrument  is  west  of  the 
meridian,  I  proceed  to  consider  the  methods  of  finding  the^ 
quantities,  as  well  as  the  other  instrumental  constants. 

252.  To  fiml  f . — The  most  simple  method  is  to  observe  the 
declinations  of  knowii  stars  at  their  culmination  in  both  positions 
of  the  declination  axis,  and  to  compare  the  instrumental  values, 
corrected  for  refraction,  with  tlje  true  declinations  found  from 
the  best  catalogues  or  ephemerides.  By  the  instiuimentat  values 
we  shall  hereafter  understand  the  valuer  inferred  directly  from 
the  rcadinirs  (d)  of  tlie  circle. 

As  the  two  observations  in  reverse  positions  of  the  declination 
axis  cannot  both  be  absolutely  in  the  meridian  (unless  obsscn'a- 
tions  on  difterent  days  are  combined),  one  of  them  is  taken  a 
few  seconds  before  the  meridian  passage,  and  the  other  a  few 
seconds  after  it.  In  consequence  of  the  great  facility  with  which 
even  the  largest  equatorial  instnnnent  can  be  reversed,  the 
interv^al  between  the  t^vo  observ^ations  will  be  so  small  that  the 
mean  of  the  two  values  of  cos  (r  —  «?)  will  he  sensibly  tlie  sarna 
as  cos  e?,  r  being  a  very  small  f|Uiintity  with  opposite  signs  for 
the  two  observations.  Hence,  we  shall  have  for  each  pair  of 
observations  on  a  star,  by  putting  r  ^^  0  in  (-^iii*). 


180* 


d  =r  r/,  -f  Af^  —  ^  —  e  8in  (f  —  3) 

-^  d  =^  </,  -f  A(/  -f  e  +  e  sin  (^  —  d) 


where  d^  and  d^  are  the  circle  readings  in  the  two  positions.     Tlie 
half  sum  of  these  equations  gives  tlie  index  correction  of  the 

declinatjon  circle, 


Their  half  diflerence  gives 

f  +  e  8in(y  —  «)  =  90**^  J  (d^^d;)  —  ^ 


If  we  put 


D  will  bo  the  mean  of  the  iiiatrumental  values  of  the  declknatioiit 
as  inferred  from  the  two  readings,  whatever  may  be  the  mode  in 
which  the  circle  is  graduated.  A  number  of  stars  being  tliiid 
observed,  wc  shall  have  the  equations  of  condition 
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e  +  e  Bin  (^p  —  d  )  c^  jD  —  d 

e  +  e  sin  {jp  —  r')  =  iy*—  r' 

whieli,  treated  by  the  method  of  least  squares,  will  give  botli 
f  and  c\ 

Example. — The  declinations  of  ten  stars  were  observed  by 

Otto  Struve  with  the  equatorial  telescope  of  the  Pulkowa  Obs^ser- 

vatory,  1840,  June  22,  according  to  the  preceding  method,  and 

Hbe  values  of  Z>,  corrected  for  refraction,  were  as  in  the  following 

table.     The  vainer*  of  S  for  the  gtars  1,  4,  5  and  8  were  taken 

from  the  Nautical  Atmanae,  for  2,  3,  and  7  from  Argelander*s 

Catahgue^  and  for  6  and  9  from  Airy's  Catalogue  for  the  year 

1840.     The  hititude  employed  in  cornpoting  the  coefficient  of  e 

[is  ^==59°  46'. 3*      The  degrees  and  minutes  of  5,  omitted  to 

I  save  room,  are  the  same  as  those  of  D.     In  order  to  apply  the 

same  formula  to  the  stairs  observed  below  the  pole,  we  have  only 

fto  employ  the  supplements  of  their  declinations  instead  of  the 

I  declinations,  that  is,  to  reckon  them  over  the  pole.     (Ail*  128.) 


Stars. 

Instx.  dM.  =  D. 

f 

Eqaations. 

V 

1.  /i  Sagittarii 

—    21" 

5'  55".5 

40".6 

—  14".9  =  f  +  0.99e 

—  5".4 

2.  7  Serpfntia 

—      2 

56  23  .8 

3  .4 

—  20  .4  =  f-|-0.8flf 

—  7  .7 

3.  »  Serpentis 

+      3 

59  47  .1 

69  .5 

—  12  .4  =  e+0.83f 

+  2  .2 

4.  C  AquihB 

13 

37  34  .6 

48  .3 

—  13  .7  =  ^  +  0.72.' 

+  4  .4 

6.  a  Lyra 

38 

37  47  .1 

70  .4 

—  23  .3  =  ?  +  0.36e 

+  6  .2 

6.  K  Cij'jni 

53 

3  55  .5 

83  .6 

—  2S  .1  =  ?  + 0.12c 

+  9  .0 

7.  iDraconis 

67 

21  51  .6 

99  .7 

—  48  .l  =  e  — 0.13c 

—  3.  1 

8.  S  Ursa'  Min. 

86 

34  22  .6 

81  .2 

—  58  .6  =f  — 0.45c 

—  3  .4 

9.  2L]fnci»,s.p. 

120 

55  12  .0 

79  .9 

—  67  .9  =  ?  — 0.88e 

+  0  .9 

10.  S  AurigoffS. p. 

124 

19    4  .5 

76  .9 

-72  .4=f  — 0.90<f 

—  3  .0 

The  solution  of  these  10  equations  gives 

t  ^  —  40". 9  with  the  probable  error  t 
e  =  ^  31"  J    **      "  ''  ^*     : 

The  last  column  gives  the  residuals  v  after  tli 
these  values  in  tlie  10  equations.     From  these 


e  ftubstitution  of 
residpals  we  find 
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the  prolialjle  error  of  a  single  equation  to  be  3",9,  which  U  com- 
posed of  the  error  of  observation  and  the  error  in  the  starts  decli- 
nation, Thig  degree  of  aeeuracy  in  the  determination  of  aht»o- 
hite  declinations,  witli  an  equatorial  instrument  of  such  dtmen* 
sionR,  is  surijrisiug,  and  is  a  striking  proof  of  the  perfection  of  iU 
workmanship.  At  tlie  same  time  we  pereei%^e  that  verj-  cruda 
determinations  will  be  obtained  if  we  neglect  the  flexure. 


253.  To  find  ij.— This  will  he  found  by  comparing  the  instru- 
mental hour  angles  of  different  etara,  near  the  meridian,  with  the 
obncrved  clock  timcfl  of  their  transits*  over  a  given  thread.  We 
shall,  at  the  same  time,  find  the  instrumental  constants  *  and  ^, 
and  tlie  index  correction  of  the  hour  circle. 

We  shall  suppose  the  thread  on  which  the  stars  are  to  be 
observed  to  be  phiced  in  tlie  direction  of  a  circle  of  declination, — 
that  is,  as  a  transit  thread, — and  to  bo  in  the  optical  axis  of  the 
telescope.  Tliis  optical  axis  may  he  defined  to  be  the  line 
drawn  through  the  optical  centre  of  the  objective,  and  the  centre 
of  the  position  circle  of  the  micrometer:  consequently,  when  the 
thread  is  revolved  180^  by  this  circle,  it  should  still  pass  througli 
the  optical  axis.  As  the  thread  may  not  i»e  precisely  adjusted 
in  this  respect,  the  error  is  to  he  eliminated  by  combining  two 
observations  taken  in  these  two  positions  of  the  thread.  Two 
such  pairs  of  observations  are  to  be  taken  on  each  star,  one  pair 
with  circle  preceding,  and  one  with  circle  following.  A  second 
stan  in  a  widely  different  declination,  being  observed  in  the  8ame 
manner,  we  shall  have  all  that  is  required  for  the  determination 
of  our  constants.  If  we  observe  a  greater  number  of  stars,  we 
can  treat  the  observations  by  the  method  of  least  squared. 

Supposing  two  stars  to  be  observed,  one  near  the  pole  and  the 
otlier  near  the  equator,  the  observations  should  be  symmetrically 
arranged  according  to  the  following  schedule,  in  wbich  the  posi- 
tion I  denotes  circle  preceding,  and  II  circle  following,  and  the 
letters  a  and  //  refer  to  the  two  positions  of  the  transit  thread  for 
the  two  readings  of  the  position  circle  differing  by  180^.  We 
should  endeavor  to  make  the  mean  of  the  times  of  the  foor 
observations  on  a  star  coincide  very  nearly  with  the  instaut  of 
it3  meridian  passage. 
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SUr. 

Position. 

Gock.        Means. 

Hour  circle.  Meane. 

1st  Star 

R.A.  =  a 

J)ecl.  =  8 

I.    a. 

b. 
II.  b. 

a. 

Mean  = 

?; 

Mean  =    t^ 

2d  Star 
R.A.  =  .' 
Decl.  =  i' 

II.  a. 
b. 

I.     b. 
a. 

Mean  = 

^f.' 

Mean  =    f^ 

The  observations  being  very  near  the  meridian,  the  flexure  of 
the  telescope  (e)  has  no  sensible  effect.  That  term  of  the  flexure 
(e)  of  the  declination  axis  which  is  multiplied  by  tan  8  may 
become  sensible  for  stars  near  the  pole,  but,  as  it  ^vill  always  be 
combined  with  i,  it  will  be  convenient  to  put 

ij  =1  —  €  sin  ^  (261) 

The  term  e  cos  <p  cos  t,  which  is  always  less  than  e,  will  be 
practically  unimportant,  and  will  here  be  neglected.  A  method 
of  determining  e  will,  however,  be  given  hereafter. 

With  this  notation  we  find,  by  putting  r  =  0  in  the  second 
member  of  (259),  for  the  observation  at  the  clock  time  jT^, 

Tj  :=  fj  +  Af  +  ly  tan  ^  +  c  see  ^  —  \  tan  d 
and  if  A  r  is  the  clock  correction,  we  have  also 

Hence,  by  putting 

;i  =  At  — aT 
we  deduce 

Tj  tan  ^  +  c  sec  ^  —  i,  tan  d  =  2^  —  fj— a  —  A 

In  the  same  manner  the  observation  at  the  clock  time  T^  gives 
ij  tan  d  —  c  see  ^  +  i^tan  ^  =  T^ —  f, —  a  —  X 
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and  from  these  two  equations,  with  the  notation  of  the  above 
Bchedule, 

c  Bee  ^  -  i;  tan  a  =  K(^i  -  ^J-C^-O] 

The  second  star  gives,  in  the  same  manner, 

r^tan  3'=  T^—t^^a'  —  X 
c  sec  ^'-  I,  tan  ^'=  i  [(T/-  r;)_(r/^^,0] 

By  coniliiiiing  the  two  equations  in  tj^  we  have,  therefore,  the 

following  three  equations: 


7i  (tan  J  -  tan  .J')  ^{T,^  T;)  -  {t^  -  t,')  -  (a 
csec  J  ^  t;  tan  ^  =  J  [(f.  -^  g  -  {T,  -  T,)] 
c  sec  d'  ^  *;  tan  *J'  =  ^  [(t/-  t/)  -  (T/-  T/)] 


-0 


2) 


which  determine  :y,  f^,  and  c  from  the  observed  clock  times  aiil 
the  readingr^  of  the  hour  circle. 

We  can  then  find  the  value  of  f.  by  the  formula 

A  ^  r,  —  f^  —  a  —  1?  tan  *J  =  r;  —  V  -^  o'  ^  iy  tan  d'    (2 

and  finally,  if  the  clock  correction  is  otherwise  known^  the  indexH 
correction  of  the  hour  circle,  by  the  formula 


^t  =  aT  +  X 


C2&4) 


Example. — The  following  observations  were  takon^ , 
to  the  above  method,  with  the  equatorial  of  the  Pulkowa  Obeer 
vatoi^%  on  June  3,  1840. 


<5  l/rsm  Min,  I.  a. 


ii,Lytm         IL  a. 


Clock  Wmm. 


%   88:2}  ^.=18  28    22. 


r,=18  26    81 .8 


41  w:S}'''-^**"  =^" 


H«wcifd4L 


60    8 
0    S    66.0 


r,  ^  0    I   83  .n 


V=    0     6    S4.S 

The  places  of  the  stars,  according  to  the  5?'autical  Almanac, 
were — 

aXyrcc  a' =18  31    34.0        ^^  8S    38.1 
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Hence  our  equations  (262)  become 


15.97iy  =  +  15*.6 
16.80  c  — 16.77  ti  =  — 17.2 
1.28  c—    0.801,==—    1.75 


whence 


^  =  +  0*.98  : 

i,  =  —  0'.92 


+  14".7 
c  =  —  1'.94 


The  values  of  i\  and  c  are  here  not  separately  so  well  determined 
as  they  would  be  if  the  second  star  were  nearer  to  the  equator. 
Their  difference,  however,  i^—  c  =  +  1'.02,  is  accurately  deter- 
mined by  the  first  star.    We  next  find,  by  (263), 

A  =  —  23'.4 

and  if  the  clock  correction  is  aT=  +  20*. 0,  the  index  correction 
of  the  hour  circle  is,  by  (264), 

At  =  —  3'.4 

To  give  the  reader  some  idea  of  the  stability  of  a  large  equa- 
torial properly  mounted,  I  will  here  give  the  values  of  f  and  ijj 
together  with  the  coefficient  of  flexure  of  the  tube  (e),  determined 
by  the  above  methods,  for  the  Pulkowa  instrument  during  a  year. 
They  are  taken  from  Struve*s  Description  de  V  Observatoire  Central^ 
p.  204,  only  changing  the  signs  of  f  and  rj  to  agree  with  the 
preceding  notation : 


1840,  May  15 
June    3 

u  22 
July    3 

u  24 
Aug.  9 
Sept.  24 

"  26 
Nov.  10 
Dec.  26 

1841,  Mar.  15 

Means  —  45 
Vol.  IL— 25 


f 

e 

—  41".2 

+  32".6 

—  46  .4 

+  21  .7 

—  40  .9 

+  31  .7 

—  54  .3 

+  19  .0 

—  48  .8 

+  34  .2 

—  43  .0 

+  36  .2 

—  43  .2 

+  21  .7 

—  53  .0 

+  37  .2 

—  38  .5 

+  35  .4 

—  44  .1 

+  29  .3 

—  48  .5 

+  25  .5 

V 

1840,  April  17 

+  18".9 

«  28 

+  14  .8 

Jane  3 

+  14  .7 

Jnly  24 

+  10  .2 

Sept.  24 

+  10  .8 

Nov.  3 

+  4  .4 

Dec.  26 

+  11  .4 

1841,  Mar.  15 

+  15  .2 

Mean  +  12  .5 


.1       +29  .5 
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The  temperature  during  this  period  varied  from  —  22°  to 
Pakr.      The   conataucy   of   the    coefficient  of   flexure   for  theJ 
eictremee  of  temperature  is  as  remarkable  as  the  stability  of  thB\ 
axis. 


254,  B}"  the  preceding  method  of  finding  ay  we  also  find  the 
constants  ^  and  c;  but  we  can  fijid  ij  independently  of  these 
constantfi  by  obser^ang  the  declinations  of  stars  on  the  six  hour 
circle.     When  t  ==^  zh  6^^  we  have,  by  (269), 

S  :=^  D  ^  Tj  —  cBin  f  cos  if 

where  D  is  the  mean  instruraental  deelinatiou  from  tiie  ol 
readings  in  the  two  positions  of  the  instrument  (the  two  abser^l 

vation.'^  being  taken  in  quick  succession  very  near  the  six  hour] 
circle,  and  one  on  each  side  of  it).     If  we  put/?  =^  i)  —  J,  wfl 
shall  have  the  equation  of  condition 

lb  1?  +  e  sin  f  cos  <J  =  p  (^^Y 

and  from  a  number  of  equations  of  this  kind  the  values  of  ay ; 

e  will  be  found. 

If  the  same  star  is  observed  both  at  r  —  +  6*  and  r  —  —  6*, 
we  shall  have,  for  the  two  observations, 


ij  +  ^Bin  ^  cos  <?  ==pj 
—  Tj  '\-  e  sin  f  cos  ^  =  p. 


(2 


in  which  7)1— 'pj  will  be  the  difference  of  the  observed  instru* 
mental  declinations,  corrected  for  any  difference  of  refraction 
that  may  result  from  changes  in  the  meteorological  instrument 
in  the  interval  betv\"een  the  observations. 

But  it  is  not  always  possible  to  observe  stars  on  the  six  he 
circle  in  botli  positions  of  the  instrument,  the  pier  or  stand  inteivl 
fering  with  one  of  the  positions  for  stars  within  a  certain  dtiibuiM| 
of  the  pole.     We  must  then  find  D  from  a  single  ob^crvalioii 
by  applying  the  index  correction,  previously  found  from  mcridiJii 
obsen  ations  by  Art.  252.     Tlie  equations  formed  from  snch 
obsen^ation  should  have  a  weight  of  only  one-half  in  combiuini 
the  equations  according  to  the  method  of  least  squares, 

255.  Both  ^  and  )j  can  be  found  in  a  general  manner  i 
observations   upon  different  stars,  without  limiting  the  ol 
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vations  to  the  meridian  or  the  six  hour  circle.  If  each  obser- 
Tation  of  a  star  ia  complvk^ — tliat  is,  coiisist-^  of  the  mean  of  two 
observations  i!i  the  two  positions  of  the  declination  axis, — we 
shall  have  for  this  mean 

^  =  D  —  r  ^^^i'  —^  •^)  —  Be 

r  ^  e  -h  A?  —  r  ein  (r  —  d)  tan  d  -f  B^e 

in  wbieh  B  and  iJ'  are  the  coefficients  oi  e  in  (259).  Developing 
©in  (r  —  d)  and  cos  (r  —  e?),  we  iind 


Af 


f  cos  T  -|-  iy  sin  r  -\-  Bf=^  D  —  ^ 

I  sin  r  tan  ^  +  i?  cos  r  tan  d  -|- 


Ivlf-V}  '■^ 


and,  from  a  sufficient  number  of  such  equationsj  a^,  c,  ^,  and  e 
will  be  determined, 

256.  Again,  f  and  tj  may  be  fonnd  from  $mgle  observations, — 
that  is,  observ^ationa  in  but  one  of  the  positions  of  the  declination 
axis, — ^by  obsorvmg  each  star  twice  at  very  difierent  liour  angles. 
We  shall  have  for  two  observations  of  the  same  star  at  the  hour 
angles  Tj  and  r^,  circle  preceding  in  both  observations  or  follow- 
ing in  both, 

r, =f J  -f  Af  —  c  sin  Tj  tan  <J  -f-  ij  cos  Tj  tan  (5  ^  c  see  <J  q^  f  tan  d±:A^t-\-  B^e 
T,=<^,+ Ai  —  $  sin  T^  tan  ^  +  ?^  cos  r,  tan  ^  zb  c  sec  tt  t  i  tan  d  ±:  A^t  -j-  B/ 

where  the  signification  of  A  and  B  is  apparent  from  (259),  The 
diiference  of  these  equations  gives 

— ^(sinr,— sinrjtan  J+iy  (cos  r^— cost)  tan  ii±.{A^-~A^  c+  {B^—B^)  e^ 

Now,  suppose  one  series  of  observations  in  which  each  star  is, 
observed  at  equal  or  very  nearly  equal  distances  from  the  meri- 
dian,  east  and  west;  this  equation  will  then  be  reduced  to  the 
form 

^—  f  sin  T  tan  ^  +  e  ooa  f  sec  d  sin  r  =^  q  (268) 

and  from  the  whole  series,  embracing  stars  of  very  different 
declinations,  f  and  e  will  be  determined* 

Suppose  another  series  in  which  each  star  is  observed  at  or 
very  near  to  its  upper  and  lower  culminations :  the  equation  will 
take  the  form 


—  7  tan  ^  ^  t  cos  ^  =  y 


(269) 
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This  series  will,  tlierefore,  determine  tj  and  f.  The  upper  sign 
^ill  here  be  iisetl  for  a  series  m  which  the  circle  is  west  of  the 
meriflian  at  the  upper  cuhninatioiis  and  east  of  the  meritlian  nt 
the  lower  culminatioiis.  This  appears  to  be  the  most  simple  and 
Batisfaetorv  nietliod  of  finding  the  flexure  t  of  the  ileclinaitioa 
axis.     Another  method  will  be  given  io  the  next  article. 

257.  All  tlie  preceding  methods  of  determining  the  instru- 
mental eonstantti  depend  upon  the  aceuniey  of  the  grsuluatioms 
t>f  tlie  two  circles  of  the  instrument.  Let  us  inquire  how  far 
it  is  possible  to  detemiine  these  coni^tants  independently  of  the 
circles,  or  without  involving  their  errors,* 

First — The  inelLnation  90*^  —  c  of  the  telescope  to  tlie  hour 
axis  can  be  separately  determined,  independently  of  the  other 
constants^  as  follows.  Bring  the  telescope  into  a  horizontal 
pOHition  in  the  plane  of  the  meridian,  the  declinatic»n  axis  heinp^ 
then  also  lioris^ontaL  Place  two  coUimating  telescopes  io  the 
protongation  of  the  optical  axis,  one  north  and  one  Bouth, 
and,  (lirecting  them  towards  each  other,  bring  the  croe^  threads 
in  their  foci  into  optical  coincidence  (the  e4Uatorial  telejacope 
being  for  tliis  purpose  temporarily  moved  out  of  the  line  joining 
the  collimators  by  revolving  it  about  the  hour  axis).  Then, 
bringing  the  telescope  upon  one  of  the  coll tniators,  and  clarupin|^ 
the  hour  circle,  measure  Avith  the  micrometer  the  distatica 
between  the  fixed  thread  that  nnirks  the  optical  axis  and  the 
cross  thread  of  the  collimator.  Kevolve  the  telescope  upon  the 
declimition  axict,  and  niea.surc  the  distance  between  its  optical 
axis  and  tlie  cross  thread  of  the  other  collimator.  The  diflVretice 
of  the  t\^^u  micrometer  meafiurea  is  the  value  of  2<?.  To  elimt* 
nate  any  eccentrieity  of  the  fixed  threat!  with  respi»ct  to  the 
optic4il  axis,  let  each  observation  on  a  collimator  be  the  incjin  of 
two  t4iken  \n  revei'se  p€>sitions  of  the  thread  corresponding  ta 
readings  of  the  position  circle  diifering  180*^,  This  metliod  ie 
identical  in  principle  with  the  process  given  for  tlie  inui«it 
instniment,  and  more  fully  explained  ui  Art,  145.  lufitead  of 
one  of  the  collimatoi's,  a  distant  terrestrial  point  may  be  od^ 

We  may,  at  the  same  time,  deternnne  the  flexure  t  of  the 
telescope,  with  the  aid  of  the  declination  circle,  but  without 
involving  its  errors  of  division  (Art.  204), 
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Second, — An  equation  fnr  determining  the  inclination,  90°  —  /, 
of  the  derl illation  nnd  hour  axcB,  can  he  obtaincj  from  the 
observation  of  the  transits  of  two  different  f^tars  in  the  same 
fixed  position  of  the  declination  axis,  that  18,  with  the  hour  circle 
clamped  at  any  assumed  reading.  If  r  and  r'  are  the  apparent 
hour  angles  of  the  stars,  and  T,  T^  the  sidereal  clock  times  of 
the  transits  (corrected  for  clock  rate)^  tlie  diticreuce  2^^  uf  these 
hour  angles  will  be  known  by  the  formula 

where  r  and  r'  are  the  corrections  of  r  and  r'  for  retraction  ;  and, 
as  the  ditterence  is  very  small,  we  may  use  r  for  r'  in  the  second 
member  of  (259):  hence,  if  the  circle  precedes,  we  shall  tind 
for  this  difference  the  expression 


2  q  ^  —  [J-  sin  (r  —  »!^)  -f  i  —  £  sin  ^]  (tan  J^  - 
-j-  {c  -f  e  COS  ^  sin  t)  (sec  5'  —  sec  J) 


taa  ^) 


Uow  reverse  the  declination  axis,  setting  the  hour  circle  at  a 

reading  differing  12*  from  the  former  reading,  and  repeat  the 
observation  on  the  same  stiirs  cm  the  following  day.  We  shall 
then  have,  in  the  same  manner, 

2  ^  =  —  0  sin  (r  —  i9)  —  i  -{-  t  sin  f}  (tan  <J'  —  tan  d) 
—  {€  —  e  cos  ^r'  sill  r)  (sec  5'  —  sec  ^ 

The  half  difference  of  these  equations  is 

ff  —  q  ^  (i  —  f  sin  (p)  (tan  o'  —  tan  S)  —  c (sec  5'  —  sec  «?)  (270) 

from  which,  c  being  previously  known,  we  fmd  the  value  of 
I  —  £  sin^.  The  liour  circle  is  here  used  only  to  set  the  instru- 
ment approximately  in  the  re%'erse  position,  and  aotliat  the  values 
of  r  in  the  second  members  of  all  the  equations  may  be  regarded 
as  equal  to  each  other  in  the  computation  of  tlic  small  terms. 
We  thus  find  the  eond)ination  i  —  £  sin  f  independently  of  the 
circle  reading:  but  we  eaniiot  sepande  /  without  sueh  reading. 

Third, — The  (|utmtitics  c  and  ^  may  he  found  independently 
of  the  reading  of  the  circles  by  observing  the  same  star  at  its 
upper  and  lower  culminations,  and  also  at  its  east  and  west 
transits  over  the  six  hour  circle,  without  revolving  the  telescope 
upon  the  declination  axis,  and  measuring  the  distance  of  the  star 
in  declination  from  the  sight  line  with  the  micrometer^     Thus, 
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for  r  =  0  and  r  —  180^,  tlie  reading  of  the  declination  circle 
being  constant,  and  /^  and  f^  the  micrometer  distances  of  the 
Btar  from  the  eight  line  in  the  two  observations,  Tj  and  r,  the 
refractions,  and  B  the  true  declination,  we  have 

a  —  f  J  ^  ff  -f  Ati  +  /^  —  $  —  c  (sin  ^  C08  ^  —  co«  f  Bin  ^) 
J  +  r.  ^4-f  A(/+/5,-|"$  —  e  (ein  ^  cos  ^  -f  coa  f  sin  S) 

and  the  difference  of  these  equations  gives 

e  =  i  (/i  -/.)  +  H^  +  O  H-  ^  coe  ^  fiin  *  C2n) 

For  T  ^  90°  and  r  =  270°,  we  have 

a  +  fj  =  d  +  Arf  +  /i  —  17  —  e  sin  f  cos  a 
5  +  r.  =  <f  +  Aci  +  /a  +  1?  —  e  sin  f  cos  ^ 

in  which  Tj  and  r^  will  be  equal  if  no  change  in  the  meteoro^ 

logical  histrumcnts  has  occurred.  The  difference  of  these  equa- 
tiouB  gives 

258.  A  precise  determination  of  the  constants  would  be  re- 
quired if  the  instrument  were  to  be  u*^ed  for  determining  abso- 
lute hour  angles  and  declinations.  But  \^o  large  an  instrument 
is  liable  to  he  so  much  alFected  by  its  own  weight  and  by  changes 
of  temperature  that  we  could  not  rely  upon  the  constancy  of 
its  condition  for  the  intervals  of  time  that  must  neeesiaarily 
elapse  between  the  determinations  of  it^  ernirs  and  it^  applioi^ 
tion  to  the  observation  of  absohite  positions  of  stars.  Uence  itn 
chief  application  is  to  the  measurement  of  small  di^erntaji  of 
right  ascension  and  deelination*  or  of  distance  and  position  angle 
of  two  stars  with  its  micrometer.  The  advantages  of  the  equa- 
torial system  of  mounting  for  this  application  are  obvious. 

The  methods  of  conducting  these  micrometer  obsi*rvatlo!i^  aro 
discussed  in  the  next  chaptei\ 
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CHAPTER  X. 


MICROMETRIC  OBSERVATIONS. 


1  SHALL  confine  DijBelf  to  tlioae  micrometei's  which  have  been 
most  generally  approved  by  astronomerB,  either  for  tbeir  con- 
venience or  their  accuracy,  and  which  are  more  or  less  iii  com- 
mon use  at  the  present  day, 

THE    FILAK    MICROMETER. 

259.  This  haa  already  been  fully  described  in  Chapter  n., 
where  also  the  methods  of  finding  the  angular  value  of  a  re- 
volution of  the  screw  have  been  given.  Those  applications  in 
which  this  micrometer  is  but  an  aiuiliary  of  some  principal  instru- 
ment— as  in  the  transit  instmnient,  meridian  circle,  &c. — have 
already  been  treated  of  nnder  their  appropriate  heads.  "We  are 
here  to  consider  it  as  the  principal  instrument,  and  the  telescope 
m  the  auxiliary:  consequently,  we  are  to  suppose  the  tele- 
scope to  be  mounted  with  special  reference  to  the  convenience 
of  micrometric  observations,  or,  in  shorty  to  be  an  equatorial 
telescope.  We  also  suppose  it  to  be  furnished  with  a  position 
circle,  constituting  it  a  position  mieromeier  (Art.  49). 


TO    FIND  THE   DISTANCE  AND    POSITION   ANGLE  OP  TWO    STAHS*  WITH 
THE   FILAR   MICROMETER. 

260.  With  the  equatorial  mounting,  the  telescope  can  be 
readily  directed  to  the  stars  at  any  time  by  setting  the  circk^s  to 
the  known  hour  angle  and  declination  of  the  middle  point 
between  the  stars.  Moreover,  the  automatic  movement  of  this 
instrument  (by  the  driviDg  clock),  by  means  of  which  the  stars 

*  I  8»y  "ilATs/'  in  general,  for  brevity;  but  the  methods  given  arc  obvjously 
Applicable  to  tlie  meaaurement  of  the  distance  and  position  nngle  of  any  two  near 
poiDi8p  us  the  cuBps  in  a  solar  eclipBO,  or  to  tJio  measurement  of  apparent  semi' 
dUmeters,  &e. 
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are  kept  in  a  constant  position  in  the  field,  is  indispensable  for 
the  exact  measurement  of  their  distance  and  position  angle. 

The  micrometer  18  to  he  revoh^ed  until  itjs  transverse  thread, 
which  IS  parallel  to  the  screw,  passes  through  the  two  stars. 
The  zero  of  the  position  circle  {Le,  the  reading  when  the  trans- 
verse thread  is  in  the  direction  of  a  circle  of  declination)  being 
known  =  P^,  and  F  being  the  reading  upon  the  gtars^  we  have 
at  once  the  required  position  angle  />,  by  the  formula 


p^P-P. 


(273) 


The  distance  of  the  stars  is  measured  at  the  same  time,  by 
placing  the  fixed  micrometer  thread  (which  is  periiendicnlar  to 
the  transverse  thread)  upon  one  of  the  star's,  and  the  movable 
thread  upon  the  other.  The  reading  of  the  micrometer  now 
being  3f  (revoUitions),  aod  ita  zero  for  coincidence  of  the  thrcadft 
being  M^y  the  required  distance  in  revolutions  of  the  micro* 
meter  is 

m  =  M^M^  (2T4) 

If  R  is  the  value  of  a  revolution  in  seconds  of  arc  (Arts,  42,  43, 
&c.),  and  s  —  the  observed  distimce  in  arc,  we  tlien  have 


tan  j  a  =  m  tan  R,        or,  nearly,        a  =  mM 


im) 


The  distance  m  may  also  be  found  by  placing  the  same  thread 
successively  upon  the  stars  and  taking  the  difference  of  the 
micrometer  readings,  thus  ditipensitig  with  (he  fixed  tliread  and 
witli  the  determination  of  M^*  It  will  be  still  better  to  use  two 
movabU*  threads  whose  constant  distance  is  known>  aa  will  bo 
illustrated  in  Art,  2G5. 

In  this  process,  we  should  bring  the  images  of  tlio  staiB  on 
opposite  sides  of  the  middle  of  the  field,  and  at  verj*  nearly 
equal  distances  from  it.  The  position  angle  measureil  is  then  the 
angle  between  the  arc  joining  the  stars  and  tlie  circle  of  UeeK* 
nation  drawn  to  the  midille  point  betw^een  the  stam.  Both  the 
distance  and  position  angle  thus  observed  are  apparait;  the  effect 
of  refraction  will  be  considered  hereafter. 


261.  Cvrrcction  of  the  obserced  position  anglefor  the  errors  of  the 
equatori(d  instrumaiL — The  preceding  process  would  be  complett^ 
if  the  xero  of  the  position  circle  always  corresponded  to  that 
position  of  the  transvei'se  thread  in  which  it  coincided  with  a 
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circle  of  deelinatioii*  The  atljiistment  described  in  Ait.  49 — 
namely,  plaeiiig  the  niicromett^r  thread  t^o  that  an  er|Hjttorial  Mni 
in  the  meridian  nuis  along  the  thread — as.sumes,  lf?t,  that  the 
micrometer  thread  is  perpeudiciilar  to  the  traiiBverse  thread,  and, 
2d,  that  the  e(|iiatorial  instrument  is  in  perfoet  adjnstnient  in  all 
respect'?,  fto  that  the  transverse  tliread,  onee  adj Tinted  to  the  meri- 
dian, will  remain  in  the  direetion  of  a  circle  of  declination  in  all 
other  jKKsitious  of  the  teleseoiie* 

The  first  sonire  of  error  is  avoided  by  ad j uniting  the  transverse 
thread  independently  of  tlie  micronieter  threads.  This  will  be 
most  readily  done  by  directing  the  telescope  npon  a  distant  ter- 
restrial point,  and  revolving  the  micrometer  until  a  motion  of  the 
telescope  upon  the  declination  axis  alone  causes  the  point  to 
move  exactly  along  the  thread.  The  thread  then  represents  a 
declination  circle  of  the  instrnmcnt,  or  rather  a  circle  whose  pole 
is  that  of  the  declination  axis;  and  we  take  the  reading  F^  in 
this  position  as  the  zero  of  the  position  circle. 

Tlie  second  scmrce  of  error  is  next  to  be  removed  by  computa' 
iiorif  baaed  upon  the  actual  state  of  the  instrnmcnt.  The  distance 
of  the  stars  is  correctly  obtained  independently  of  the  errors  of 
the  equatorial  adjnstment,  and  we  therefore  have  only  to  inves- 
tigate the  eflect  of  these  errors  npon  the  position  angle.  The 
adjustment  of  the  thread  by  the  method  just  described  causes 
the  thread  to  be  at  right  angles  to  the  arc  QS^  Fig.  54, 
which  joins  the  pole  of  the  declination  axis  and  the  Q 
Btar.  If  F  is  the  celestial  pole  and  ).  is  the  required 
correction  of  the  observed  position  angle,  we  have 
the  angle  QSP  =  90*=  —  L  Let  P'  be  the  pole  of  the 
instrument,  and  put 

qSF'  ^  W  —  0,  F8F'  ==  y 


Fig.  54. 


we  shall  then  have 


q-YQ. 


The  triangle  QSP'  gives,  with  the  notation  of  Ai't.  245, 

,     ^       ein  I  —  sin  c  sin  d* 

sin  Q  = 

cos  c  CU8  a 

or,  with  sufficient  precision, 

Q  =  1  9CC  d  —  c  tan  ^ 
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To  take  the  flexure  of  the  declination  axis  and  telescope  into 
account,  we  see,  by  Ait.  246,  that  we  must  increase  i  by  the  cor- 
rection di  ^  —  £  sin  (p,  and  c  by  the  correction  de  ^^  e  cos  f  Bmr, 
Hence,  putting,  aa  in  Art,  253, 


we  have 


ij  =^  I  —  e  Bin  (p 

Q  =  i\  sec  d  —  €  tan  d  -^  e  cos  f  tan  d  sin  r 

The  triangle  PSP%  with  the  notation  of  Arts.  245  and  247,  giTet] 

sin  ^sin  (r  —  ^) 


sin  q  =r 
or,  with  sufficient  precision, 


cos  d* 


^  ^  j^  Bin  (r  —  ^)  sec  d 

and  it  h  evident  that  the  flexure  produces  no  sensible  effect  upon 
this  angle.     We  have,  therefore, 

A  ==  ^  sin  (t  —  S)  sec  d  -{-  ij  sec  d  —  c  tan  ^  —  <?  cos  f  tao  ^sin  t  (276) 

This  formula  can  be  used  for  either  position  of  the  declination  \ 
axis  by  observing  the  precept**  of  Art.  248 ;  but  if  we  wii*h  to  let  1 

3  always  represent  tlie  actual  declination,  and  regard  (276)  as 
applieahle  to  the  case  in  which  tire  declination  circle  precadej*, , 
we  «hall  have,  lor  the  ca^^e  in  which  it  follows, 

A  =:  ^^  sin  (t  —  d)  sec  o  —  i^  sec  d  -\-  c  tan  ^  —  e  cos  ^  tan  <J  sin  r  (27C)  ' 

Tiic  value  of  3  must  be  that  which  belongs  to  the  middle  of 
the  field,  or  the  mean  of  the  apparent  declinations  of  the  twa| 
stars. 

The  po.iition  angle  resulting  from  the  observation  will  now  be 


P  =  F-P.  +  X 


K^}, 


262,  The  constant  e  expres^Ci*  the  angle  between  the  opticsl 
axis  and  the  axis  of  collimation ;  and  it  may  be  well  to  n^pett 
here  the  definitions  of  these  terms  as  we  liave  used  them*  The 
optical  axis  is  the  straight  line  drawn  through  the  optical  centre . 
of  the  objective  and  the  centre  of  the  position  cin.4c;  and  the 
axis  of  collimation,  the  straiglit  line  dniwn  tbmugh  the  o|»tieaI 
centre  of  the  objective  porticndicnlar  to  the  cleclination  axi** 
Kow,  the  transverse  thread  may  not  pass  through  the  optical 


riLAE   MICROMETER,  895 

axis,  but  may  have  a  certain  eccentrmh/ :  hence,  to  obtain  the 
position  angle  acconling  to  the  abn%a^  fornmhi  witli  the  ntmoBt 
rigor,  we  must  take  tho  nu^an  of  two  oli!?ervations  in  reversed 
positions  of  the  thread,  corresponding  to  readings  of  the  position 
cirelo  diftering  180'^. 

The  correction  ?.,  if  the  equatorial  adjustment  is  good,  will 
seldom  amount  to  one  minute  of  arc,  and  may  usually  be  disre- 
garded. The  importance  of  a  correct  determination  of  the  posi- 
tion angle  increases  with  the  distance  of  the  stars,  since  an  error 
in  this  angle  will  produce  errors  in  the  deduced  relative  right 
ascension  and  declination  of  the  stars  which  are  directly  propor- 
tional to  this  distance:  at  the  same  time,  the  greater  distiince  is 
favorable  to  accuracy  in  tlic  observatum  of  the  position  angle. 
The  field  of  the  filar  micrometerj  however,  is  small,  diminishing 
as  we  increase  the  magnifying  power  for  the  sake  of  increased 
accuracy  ;  and,  since  for  tliis  ol>^'ervation  both  stars  must  be  seen 
in  the  field  at  once,  we  are  obliged  to  use  low  powers  for  the 
greater  distances  (from  IW  to  20'),  and  thus  lose,  in  a  degree, 
tlie  advantage  which  the  increased  distance  would  otherwise 
afford.  This  dlffienlty  does  not  exist  in  the  use  of  the  helmneter^ 
for  which,  therefore,  a  greater  degree  of  refinement  in  the  deduc- 
tion of  the  position  angle  is  requisite,  and  the  above  correction 
becomes  of  greater  importance. 


Fig.  56. 


263.  JtahfcUon  of  the  observed  position  angle  to  ike  mean  of  the 
position  angles  at  the  two  stars, — Let  Smul  S\  Fig,  55, 
be  the  stars,  Ptlie  celestial  pole,  S^ihe  middle  point 
between  the  stars,  and  let  the  arc  SS^  be  pmduced 
throndi  the  sUir  *S^'  towards  ^4.     Let 


p'^PSA, 


:  PS' A, 


p  -  P.%A. 


It  IS  usual  to  assume  p  to  be  the  mean  of;/  and  /?", 
but  tor  large  distances,  aiul  when  the  stars  arc  near 
the  pole,  a  correction  becomes  necessary.    If  vre  put 

a,  d\  d^  ^  the  deelinatioiiB  of  5,  S%  S^ 
8  ^=  the  distance  SS\ 

the  triangle  PS^S  given 

COB  d  cos  p*  =  CO»  J  S  CDS  S^  COS  p  -f-  StU  ^  $  BID  d^ 

COB  d  sin  p'  ^  cos  ^^  sin  p 
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COS  d  sin  (p'  —  p)  ^  —  Bin  i  a  sin  ^„  sin  p  +  sin'  i  s  cos  ii^  sin  2  p 

cos  d  COS  {^'  —  p)  z=  cos  <Jjj  +  SID  i  «  sin  d^  cos  J?  —  2  sin*  i  s  cos  ^„  cos'/i 

and,  developing  sin  J  5  and  sin  J  5  in  series, 

COJ3  <5  sin  (y  —  2?)  =  —  J  5  sin  S^  sin  j?  +  j\  s' cos  ^^^  sin  2/)  +  4c. 
COB  J  COS  {p*  —  p)  =  COS  ^^  +  t]  ^  sin  ^,  cos  p  —  Ac. 

Dividing  the  first  by  the  second,  and  putting  for  tan  (/>'^  p)  its 

value  in  series,  we  lind 

f*  ^ p  ^  —  \^  tan  ^^  sin  p  +  ^^ s'sin  2j? (1  +  2 tan'^J  — il«*  -f  4e, 

Iia  like  manner,  the  triangle  PiSyiS' gives 

cos  5'  cos  //'  =:  cos  \  s  cos  t\  COS  j>  —  sin  I «  sin  S^ 
cos  <J'  sin  p"  =  COS  ^^  sin  p 

ftoni  which  we  see  that  tlie  development  of  /)"  —  />'  will  be  ob- 
tained  troni  that  of  p*  —  p  hy  merely  changing  the  sign  of  t5 

hence 

/'  —  p  —  4-  i  jj  tan  i\  sin  p  +  j*^ s'sin  2/)  (1  4-  2  tan'  *J^;  -^  As*  -f  4e.  i 

Keglecting  only  the  4th  and  higher  powers  of  s,  we  have,  there-  j 
tore, 

i  iP'  +  P")  -  ?  =  i\  ^* **i»  2;>  (I  +  2  tan'  ^J  (278) 

which  ii*  the  required  correction  to  be  added  to  the  obeerved 
position  angle  yj  to  reduce  it  to  the  mean  H/'' -h  /?")•  Wlien  m 
is  expressed  in  seconds  of  arc,  the  second  member  must  be  mul- 
tiplied by  sin  1". 

We  also  find,  \\ithin  terras  of  the  3d  order, 


I  Cp"  —  /)  =  i  «  tan  ^^  sin  p 


(27») 


The  purpose  of  the  observation  is  usually  to  determijie  the 
place  of  one  star  from  that  of  another  which  is  given.  It  will 
be  convenient  hereafter  to  consider  rhe  observed  position  angle 
as  expressing  the  position  of  the  unknown  star  referred  to  Ao 
known :  thus,  in  the  above  fommlre  the  three  position  angles 
p\  p'\  p  are  all  reckoned  in  the  direction  from  tlie  known  to 
the  unknown  star,  p'  being  the  angle  at  the  former,  /)"  the  angle 
at  the  latter,  and  p  the  angle  at  the  middle  point  between  the 
two  stars. 
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TO     FIND     THE    APPARENT     DIFFERENCE    OF    RiaHT    ASCENSION    AND 
DECLINATION    OF    TWO    STARS    WITH    THE    FILAR    MICROMETER, 

264.  First  Method. — ObBervo  the  distance  s,  and  tlie  pofc^ition 
angle  ;>,  of  tli\>  unknown  Btar  from  the  knowii  Btar,  by  the  pre- 
ceding niethi>d.  For  a  rigorous  method  of  computation  we 
must  first  reduce  the  observed  angle  to  the  mean  of  the  augles 
at  the  stars,  Ijy  (278).  Thus,  if  we  denote  this  mean  hv  p^j  ^^ 
first  find 

p^  =  p  +  'fQS'  sin  1"  Bin  2p  (I  +  2  tan' S^)  (280) 

in  whieli  we  may  take  Sq  =  the  mean  of  the  declinations  of  the 
Btars,  wliieh  may  l>e  found  with  suflieient  precision  by  a  rough 
preliminary  computation.  If  wo  also  put  Ap  =  i{p*' — 2^'),  we 
find  in  the  next  place,  by  (279), 


Ap  ^  ^B  tan  d^  sin p 


(281) 


N'ow,  a,  d  denoting  the  right  asceuaion  and  declination  of  the 
known  star,  ex',  3'  those  of  the  unknown  star,  the  triangle 
formed  by  the  two  stars  and  the  pole  gives,  by  the  Gaussian 
eciuationa  of  Spherical  Trigonometry, 

sin  i  (^'  —  ^)  cos  i  (a'  —  ft)  =  sin  is  cos p^ 
cos  i{<i'  —  S)  cos )  (a'  —  o)  =  cos  i  s  cos  ap 
sin  }  (^'  +  S)  sin  J  (»'  —  »)  =  cos  A  .^  sin  aj? 
cos  i (<y' -\-  J)  fiin  i  (J  — o)  =^  Bin  is  sin  p^ 


The  lat  and  2d  give 

tau  i  {r . 


d)  =  tan  }  s 


COBp^ 


GOB  Ap 


(282) 


Having  thua  found  h  (<3'  —  5),  we  also  have  J  (i'  +  3)  =  ^  4- 
^  (5'  —  8) ;  and  then  the  4th  equation  gives 


Bin  i  (of  —  a) 


sin  i  8  sin  p^ 
cosT(F+7) 


(283) 


For  an  approximate  method  of  computation,  sufficient  in  most 
cases,  we  can  neglect  the  diflerence  between  p  and  p^,  and,  con- 
sequently, also  neglect  terms  in  s^  in  (282)  and  (283),  so  that 
these  equations  will  become 


J' —  3  =z  3  cos  J) 

ii'  —  «  =:  s  sin  p  sec  i  (S'  +  if) 


}    (284) 


Wa  MICROMETRIC   OBSERVATIONS. 

Example. — In  1840,  Xoverobor  29,  at  tlie  Washington  Obser 
vatory,  Mr.  Seaes  C,  Walker  observed  the  poi*ition  ajigle  and 
ciii^tiiiice  of  the  planet  Neptune  from  a  star  as  follows: 

Sid.  time  ^  0*  17"  52*  F  ^  82°  35M  m  =  20.576  iot. 

For  the  zero  of  the  position  circle  he  found  P^  ^  2T2**  38*5 
and  the  vahie  of  a  revolution  of  the  micrometer  was  B  =  15'',4 
The  star's  apparent  place  waa 

c*  =  21*  51-  50',69  d  =  —  la**  25'  52"J6 

Hence  we  have,  by  (284), 

P—P^^p^  109°  37.7     log  cos  p  n9.99330  log  sin  p  9.241  S 

log  mR  ^  logs    2.5U1Q5 log*         2,501C 

d*^d^^b'  12'M4       log  (J'— r5)  n2.494a5  ^ogsec  »  (a'+  ^  00121 
i  (d'+-5)=:.— 13°  28' 29",     a'— a^+56".82=+3'79   log(a'— «)  1J544II| 

The  computation  by  the  rigorous  formnlro  (282)  and  (283)  give 
the  same  results.  Xeglectiiig  the  differentkd  refraction,  whicl 
will  be  treated  of  hereafter,  these  differencea  applied  to  tb^ 
given  place  of  the  star  give  for  the  place  of  Keptune  at  thi 
sidereal  time  0*  IT**  52*, 

ft'  =:  21*  51-  54'.48  d'  ^  —  13°  31'  4".90 

In  the  caae  of  a  planet  the  place  thus  found  has  also  to  be  com 
rected  for  its  parallax.     (Ai-ts.  102,  108,  of  VoL  I.) 

265.  When  one  of  the  stars  has  a  proper  motion^  Uie  menn  of 
several  observed  distances  and  position  angles  will  not  corre- 
spond precisely  to  the  mean  of  tlie  times.  To  proceed  rigorouidy 
in  tlmt  case,  we  must  compute  the  differences  of  right  asceimoilj 
and  declifuition  from  each  obsciTation ;  and,  as  these  differenc 
may  be  regarded  as  proportional  to  the  time,  their  mcatt  will 
correspond  to  the  mean  of  the  times.  But  a  briefer  method 
of  reduction  consirits  in  employing  the  mean  of  the  ob«eiTed 
distances  and  position  angles  correeted  for  second  dijftrcnets^ 
^n  '^r  V  ^^'  ^^  ^^^  observed  distances,  and  .%  their  arithmi 
mean ;  />j,  />j,  /)j,  &c.  the  observed  position  angles,  und  p^  tliei 
arithmetical  mean ;  7*^,  T^  7^,  &c.  the  corresponding  ob«enrt4 
times,  and  T  their  arithmetical  mean.  Let  ^  and  p  denote  tht- 
values  of  the  distance  and  position  angle  corrt*sj»oiidinff  to  thi 
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time  T.  We  have  only  to  find  s  and  p,  with  which  a  single  com- 
putation of  the  differences  of  right  ascension  and  declination 
will  give  the  quantities  required  for  the  time  T. 

Let  Att,  ^S  be  the  changes  of  right  ascension  and  declination 
in  one  sidereal  second.  If  a',  d'  are  the  values  which  corre- 
spond to  the  time  T,  we  have 

5  sin  ^  =  (a  —  a)  cos  }  (^'  +  d) 
8  COSp  =    d' —  d 

and,  consequently, 

8^  sin  p^  =  (o!  —  tt)  cos  J  (d'  +  ^)  +  Att  (T,  —  T)  cos  }  (d'  +  S) 
«,  cosjpj  =  d'-^d  -j-  A^  (2;  —  T) 

Put 

T,  -  T  =  r,,  T,  -  T=  r„  r,  -  T=  r„  &c. 


and,  also, 
then 

whence 


/  sin  »>  =  Aa  cos  }  (d'  4-  d) 

f  cos  d  =  A(J 

«j  sin  j>j  =  5  sin  ^  -f-  /  sin  iJ .  r^ 
5^  cos  p^  =  8  cos  J?  +  /  cos  T>  .  Tj 

«i  sin  {p  ^p;)=f  sin  (j)  —  t^)  .  r^ 

5j  cos  (jp  — JPi)  =  5  +/  COS  (jp  —  i>)  .  Ti 

These  equations  give,  first, 

^8in(;)-*).r, 


}    (285) 


}      U) 


tan(^— ^j)  = 


l  +  -7C08Cp~*).r, 
which  developed  in  series  [PI.  Trig.  Art.  257]  gives 

^=^^  +  7*    sini"    -"^^^ — ^i^r — 2 +*"• 

Each  observation  gives  an  equation  of  this  form ;  and  the  mean 
of  n  such  equations,  observing  that  It  =  0,  is 

^~^»      «•■       Binl"       '211 
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where  we  neglect  terms  of  the  third  and  higher  orders.     Here  rj 
is  exprcsfejed  in  seconds  of  timej  and  we  have,  very  nearly, 

T*  _^     2  Bin'  i  r 
¥  '~  (15  sin  1")* 
If  we  employ  the  quantity  rn  given  hy  Table  V,, — U€. 

2  sin' }  r 


m 


our  formula  will  hecome 


Bin  1" 


Again,  the  sum  of  the  squares  of  the  equations  (A)  gives 

s,'  =  s«  +  2/5  co9(i>  -^  *) .  r,  +  (/r,)« 
whence 

where  the  terms  of  the  third  order  arc  neglected.     The  mc 
of  n  equations  of  this  kind  is 

and,  if  M  is  the  modulus  of  common  logarithms,  we  hare,  verr' 
nearly. 


iog.  =  iog.,-jf(-{-pi?!fc:^.^ 

^  ^   •  \  15W       8inr  n 


(^ 


It  will  be  convenient  to  find  the  correction  of />^  in  i  4l 

of  arc,  and  the  correction  of  log  s^  in  units  of  the  fifth  m  kll 

place;  for  which  purpose  wo  have  to  divide  the  last  t4>nu  of 
(286)  by  00,  and  loultiidy  the  last  term  of  (287)  by  1(P,  It 
also  be  convenient  to  let  ^a  and  a5  be  the  changes  of  riglit 
censiou  and  declination  in  me  minute  of  mean  time,  aa  they  wOl 
usually  be  given  in  thi»  form  :  and  then  we  must  divide  / 1 
60.164  (—  no,  of  sid,  seconds  in  1"*  of  meati  time).  With 
modifications  our  fomiuhe  will  become 

P  -  ft  -  [2i»3984]  ^  eio  2(;i  ~  ^)  ^ 

log  s  =  log  8^  ^  [4.041S6]  ^  8ia»  (p  —  ^)  — 

^  n 
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where  the  logarithm  of  the  constant  factor  is  given.  The  quan- 
tities Aa,  aS,  J]  and  5  arc  supposed  to  be  expressed  in  seconds 
of  arc. 


266.  iSEcoND  Methob. — Set  the  declination  circle  of  the  equa- 
torial instrunient  to  tlie  mean  declination  of  the  two  stars ;  direct 
the  telescope  to  a  point  a  little  in  advance  of  the  stai^,  and  clamp 
the  hour  circle*  The  telescope  being  fixed,  the  diurnal  motion 
will  carrj^  the  stai-s  across  the  field.  Set  the  transit  threads  {i.e. 
the  transverse  thread  and  the  threads  parallel  to  it)  in  the 
direction  of  a  circle  of  declination,  and,  as  the  stars  pass  across 
the  field,  observe  the  clock  times  of  their  transits  over  the  threads. 
At  tlie  same  time,  set  the  micrometer  thi^ead  upon  the  t^vo  stars 
successively  as  each  passes  the  middle  of  the  field,  and  read  tlie 
micrometer  interval  Ijetween  tlR^ni ;  this  mil  give  at  once  the 
difference  of  declination.  The  difference  of  right  ascension  will 
be  the  difterenee  between  the  observed  clock  times  of  ti^ansit  of 
the  two  stars  over  the  same  threads,  this  difference  being,  of 
course,  reduced  to  a  sidereal  inter\^al  when  necessary,  and  also 
corrected  for  clock  rate. 

For  the  reduction  of  defective  transits,  it  is  necessary  to  know 
the  intervals  of  the  tlireads,  which  will  be  found  as  in  the  ti'ausit 
instrument  (Art.  131). 

If  one  of  the  bodies  has  a  proper  motion,  the  ditterences 
obtained  are  those  w^hich  belong  to  the  instant  when  this  body 
was  observed. 

It  IS  usual,  in  observations  of  this  kind,  to  avoid  all  consider- 
ation of  the  errors  of  the  equatorial  itistrument,  by  adjusting 
the  movable  micrometer  thread  at  the  time  of  the  observation 
80  that  the  star  runs  along  the  thread.*  If  the  transit  threads 
are  exactly  perpendicular  to  the  micrometer  tliread,  they  will  l)e 
(very  nearly)  piirallel  to  a  circle  of  declination  dmwn  through 

*  ThU  metbod  is,  however,  not  atrictly  correct;  for  the  appnrQut  p*th  of  a  «Ur  is 
not  prwjisely  pi^rpeodicular  to  ibe  circle  of  decUnataon,  on  account  of  the  difference 
of  the  rcfmction  at  difTcrcnl  points  of  this  path.  The  error  \»,  indeed,  cxtrtnicly 
tmaUi  except  when  the  zenith  distance  is  very  great ;  but,  if  we  wish  to  proceed  with 
the  atmoBt  preeiiion,  we  can  set  the  threads  by  means  of  the  pottition  circle.  If  th© 
ii»ro  V*p  of  the  position  circle  lias  been  determined  as  in  Art.  2C1,  and  the  circle  is 
•et  lo  this  readings  the  threads  will  make  the  angle  /.  with  a  true  circle  of  decUna* 
tton;  eoDseqiiently,  6  and  J'  \>^'mg  the  declinations  of  the  stars,  we  must  add  the 
corre>ctioti  ^  (d' —  d)  tiuX  freed'  to  the  obHerved  time  of  transit  of  the  star  whose 
dect illation  is  (f .  Tbe  angle  X  will  be  found  by  (276). 
Vol.  IL-2fl 
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the  centre  of  the  field ;  but,  to  eliminate  any  error  arising  ; 
a  defect  of  peri>cndicularity,  the  threads  should  be  revolved  18C 
by  the  poaition  circle,  and  the  observation  repeated ;  and  in 
series  of  consecutive  observations  there  should  be  a  like  unmbex 
of  observations  in  these  two  positions. 

The  slide  moved  by  the  screw  is  often  provided  with  three 
micrometer  threads  the  constant  distance  of  which  frtjm  eac 
other  is  known,  and  each  of  the  tv\'o  bodies  is  observed  on  the 
thread  which  is   nearest  to  it.     By  this  arrangement  we  iiru 
enaljlcd  to  measure  a  large  difFerence  of  declination  with  but  i 
small  motion  of  the  screw,  which  often  facilitates  the  obeer 
tion,  especially  when  the  stars  have  nearly  the  same  right  iijscec 
sion,  and,  consequently,  pass  the  middle  of  the  lield  nearly 
the  same  time. 

The  equatorial  mounting  enables  us  to  repeat  the  obaervatiofl 
as  often  as  we  please,  with  the  greatest  facility.     After  each  ol 
servation  we  have  only  to  revolve  the  instrument  a  small  di 
tance  ujion  the  hour  axis  and  clamp  it  again  a  little  in  advanc 
of  the  objects. 

Example. — In  1846,  November  29,  at  the  Washington  01 
vatory,  Mr.  Walker  observed  the  difference  of  right  ascensk 
and  declination  of  the  phiiK  t  Neptune  and  a  star  as  below.  Th^ 
micrometer  was  adjusted  so  that  the  star  ran  along  a  micromc 
thread-  There  were  three  micrometer  tlireads,  numbered  1,  2, ! 
of  which  1  was  nearest  the  micrometer  head,  and  the  coubI 
distance  between  2  and  3  Wiis  29.983  revolutions.  The  readit 
of  the  micrometer  increased  with  the  declination.  The  valiil 
of  a  revolution  wiis  i?  =  15".406. 


Tniuit  Thread. 

H«»a  of  threads. 
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Tlie  star's  place  was 

a  ^  21*  50-  8'.99 


5^  — IB''  23'  35'Ml 


and   tlierefore,    neglecting  tlie   differential  refraction  aud  the 
planet*8  parallax,  we  have 


«'=21»51«M'.29 


—  W  31'  3",33 


which  belong  to  the  time  when  Neptune  was  observed.  The 
clock  correction  was  —  3"  31*. 7j  and  therefore  the  place  deter- 
mined corre^sponJs  to  the  sid.  time  23*  28""  28'.7, 

Five  observations  of  the  same  kind  were  taken  successively, 
which  gave  at  the  sid.  time  23*  SO"  56\  a'  —  a  =^  +  1^  45'.23, 
7'  29".40. 


267,  Thikd  Method. — ^T\nieii  the  telescope  follows  the  motion 
of  the  stars  automatically  with  great  aeenracy,  we  may  measure 
tlie  difference  of  right  ascension  by  placing  the  micrometer 
threads  at  right  angles  to  the  diurnal  motion  and  setting  the 
fixed  thread  upon  one  star  and  the  movable  thread  upon  the 
other.  The  middle  point  of  the  arc  joining  the  star^  should  be 
as  nearly  as  possible  in  the  centre  of  the  field.  It*,  then,  m  is 
the  distance  of  the  threads,  and  its  cr|uivalent  in  arc  is  5  =  w7?, 
we  shall  have,  very  nearly,  sin  (a'  ^  a)  —  2  sin  |  s  sec  5^,  in  which 
ip  ia  the  mean  declination.  This  method  will  not  be  used  for 
stars  far  from  the  equator,  and  therefore  in  all  practical  cases 
we  may  take  a'  —  a  ^  5  sec  4,  The  objection  to  this  method  is, 
that  th©  difference  of  declination  is  not  found  at  the  same  time. 


THE   HBLIOMETER. 

268.  Tins  instrument  belongs  to  the  class  of  double  inwge  mi- 
crometers. The  object  glass  of  an  equatorially  mounted  tele- 
Bcope  ia  bisected,  the  plane  of  the  section  passing  through  the 
optical  axis  of  the  lens,  and  the  two  semi-lenses,  set  in  sepamte 
metallic  frames,  slide  upon  each  other  in  a  direction  parallel  to 
the  line  of  section.*  Either  semi-lens  c^n  be  moved,  and  the 
amount  of  its  motion  measured,  by  a  micrometer  screw.  Each 
semt-lena  forms  a  complete  image  of  a  distant  object  at  the  prin- 

^  The  duplication  of  Itic  image  by  means  of  two  complete  lenses  was  Invente'l  by 
BotrcirfiB,  ill  174S.  The  improvement  of  suljutitutlug  the  two  halves  of  &  singli^  luuis 
WM  Bhorily  after  rnndo  by  Jomf  Dollofd* 
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Fig.  6«. 


cipul  focus.  These  images  (in  a  perfect  instrument)  arc  gnpe 
posed,  und  form  but  a  yinglo  image  at  the  focus,  wlieu  the  tw 
semi-lenses  are  iu  their  primitive  position  forming  a  single  cif 
cular  leng  :  but  when  the  optical  centres  of  the  two  Bemi4euae 
are  separated  by  the  sliding  motion,  the  two  images  at  the  focaff' 
are  separated  from  eueli  othej-  by  u  dii?tauee  ei^ual  to  the  dii-^tanct^ 
of  the  centres  of  the  semi-lenses.  The  instrument  thus  auraoged 
beeoracR  a  mier(»meter  adapted  for  the  meaisurement  of  &mn11 
angular  di^^tanccs  in  general,  but,  from  its  supposed  peculiar 
adaptation  to  the  measurement  of  the  sun'g  diameter,  hai»  ws 
ceived  the  name  of  the  hdhmcUT,  Thus,  if 
A  (Fig.  5G)  is  the  image  of  the  sun  forme<l 
at  the  focuB  when  tlie  centres  of  the  semi- 
lenses  are  coincident,  and  one  semi-lens  is 
then  moved  until  the  image  it  fonuj  m  in 
the  position  ^l',  so  that  its  limb  is  in  aiiiia- 
rent  contiict  with  that  formed  by  the  other  semi-lens,  the  motioti 
of  the  semi-lens,  as  meastircd  by  the  micrometer  screw,  giveg 
the  measure  of  the  angular  diameter  of  the  sun  as  soon  a^  the_ 
angular  value  of  a  revolution  of  the  screw  is  kno\ra. 

Again,  if  A  and  D  (Fig.  57)  are  the  images  of  two  fttarft  when" 
the  semi 'lenses  are  eoincidentj  and  if  (the  direction 
ji      u  of  the  line  of  section  of  the  lens  being  made  to  coin- 

•        •        •     cide  witli  that  of  the  line  joining  tlie  stars)  one  semi- 

'^'  ^  lens  is  moved  until  the  image  of  A  is  seen  at 
while  that  of  B  is  moved  to  B\  the  motion  of  the  lens  ua  giv« 
by  the  screw  determines  the  angular  distance  of  tlie  stars.  Tl 
position  angle  of  the  two  stars  will  also  be  determined  by  the  atigU 
which  the  line  of  section  makes  with  a  declination  circle;  mxii 
for  this  purpose  the  whole  lens  is  mounted  so  a^  to  be  revolved  n 
a  plane  at  riglit  angles  to  its  optical  axis,  and  ita  position  at  anj 
time  is  shown  by  a  graduated  position  circle  attached  to  the  tulK 
of  the  telescope. 

Such  is  the  general  principle  of  the  instrument ;  bin  ri 

to   give  precision   to  the  observation,  it   is  necessary   i  a1 

observed  point  of  coincidence  of  two  iniagCB  should  be  in  tho 
optical  axis  of  the  complete  lens,  and  that  tlxese  imagee  aliool^ 
be  separated  by  moving  the  semi-lenses  in  opposite  directioi 
and  equal  distances  on  each  side  of  this  axis ;  or,  if  thcso  csDud 
tions  are  not  exactly  or  approximately  satisfied,  that  w0  dioiiU 
have  the  means  of  computing  the  correction  wliich  the  ob^eired 
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leasure  requires.  For  this  piii^pose,  the  ocular  is  also  pix^vided 
?ith  a  raicrn meter  screw  and  a  position  cirele,  atul  the  position 
jf  the  point  of  contact  of  two  images,  with  respect  to  the  line 
Joining  the  centres  of  the  two  position  circles*  can  be  determined, 
riiC  ni<Mlo  of  n^^ing  tlie  data,  thiiw  olitained  ^nll  he  discuseed  in 
It*  general  theory  of  the  intstrnmcnt  hereafter  given. 


209.  Phite  XV.  represents  tlie  heliometer  of  the  Konigsherg 
)bfi6rvatory,  with  whicli   Bessel   detcrnnned   tlie   parallax  of 
Q/ffnL     The  foca!  length  of  the  telescope  is  102  inches,  the 
liameter  of  the  lens  is  6 J  inches*     The    ecpiatorial  monnting 
needs  no  special    explanation,  as  it  is  essentially  the  same  as 
that  described  in  tlie  preci.^ding  chapter,  except  tliat  the  stand  is 
here  of  wood  and  adjustable  Ity  means  of  four  foot  screws.    The 
eliding  motion  of  the  semi-lenses  is  produced  by  the  micrometer 
:Tews  a,  i,  which  are  moved  by  the  observer  by  means  of  the 
ids  a'  and  lt\     The  mea*surc  of  tlie  m<»ti(m  is  obtained  cither 
rom  tlie  graduated  heads  of  the  micrometer  screw  or  from  two 
raduatcd  scales,  which  are  read  by  the  microscopes  e  anfl  j\ 
le  latter  method  is,  however,  chiefly  used  as  a  check  upon  the 
jformer,  and    also  to  verify  the  regularity  of  the   screw.     The 
^revolution  of  the  lens  about  the  axis  of  the  tube  is  effected  by 
a  rack  (hh)  and  pinion,  which  is  out  of  view  in  the  drawing, 
l>ut  is  acted  upon  by  the  r«»d  e.    In  order  to  read  the  micrometer 
and  position  circle  after  an  observation  is  completed,  the  tele- 
scope Ivas  only  to  he  revolved  upon  the  declination  axis  until  its 
object  end  is  brought  to  a  convenient  position  for  reading. 

It  greatly  facilitates  the  snccessivc  repdtiions  of  the  observation 
to  empb:»y  the  automatic  movement  l>y  clock-work;  fcu'  after  au 
observation  the  telescope  can  l>e  revolved  upon  the  declination 
axis  wUhout  sfoppiffg  ihv  clocks  and  after  reading  the  micrometer 
and  position  circle  it  can  be  restored  to  its  former  position  in 
leclination,  and  the  objects  will  be  still  in  the  tic  Id. 

It  is  one  of  the  chief  advantages  of  the  heliometer  that  the 
precision  of  the  observation  is  not  impaired  by  the  diurnal 
lotion;  for  even  when  we  do  not  employ  the  driving  clock,  a 
food  result  is  obtained  whene%'er  we  ha%'c  made  a  contacf  of  the 
[nagos  of  the  olmerved  [K>ints  near  the  centre  of  the  field.  Tlie 
lutomatic  movement  is,  therefore,  not  essential  to  secure  the 
accuracy  of  the  observation  (as  it  is  in  the  case  of  the  filar  mi- 
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crometer),  but  is  chiefly  impoii:aut  as  fac41itating  the  repetitic 
of  the  observation. 

It  has  been  objected  to  the  heliometer  that  the  optical  pe 
formance  of  a  aemi-lens  is  imperfect.     In  fact,  it  appears  thatj 
although  the  correction   for  Hpherieiil  jiberration  of  a  complel 
lens  may  be  perfect,  it  is  not  perfect  for  each  half  of  the  lens,- 
at  least,  it  has  not  been  found  perfect  in  the  instroments  of  thil 
kind  heretofore  constructed.     There  is  also  some  injiixion  of  the 
rajs  of  light  produced  at  the  Ihie  of  section.     The  combined 
etiect  of  these  canses  m  an  elongation  of  the  separated  images  in 
a  direction  at  right  angles  to  the  line  of  eectioa.     Another  ob- 
jection 18,  that  the  briglitness  of  each  of  the  images  ie  biit  ane 
half  that  uf  an  image  formed  by  the  whole  lens.    It  haa  alBO  b€ 
found  that  when  the  two  semi-lenses  are  in  their  primitive 
lion,  forming  a  singk*  complete  lens,  the  two  Bnperpt>sed  imag 
do  not  always  form  a  single  constant  imnge,  bnt  that  in  a  dii 
turbed  state  of  the  air  the  iniagee  are  frequently  seen  to  separ 
momentarily.     This  effect,  of  which  no  entirely  sat i*?fu«- 
phinatioH  has  been  suggested,  has  been  observed  hi  nii-  H 

all  the  heliometers. 

Bnt  thci^e  optical  defects  are  more  than  cunipent^a!i.Hl  by  tli^ 

fiuperior  accuracy  in  the    measurement  of  distances,  resultiiij 

from  the  great  precision  w^ith  which  contacts  and  eaincidenee 

of  images  can  be  observed.    The  elongation  of  the  images,  beir 

in  a  direction  at  right  angles  to  the  observed  distance^  has 

eensihie  effect  upon  its  measure,  and  its  miinite  effect  upon  thii 

position  angle  is  eliminated  by  repeating  the  obser\''atiou  with 

opposite  motions  of  the  semi-lenses,  tijat  is,  by  interehanj 

the  images.     The  tremulous  motion  of  stars  arising  from  a  Ah 

turbed  state  of  the  air  is  in  general  common  to  the  imaires  uf 

both  objects,  and,  therefore,  does  not  affect  the  obsi»r\'atian  o(  \ 

contact;  and  the  momentary  separation  of  the  inuiges  aljovo 

ferred  to,  which  when  the  semi -lenses  are  sepanited  produce* 

a  slight  tremulous   motion  of  each  image,  does  not  cause  thi 

images  to  appear  so   unsteady  relatively  to  each   other  as  \\ 

single  inuige  formed  by  a  complete  lens  relatively  to  the  thren 

of  the  filar  micrometer.     Finally,  the  experience  of  Besssl  litii 

otlicrs  in  the  actual  use  of  the  instrument  has  prove<l  rluil  tb^ 

probable  error  of  a  single  measure,  whetlier  of  distunct^  or 

tion  angle,  is  less  than  in  the  use  of  any  otlier  micromotor.^ 

♦  See  B8»BW.'8  nccount  of  ilie  K^uigsberg  heliomeUr,  Attr9m.  if<«A,  XvL 
pp,  411-126, 
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The  heliometer  possesses  a  great  advantage  over  all  otlier 
^micToraeters  in  the  measurement  of  eonipai-ativelj  large  dis- 
tances. With  a  filar  micrometer  the  distances  observed  must  be 
the  less  the  higher  the  magnityhig  power  employed,  since  the 
whole  distance  must  be  in  the  field  of  view ;  but  no  such  restric- 
tion exists  with  the  lieliometer,  where  only  the  point  of  contact 
or  coincidence  of  two  objects  is  required  to  be  in  the  field. 
With  the  Konigsberg  instrument  above  described,  a  distance  of 
1*^  52'  can  be  measured. 


GENERAL    THEORY    OF   THE    HELIOMETER. 

270.  In  the  following  discussitjn  of  the  mathematical  theory 
of  the  heliometer  I  sliull  chiefly  follow  Bessel,* 

I  shall  first  investigate  the  general  formulae  which  determine 
the  position  of  any  point  of  the  celestial  sphere  obsen^ed  with 
one  semi-lensj,  the  data  being — let,  tlie  declination  and  hour  angle 
of  the  point  of  the  sphere  which  is  iu  the  htiiomeier  axh^  which 
point  may  be  called  the  pole  of  the  heliometer  axis ;  2d,  the 
position  of  the  semi-lens  with  respect  to  this  axis,  as  given  by 
the  micrometer  and  position  circle  of  the  objective;  3d^  the 
position  of  the  point  in  the  field  wliere  the  image  is  observed, 
as  given  by  the  micrometer  and  position  circle  of  the  ocular. 

By  the  heliometer  axis  is  here  meant  the  straight  line  which 
joins  the  centres  of  the  position  circles  of  the  objective  and 
ocular;  and  we  shall  here  apply  to  this  axis  the  notation  which 
in  the  theory  of  the  equatorial  instrument  (Ait<  245)  was  applied 
to  the  sight  line,  Tluis,  90°  —  c  will  now  express  the  distance 
of  the  pole  of  the  heliometer  axis  from  the  pole  of  the  declina- 
tion axis.  If  then  we  denote  by  d^  and  r^  the  declination  and 
hour  angle  of  the  pole  of  the  heliometer  axis,  we  sliall  have,  by 
(258), 

dj  ^  fi  +  A^  —  r  co»  (r^  —  ^)  I    ^289) 

where  d  and  t  are  the  readings  of  the  declination  and  hour  circles, 
and  £^d,  At,  fy  e>,  c,  and  i^  are  the  constants  of  the  equatorial  in- 
strument, supposed  known.  The  terms  depending  on  the  flexure 
are  here  omitted,  as  not  sensibly  aliccting  micrometric  observa- 

•  Attronomucht  Unlerttuehunffen,  Vol.  L,  Theoris  eiHM  mit  einem  ffdiomet^r  vtnehmcn 
j^fua(firenl'lnMfrument»,  See,  Uowererf  also  HAKaiN'a  Ausfuhrliche Mcthode  mit  d&n 
Ftaunht)feT§eh(n  Ileliomtter  Vcrmche  anzmtdltn^  4to.  dotba,  1827. 


408 


MlCROilETRIC   OBSEKVATIONS. 


tioiiB,  Gxoepting  only  tlio  term  ssiiiptan  J,,  which,  on  accoant 
of  the  factor  tim  d^,  may  be  supposed  to  become  sensible  for  I 
fitara  very  near  the  pole ;  and  this  term  is  included  in  our  fo^-] 
mula^  by  the  substitotion  of  ij  =  t  —  esm  f. 

It  is  tLisimied  that  tlie  images  of  infinitely  distant  poiut#] 
formed  by  each  semi-lens  are  mathematical  points,  that  they  alll 
lie  in  the  same  focal  plane  perpendicular  to  the  heliometer] 
axis,  and  that  the  straight  lines  joining  these  points  and  their] 
images  pass  through  the  optical  centre  of  the  semi4ens.  Let! 
this  optical  centre  be  denoted  by  0.  The  point  0  is  moved  by] 
the  micrometer  screw  in  a  plane  which  is  at  right  angles  to  the] 
heliometer  axis  and  in  a  line  which  should  pass  thixmgh  thalj 
axis;  but  a  perfect  adjustment  in  this  respect  will  not 
assumed,  and  we  shall  suppose  that  the  line  3n  which  the  point] 
0  moves  is  at  the  distance  b  from  the  heliometer  axi.-^.  The] 
position  of  the  point  0  in  this  line  at  any  time  will  be  del€i>l 
mined  by  the  micrometer  reiiding  m,  t^»gether  witli  tlie  reading | 
that  (MUTCsponds  to  some  assumed  j»oint  c»f  the  line  as  an  urigiru| 
Let  this  origin  be  the  point  uf  tlie  line  which  is  at  the  least  dis-I 
tance  (—  b)  from  the  heliometer  axis,  and  let  a  be  the  reading] 
%vhen  0  is  at  this  |>oint;  then  tlic  distance  of  0  from  this  ori^n 
at  any  time  will  be  expressed  by  m  —  a. 

Tlio  direction  of  the  line  of  motion  of  the  point  0  at  any  time 
will  be  given  by  the  position  circle.  The  5£ero  of  the  positiott  j 
circle  will  be  the  reading  when  this  line  coincides  in  direetioii 
witli  a  celestial  circle  whose  pole  is  the  pole  {Q)  of  the  declina- 
tion circle  of  the  instrument,  as  in  Art*  261.  If  we  here  denote 
this  zero  reading  by  7t^^,  and  the  reading  at  any  time  by  n^  thej 
position  angle  of  the  line  of  motion  will  be 


^  n 


no-h^ 


in  which  we  have,  by  (276), 

I  =  [f  sin  (ji  ^  *)  +  *i]  sec  d^  —  (c  +  e  cos  ^  sin  Tj)  Iiiii  3|  (J 

271t  Xow,  in  order  to  express  the  position  of  the  point  0  in  • 
general  msuiner,  let  us  take  two  planes  of  reference  nt  riji 
angles  to  each  other  passing  through  the  heliometer  axU,  «nd 
let  one  of  these  planes  bo  the  plane  of  the  ciixde  of  dediuatioi] 
passing  through  the  pole  uf  this  axis.  Lot  ^1  Yj  Fig.  fiS,  he  tlio 
intersection  of  the  plane  of  the  circle  of  declination  with  the^^j 
plane  of  motion  of  the  semi-lens;  ^IX  the  intersection  uf  Ihi 
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second  plane  of  reference  with  the  plane  of  motion ;  BO  the  line 
in  which  the  oi»tical  centre  0  of  the  aemi-lend  moves;  AO^  the 
perpendicular  front  .4  upon  BO.  Then,  according  to  the  uota- 
tion  above  adopted,  we  have  A  0,  =  t,  0^0  ^  m.  —  a,  and  ABO 
=  n  —  np  +  ^  —  ?i  —  A',  where,  for  brevity,  we  put 

k  ^n^  —  k  (201 ) 

Hence  the  distance  of  0  from  the  two  phnies  of  reference,  or 
its  co-ordinates  on  t!ie  axes  AXmxA  A  7,  are  endentlj 

X  ==  (m  —  «)  Bin  (n  —  A*)  +  6  cos  {n  —  k) 
y  =  lm  ^a)  cos  {n  —  /?)  —  &  sin  (n  —  k) 

The  position  of  the  jioint  m  tlie  field  of  the  ocular,  ixi  wliirh 
the  image  of  the  celestial  point  is  observed,  which  point  we  .^^hali 
call  the  point  o,  will  be  detenuined  by  referring  it  to  the  same 
two  planes :  m  that  if  /i,  a,  v,  x,  fi  have  the  same  signilication  for 
the  ponit  0  that  m,  a,  n,  k,  h  have  for  the  point  0,  the  co-ordinates 
of  0,  with  reference  to  these  planes  are 

f  =  (/a  *^  o)  sin  (y  —  x)  -h  /5  cos  (y  —  x) 

T?  ^  (m  —  a)  COS(k^  —  3<)  —  ^  sin  (|/  —  x) 
Fig.  68.  Fig.  59, 


/I 


^ 


/ 


The  direction  of  the  siirht  line  oO,  or  that  of  a  star  whose  image 
is  observed  at  o,  can  now  he  determined  by  means  of  these  co- 
ordinates and  the  distance  f*  between  the  phines  of  motion  of  o 
and  0.  Conceive  a  straight  line  to  be  drawn  through  (\  parallel 
to  the  helioineter  axis.  This  line  and  the  heliometer  axis  luive 
the  same  %'anishing  point  in  the  celestial  sphere,  namely,  the  pole 
of  tlie  helituneter  axis.  Let  ^1,  Fig.  59,  he  this  jH>int  of  tlie 
here,  S  the  star  in  the  sight  line  oOj  P  the  pole  of  the  heavens. 
The  plane  passed  tlirough  the  line  oA  and  the  line  oO  makes 
with  the  idane  of  the  eirele  of  dci-hnation  PA  the  angle  PAS^^tz; 
and  the  angle  bet%veen  the  lines  oA  and  oO  is  measured  by  the 
Urc  AS  -^=^  J.  Tlie  distance  of  O  from  the  line  oA  is  /'  tan  J, 
its  distances  from  the  plane  of  PA  and  the  plane  drawn 
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through  oA  at  right  angles  to  the  plane  of  PA  are /'tan  J  sin  x\ 
and  /'  tan  J  coa  n.  These  distauces  are  also  expressed  by  jc  —  f  j 
and  y  —  iy ;  and  hence  we  have  the  equations 


/'  tan  J  fiin  w  ■. 
f  tan  J  cos  ^  : 


y  —  'n 

If  wo  take  the  linear  distance  of  the  threads  of  the  micrometer] 
screw  of  the  ohjective  as  the  common  unit  of  measure  of  all  the. 
quantities  ?>?,  a,  6,  /i,  a,  ^,/',  and  if  i?  is  the  angular  value  of  one  | 
revolution  of  the  screw,  we  have,  since /'is  the  focal  length  of  j 

the  lens, 

tan  R  =^-— 


Hence,  the  above  expressions  divided  by/' give 

tan  J  sin  IT  ^  tan  E  [{m  —  a)  sin  (n  —  A:)  +  6  cos  (n  —  k) 

—  (/i  —  o)  sin  (v  —  3c)  —  ^  cos  {¥  —  h)J 

tan  4  cps  *r  ===  tan  M  [(m  —  a)  cob  (h  —  A)  —  h  sin  (n  —  A) 

—  (m  —  a)  co«  (v  —  x)  -|-  /?  sin  (ir  —  x)] 


(2<e) 


These  determine  J  and  ;r,  with  which  the  declination  S  and  hour] 

angle  r  of  the  star  arc  determined  by  means  of  the  formulie^ 
derived  from  the  triangle  PAS^ 


ain  a  =  fiin  J,  cos  J  +  cos  ^,  sin  J  cos  :r 

cos  ^  COB  (Tj —  r)  ^  cos  ^,  COB  d  —  Sin  \  SIQ  J  eO«  IF 

cos  <J  sin  (r^—  t)  =  Bin  J  sin  ;: 


(29$) 


272,  We  can  now  proceed  to  the  determination  of  the 
position  of  two  stains  Xand  *S''  whose  images  Imve  been  i      .^  l 
into  coincidence  by  giving  the  two  scmidenses  different  posiliooii* 
Thi>?  relative  position  is  expressed  (as  in  the  use  of  the  filar i 
position  micrometer)  by  the  distance  s  =  SS\  and  the  poeiticMi  1 
angle  at  the  middle  point  of  SS'^  p.     Thus,  in  Fig.  55,  p. 
.%  being  the  middle   point  of  SS\  we  have  PS^S' ^  p.     Th#j 
declination  J,, and  hour  angle  r^^of  *SJjWiU  be  regarded  u»  known* 

Let  us  distingaish  the  two  semi-lenses  by  the  numeml^i  L  and 
n.,  and  let  the  formula?  (292)  and  (293)  refer  to  the  f^etuidena  L 
and  to  the  image  of  the  y^tar  S  formed  l>y  it  Let  the  image  of  th« 
star  S'  be  formed  i»y  the  ^emi-Iens  IT.,  and  let  the  several  qttanti- 
ties  referring  to  thin  star  be  distinguished  by  accenta,  excepting 
those  which  are  common  to  both  stars.  These  commoti 
ties  are — It^t,  the  readings  n  and  v  of  the  position  circles;  ^  .. 
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microinetcr  reading  ft  —  a  and  the  constants  ^  and  x  of  the 
ocular,  fiinee  these  refer  to  a  Biiigle  puiiit  of  tlie  field.  But  we 
shall  suppose  the  lines  of  motion  of  the  two  scmi-lensce  to  be  not 
perfectly  parallel,  and  shall  therefore  express  the  angle  which 
the  line  of  motion  of  the  semi-lenis  IT,  makes  with  a  declina- 
tion circle  hy  n  —  k*;  so  that,  7i^y  denoting  the  ^ero  reading  of  the 
position  circle  when  this  semi-lens  is  used,  we  have 


tan  A'  sin  tt'  =  tan  ^  [(m'  —  a')  sin  (n  —  ^)  +  6'  cos  (n  —  k') 

—  (;i    ^^  a)    sin  (y  ^  x)  —  ^  COS  {y  —  H)} 

tan  J'  cos  -'  ^  Urn  R  [(?/*'  —  a')  cos  (n  —  ^)  —  6'  sin  {n  —  k") 
^  ifi  —  »)   ^08  (*'  —  3*}  +  P^  sii*  iy  —  «)] 


(294) 


(295) 


Bin  ^'  =  sin  *\  cos  J'  +  cos  d^  sin  J'  cos  x' 
cos  d'  cos  (tj —  t')  =  cos  ti^  cos  J'  —  sin  <\  sin  J'  co8  -'  '.    ( 29G) 
COS  '7'  sin  (t,  —  t')  =  sin  J'  sin  t^  J 


(  d^  sin  A'  cos  r  \ 

<\8in  J'co8-'  '.    (2 

The  triangles  PH^S  and  P*%S'  (Fig.  55,  p,  395)  give 


and 


sin  i  s  sin  j?  =  —  cos  ti  sin  (r„  —  r) 
sin  J  5  cos  /?  =  —  sin  *J  cos  d^  +  cos  J  sin  iJ^^con  (r^ —  r) 
cos  is^^       sin  ^  sin  <J^  -f  cos  d  cos  d^ cos  (t^  —  r)  i 


sin  i  «  sin  p  =^ 

sin  J  5  C08J9   ^= 

cos  is   ^ 


COS  tj'  sin  (•„—  O 

sin  <5'  cos  d^  —  cos  if'  sin  d^cos  (r^, —  t') 

sin  ^'sm  J^-f-  cosJ' co8r5^,cos(T^— r')^ 


(297) 


From  these  equations  we  must  eliminate  5,  r,  r?',  and  r',  since  the 
values  of  ^^  and  />,  resulting  from  the  observation,  are  to  be 
derived  only  from  tlie  declination  3^  and  hour  angle  r^  of  the 
naifldle  point  between  the  8tai>*,  and  from  the  data  obtained  from 
Hie  instrument*  For  brevitj',  let  us  wi4te  u  and  v  instead  of 
tan  J  sin  tt  and  tan  J  cos  ;r,  and  le'  and  i?'  instead  of  tan  J'  sin  k' 
and  tan  J' cos  t'.  Also,  put  r  and  r*  for  i  (1  H-  w«  +  vv)  and 
y  (1  +  u V  +  v'v').     The  equations  (2[)3)  and  (290)  become 

r  sin  5  ^  sin  t\  +  v  cos  ^^ 
r  cos  J  cos  (tj  —  f)  =  cos  J^  —  v  sin  ^^ 
r  cos  d  sin  (r^  —  r)  ^=  t< 


and 


r'  sin  ^'  =  sin  f\  +  ?/  cos  il, 
r'  cos  5'  cos  (tj  ^  r*)  =  cos  d^  —  v*  sin  ^, 
r^  cos  J'  sin  (rj  —  t')  =  u' 


412  MICEOMETRIC   OBSERVAXmNS. 

ThesCj  combined  with  (297),  give 

r  sin  J  58in  j?  =  —  cos^^sin  (t<>— r^)—  w  cos(t^— r,)^-r  sin  S^»\n  (r^— r,) 
r  sin  i  a  C03p  = — sin  iJ^cos  J^,+  cos  J^sin  J^cos  {r^—  r^ )—  u  sin  ^^sin  (r^ — r^) 
—  y  [cos  (Jj  eo8  ^,  ^^  sin  ^j  sin  o^coa  (r^ — r^)] 
r  COS  J  5^=     Bin  <Jj8in  ^^,-|-  cos  ^jCos  *y^cos  (r^ — rj — v  cos^^sin  (r^ — t,) 
+ 1?  [cos  f\  sin  rJ^,—  sin  ^j  cos  ^,  cos  ('o— ^i)]  (298) 
and 

r'mi  i  s  sin  p = cos  ^j  sin  (r^,— rj  +  «'  cos  (r^, — rj  —  v'  sin  <Jj  si n  (r^ — r,) 
r'sin  i  ^  cos^^sin  d^  cos  ^?„ —  cos  5,  sin  J, cos  (r^ —  r^)  -f  «'Bin  <5^siti  (r^ — Tj) 

-f  I?'  [cos  *Jj  cos  ^^,  -f  sin  <)jSin  <5i,  cos(rg — r^)] 
r'cos  1  ^^i sin  ^j3in  5o+  <*os  '^  ^^O'^ rl^cos  (r^ — r^)  —  ti'eos  ^^ din  (r^ — r^) 

+  V*  [cos  Oj SID  ^g—  sin  #)j  cos 4i cos (r^ — r^)]  (299) 

These  equations  not  only  determine  $  and  p,  but  also  give  u 
relation  between  d^,  r^^and  J^,  r^  Tn  find  tlil^  relation,  maltiply 
the  firrtt  two  equations  of  (298)  hy  r\  and  the  fiist  two  of  (299) 
by  r,  and  subtnict  the  former  products  from  the  hitter;  we  find 

0  =  (r+  r*)  cos^i  «in  (^0  —  ■^i)+('''«  +  "*')  «^«  (^«  —  ''i)  —{'''<'  -f-  rv')  iin  <?!  fin  (r,  —  rj 
0  :=  {r  +  r')  [bid  (J, coa  tiy  —  cos  S^  sin  ^^  cob  (r^  —  rj]  -f  (Kti  -f  n*') fin rf^ nn  [t^—t^ 

4-  (r*w  -f  rr')  [coa  d^  eos  <J^  4-  sin  d,  ain  6^  e&€  (r, — tj] 
which,  if  we  put 


tan  ^  sin  ff  =  — 

tan  ^  cos  (7  = 


(800) 


may  be  written  in  the  following  form : 

0  =  [co8cJi— ain  t^liku^eo^O]  8lli(r^— r})-f-tmaymii(7eo«(rg— rj 

tun  d^, 

II*  we  multiply  each  of  thene  l)y  cos^,  and  then  introduce  the 
auxiliaries  A  and  //,  determined  bv  the  conditions 


we  shall  have 


sin  h  :=  8in  g  sin  G^ 
008  h  sin  ^  3=  sin  ^  cos  G^ 
008  A  cos  II  ^:^  cos  g 


(«M) 


cos  A  sin  (jt,  +  JJ)  _ 
tan  ^  ~^ 


0  =  008  A  cos  (^^  +  JJ)  fiin  (r,  —  Tj)  +  sin  A  oot(r^^r^) 


008  h  COS  (^j  +  JT)  cos  (r^  —  r,)  —  sin  A  sin  (?,  ^r,) 
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from  which  wc  deduce 

COS  h  sm  (t\  -f  M) 

tan  ^0 
COS  h  Bin  {f\  +  M) 

tan  tl 


cos  (ro  —  r  J  =  cos  h  coa  (^,  -(-  JT) 
sin  (Tq  —  r^)  =:  ^  sin  h 


and  the  sum  of  the  squares  of  these  gives,  by  a  simple  reduction, 

cos  A  sin  (*J^-|-  ff)  =:  sin  ^^ 
By  the  combination  of  the  last  three  equations  we  have,  therefore, 


Bin  ^^^  cos  h  sin  (t\  +  JI) 
cos  3^  COB  (r^ — Tj)  =  cos  h  cos  (o,  4-  //) 
cos  <?^6in  (tj —  Tj)  =  —  sin  h 


(302) 


If  we  regard  S^  and  r,  as  given  by  the  declinatiou  and  hour  circles 
of  the  instrument,  with  the  aid  of  (289),  we  can  employ  these 
equations  to  obtain  3^  and  t^;  or,  if  5^  and  r^be  regarded  as  known, 
we  can  employ  the  same  equations  to  obtain  o,  and  Tp  and  then 
the  reading  of  the  declination  and  hour  circles  is  altogether  dis- 
pensed with. 

The  values  of  s  and  /;  will  hv  derived  from  the  following  equa- 
tions, which  are  obtained  by  adding  (298)  and  (2D9): 


- (303) 


(r+r')8in  is  Bmp  =  (u'—u)  cos  ('^q—''!'i)—(v*—v)  &in  ^^gin  (r^— t^) 
(r+f)  sin  is cosp  ^  {a' — w)  sin  <J„  sin  (t^  —  r^) 

+  (v* — v)  [cos^j  cos  Jj+sin  d^  sin  ^^cosCr^,— Tj)] 
(r+O cos  1  ^        =2 [sin  d^ sin  *?„  +  cos  S^  cos  d^ cos  (r^^  —  r^)] 

—  (u'+m)  cos  \  sin  (r^—  T,) 

-|-  0/+V)  [cob  I?,  sin  ^^— sin  d^  cos  ^^  cos  ('o—^,)] 

In  these  rigorous  formulae,  every  thing  in  the  second  members 
18  known.  But  it  will  never  be  necessary  to  employ  them  in 
this  rigorous  fonn,  except  when  the  two  stars  arc  so  near  to  the 
pole  that  the  quantities  w,  i\  u^ifcan  no  longer  be  regarded  as 
small  in  relation  to  the  polar  distance.  In  almost  all  cases, 
therefore,  an  approximate  development  of  the  formula?  will 
suffice;  and  this  I  proceed  to  consider, 

273,  The  approximate  development  of  the  equations  (303), 
when  the  terms  involving  tlie  third  and  higher  powers  of  m,  i\  u\v' 
are  neglected,  is  extremeh'  simple,  and  would  lead  us  to  tlie 
formuh^  usually  given  for  tiie  heliometer.     But  it  is  easy  to  see 
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that  sucli  a  development  is  not  sufficiently  exact,  even  for  starfli 
near  the  equator,  wlien  their  distance  approaelies  to  the  maximum  I 
limit  (of  about  2'^)  which  the  instrunient  is  capable  of  measuring, ' 
nuleas  a  special  method  of  observ^atioii  is  exclusively  employed 
by  which  the  term:^  of  the  higher  orders  are  rendered  practically 
insensible.     The  nature  of  such  methods  of  observation  will  b«^ 
seen  hereafter;  but,  in  order  ta  obtain  the  most  generally  useful  | 
formuhe,  which  can  afterwards   be   gimplified   and  adapted  to 
special  eases,  I  shall  follow  out  the  very  precise  development,  j 
given  by  Bkssel,  in  which  the  terms  of  the  third  order  a 
retained. 

Li  order  to  develop  the  equations  (303)  as  far  as  terms  of  the 
third  order  in  w,  r,  u\  r',  it  ia  necessary  to  develop  tbe  fiftcton  I 
by  which  it'—  ?i,  i?'—  u,  w'H-  v^  r'-f-  v  are  multiplied,  as  far  as  J 
terms  of  the  second  order  only.  If  in  (300)  we  substitute  tha  I 
^ulues  of  r  =  j/{l  +  uu  +  vv)  and  r'  =  |  (1  -f-  u'u'  +  r'  v%  and] 
develop  the  expressions,  we  shall  find  that  w^hen  terms  of  the] 
third  order  are  neglected  they  are  reduced  to 

tan  //  sin  (?  =  ^  (u'  -f  t*) 
tan  gccmO  ^=z  ^  {v*  +  v) 

and  consequently  we  shall  have,  with  the  same  degree  of  approid- 
mation, 

sin  g  BinG  =  ^ (u'  +  u) 
Bin  g  cos  G  =  \  {v*  +  %)) 

The  equations  (302),  by  the  substitution  of  the  values  of  A  and  J7 
according  to  (301),  beeomo 

sin  d^  =  sin  ^j  cob  g  -\-  cos  H^  sin  g  cos  & 
009  ^^  C08(r^  —  Tj)  =  COS  ^^  COS  g  —  sin  d^  sin  g  cos  Q 
cos  S^  sin  (r^  —  ^g)  =  —  ^^^  Q  ^'^  ^ 

from  which  follow,  also, 

cos  g  =  sin  S^  sin  \  -|-  cos  ^,  cos  H^  cos  (r, —  r^) 
sin  j7  cos  6^  =r  cos  ^^  sin  d^, —  sin  ^,  cos  d^cos  (t; —  r^) 
sin  j;  sin  G^  =  —  cos  ^^sin(r^  —  r,) 

With  the  aid  of  these  equations  the  required  derelopmenl  of 
(303)  is  readily  obtained.     We  find 
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(r  -f  O  sin  J5  sin  i>  =  (w'  —  w)  [1  —  i  («'  +  «)'  —  J  {«'  +  tO*  tAn'  y 
+  (1/  _^  r)  [^  (u'  +  «)  tan  tJ,  -  I  (H'  +  u)  (t;'+  i;)] 

(r  +  O  ein  }«  C08i>  =  (t?'  —  i;)  [1  ^  ^  (i?'  +  r)'  —  ^ (ti'  +  uf  tan"  aj 
—  JJ  (u'  —  ti)  {u'  +  «)  tan  *?^ 
(r+  O  cos  JTT^  2  [1  +  ^  (u'  +^y+h  (v'  +  pn 

or,  dividing  the  first  two  of  these  by  the  thirf, 

2 tan  is  mnp^(ii'—u)ll—l{u'-^uy^i(v'+vy^l(u*+uyinn^  ^j] 

+(t?'-tO[i  (w'  +  «)tan  d,  ^i(u'+  u)  (t/  +  lO] 
2  tan  is  Qosp  ^(v— t?)[l— K*'^+  «)'— 4(«'+«)'— s(m'+w)'  tan"  3,]( 


(304) 


in  which  we  are  now  to  substitute  convenient  expressions  for 

U'  —  M,  V^  —  l\  U*  +  W»  ^'  +  1'- 

It  18  expedient  in  practice  to  make  all  onr  obsen^ations  depend 
npon  but  one  of  the  micrometer  screws  of  the  two  semi-lenses, 
since  all  the  time  that  we  may  have  to  devote  to  the  investiga- 
tion  of  the  eiTors  of  the  screws  may  then  l)o  expended  upon  this 
one.  Let  ns  suppose  the  micrometer  screw  of  the  semidens  II, 
to  be  thus  adopted,  and  let  w  denote  the  angle  between  the  lines 
of  motion  of  the  eemi-lens  II.  and  of  tlie  ocular,  so  that 

vo  =  (n  —  AO  — (*'  — X) 

and  let/ and  JPbe  determined  by  the  conditions 

/sin  F=L  tan  Ji  [{m — a)sin  {\^—U)-\-h  cos  (/f'— /f)+(/i— a)  sin  w—i^cos  w\ 
/cos F^^  tan  R  [(m— a)co8(A''— A)— 6  sin  {^—k)^{p — a)  cos w—^^ sin  w} 

(305) 

Multiplying  these  respectively  by  co8(n  —  A*')  and  sin  {n  —  k% 
and  also  by  —  sin  {ii  —  A-')  and  cos  {n  —  A*'),  the  sums  of  the  pro- 
ducts are,  by  (292), 

u  =/  sin  (n^I^  -\-  F) 
i?=/cos(ft  —  UJ^F) 

from  which  it  follows  that  /  and  n  —  A'  +  F  are  the  same  as 
tan  J  and  ;:. 

If  we  also  assume  S  and  ^  to  be  determined  by  the  conditions 

2  tan  iSsin  E= tan  H  [^(m  —  a)  sin  {V—  k)  +  h'—  h  cos  {U  —  Ar)] 
2  tan  iS^Q%E=  tan  R\{m*—a!)^im^a)co%{U^k)-\-h%m  (A'— Ar)] 

(307) 
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we  shall  find,  by  means  of  the  multiplication  and  addition  above 
employed,  and  by  comparison  with  (292)  and  (295), 


tt'  —  w  =  2  tan  J  fif  sin  (n  —  A'  +  ^) 
t/  — v  =2tan}fifco8(n  — A'4-  E) 


}    (308) 


and  from  (306)  and  (308), 


^(u'  +  u)  =  UniSHmin  -  h!  +  E)+fBin(n  -^  h'  +  F)  \ 

i(i;'  +  i?)=tani/Sfcos(n  — A'+ JS;)+/eo8(n— A'+i?')  /    ^"^^^J 

To  facilitate  the  substitution  of  these  values  in  (304),  let  us  put 

we  shall  then  have 

^.i  »^" p  =  sin ^ (l«t/j«— ^ i;,«— i tij» tan» d^)  +  cos q (u^ tan d^—  y, c,) 
tan  i$ 


-  cosp  =  cos  q  (1 — Vj' — i  Mj» — ^  t/j'  tan*  d^)  —  sin  ^ .  w,  tan  d^ 
tan  iS 

Multiplying  these  respectively  by  cos  q  and  —  sin  5,  and  again 
by  sin  q  and  cos  5,  the  sums  of  the  products  are 

tan  i  s 

- — —  sin(p—q)=u^tAu  a,— ^  cos  q  [2i?,(MjC08  q—v^siu  q)+(u^^+v^^)8\n  q} 

tan  to 

~~  cos(p—q)=l  —  (Wj«  +  v*)—l  V ta^' ^0  +  2  («^i  cos  S'  — 1\ sin  ^)« 
tan  to 

The  square  root  of  the  sum  of  the  squares  of  these  equations, 

negkctiiig  terms  of  the  4th  degree  in  their  second  member^,  ^r.. 
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tanls=tanii5r{l-^tan»15— 2/taniiSfcos(ii^— j5^)— l/^[l+cos'(F— £)]} 
pi=q+{tnn  J^sin  q+fmn  {q  -f-  F^E)]  tan  5^ 

— ^  eoa  q  [tan''  IS  sin  q  +  2/  tan  iS  sin  (g  -j-  F  __  J') 

+/« flin  (5?  +  2  i?-  ^  2  Ey\  (310) 

In  the  terms  of  the  order  of  tan'*  JS',  we  may  put  jj  for  q;  but 
in  those  of  the  order  of  tan  J.v,  in  the  fii'st  line  of  the  value  of  p, 
we  shall  employ  the  more  accurate  vahie 

g  =  j>  —  [tan  IS  sin  p  +  /  sin  (p  -f  J^  —  Ey\  tan  «?^, 

Dividing  the  first  equation  of  (310)  bj^l  —  tan^  |*9j  tlic  first  mem- 
ber becomes  J  tao  *%  witliin  the  degree  of  approximati^m  here 
adopted,  and  in  the  small  terms  we  may  put  \  s  lor  tan  A  S,  The 
equations  thus  become 

tan  5  =  2  tan  iiSr{l  —fs  cob{F—  E)  —  y  [X  +  cds»(F—  E)]} 
p=n  —  k*  +  J^  +  [A  a  ein  p  -f  /  sin  Qy  -^  F  —  E)^  tan  \ 

—  [|«'emp+^/^8in(;?+i^— JE')+^/»9in(^+2F-^2^)]cos2? 

—  [»  5^mu2j)+^/5  8in(2j)+ J^— ^)+i/'sin(2^+2  J?'— 2A^)]  tauM^ 

These  may,  however,  be  etill  further  simplified.  The  angle  ^  is, 
in  general,  either  very  small  or  very  nearly  180°,  according  as 
ra*  —  af  —  {m  —  a)  is  a  positive  or  negative  quantity  in  (307), 
The  case  must  be  excepted  in  which  the  distance  s  is  itself  so 
small  as  to  be  regarded  as  of  the  same  order  as  k^  —  k  and  6'  —  6 ; 
but  in  this  case  tlie  tenns  involving  E  are  themselves  so  small 
that  they  can  be  wholly  neglected.  Putting,  therefore,  in  the 
small  terms,  ^=0  or  =^  ISC^,  and  al^^o  substituting  tlie  value 
of  k'  ^  «o'  —  h  ^^^  c^f  ^  l^y  (290),  we  have,  finally, 


tan 5  =  2  tan  i^  [1  :+:  fs  cos  F^^p(\-\-  cos'  F)] 
p  =  n  —  n;-\'E-\-\j  sin  (r^  —  ^)  +  ii]  sec  d^ 
-J-  []  58inp  i/sin  {p  +  ^)  —  ^  —  « <^ob  f  sin  tJ  tan  d^ 

—  [|  «'  sinp  dr  Ifs  sin (p+jP)  -f-  |/*sin  {p-\-t  F)]  eosp 

—  [Js«sin  1p±y&mn{2p-\^F)  +.J/"8in(2j3+2F)]tanM„  ^ 


(311) 


in  which  the  upper  or  the  lower  sign  is  to  be  taken  according  as 
m'  —  a'  —  {rti  —  a)  is  jiositive  or  negative.  In  the  value  of  k 
(290),  we  have  here  substituted  t^  and  5^,  for  r^  and  ^j,  which  will 
produce  no  appreciable  error. 

The  angle  p  here  expresses  the  position  nugle  from  the  star 

Vol.  1L— 2r 
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whose  image  is  formed  by  the  semi-lens  I.  fo  the  star  whose  j 
image  is  formed  by  the  semi-lens  11.  It  ii^  also  to  he  observed] 
that  we  have  employed  the  forniuke  for  the  equatorial  instrument 
as  given  for  the  case  in  wliieh  the  declination  circle  precedes  the  j 
telescope:  so  that,  according  to  Arts,  248  and  250,  when  the^ 
deeliiiatiou  qitqIq  foUows^  r„  will  he  the  hour  angle  increased  by 
180°,  and  8^  wiU  be  the  supplement  of  the  declination ;  eouBe*] 
quently,  also,  p  will  be  the  position  angle  increased  by  180*^ 

274.  The  coincidence  of  the  images  of  the  two  stars  ^S^and  5'j 
can  be  produced  at  the  point  0  (Art.  271)  in  two  different  ways, 
namely,  by  opposite  motions  oi*  the  semi-lens  II.  rehitively  ta  I 
the  semi-lens  I.  By  the  combination  of  the  obsen^ations  mtido  j 
in  these  two  ways,  we  shall  be  able  to  eliminate  a,  «',  i,  6',  kf —  kA 
and  it  will  no  longer  be  necessary  to  determine  these  quantities. ' 

Let  n??  suppose  the  semi-lens  I.  to  remain  in  the  same  position 
as  in  tljc  first  observation,  and  that  the  semldeud   IL  ia  now! 
moved  in  a  direction  o|j|iositc  to  thiit  of  its  former  motion  until 
tlie  second  coincidence  of  tlic  images  is  protlnced.     This  \rill»  in 
general,  require  a  common  revolution,  to  a  small  extent,  of  tho 
two  lenses  about  the  hcliometer  axis,  thus  slightly  changing  the  , 
reading  of  the  position  circle,  which  reading  we  shall  now  denote  ! 
by  iiy     Let  the  reading  of  the  micrometer  in  this  observation  be  | 
Wj',  and  let  the  corresponding  values  of  *S',  Ey  and  p  be  denoted] 
by  S^,  J?,,  and  p,.     The    formuhe   (307)   and   (311)»    with   thtiie  < 
changes,  will  then  apply  to  this  second  observation,  and  (307) , 
will  l»ecome 

2tan  i  S^  sin  E^  ==  tan  It  [—  {m—a)mi  {V^  A:)4-  y_feeos(JK— Jt)] 
2  tan  j  S^  cm  E^  =  tan  E  [m /^ a'~~  (m  —  a)  eoi  (A'—  *)  +  ^  »in  (*'  —  k)} 

Since  w/  —  a'  and  m^  —  «'  fall  upon  opposite  sides  of  m  —  <t,  th^  , 
quantities  2  tan  J  *S\  cos  ^j  antl  2  tan  J  Ncos  E  have  opposite  etgns, 
but  2tan^S^BinE^  and  2  tan  J  *S  sin  J?  are  equal;  from  whidi  it 
follows  (since  iS'j  and  *S'can  dittcr  only  h\"  terms  of  tlie  3d  order) 
that  El  differs  from  180"^  —  E  unly  l»y  terms  of  the  onler  of  the  | 
product  of  k'  —  k  into  ^,  ond  this  difference  may  be  regivnlcd  Ai  i 
altogether  insensible.     In  the  application  of  (311)  to  the  »eeond 
observation,  therefore,  tlie  meaning  of  the  double  sign  will  \*c 
reversed.     We  can,  however,  avoid  all  the  difficnlty  in  disliti* 
gnishing  the  cases  in  which  E  is  to  be  taken  greater  or  le^  thilD 
90%  by  calling  that  observation  (hcjirst^  for  which  J?<  90^, ; 
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applying  to  it  the  notation  m\  n.  Under  this  condition,  the 
npper  signs  of  (^11)  will  bo  used  for  the  fivBt  observation  and 
the  lower  signs  tor  the  second  ;  and  the  Aaluo  of  p^  for  the  seeoud 
observation  will  be  180°  +  jy. 

The  fomiulo3  for  the  two  observations  may,  therefore,  bo 
expressed  a8  follows,  where  we  introdneo  the  valne  of  2tanii'3 
given  by  the  second  eqnation  of  (307)  after  neglecting  the  insen- 
sible terms  (which  termsi,  however,  even  if  they  wore  sensible, 
would  be  eliminated  by  the  subsequent  combination  of  the  two 
observations) : 

1st  Observation. 


tan  s  =^  tan  E 


Cm'- 


'^'~^+"^  [1  -fs  COS i^  _  I /« (1  +  C08' Fy\ 

coa  B  ^  -* 

p  =  n  —  jip'  +  J5  +  |>  sin  (r^  —  i»)  +  g  BOO  9^ 

4-  [A  s  Bin  p  -\~f  sin  (  p  -{-  F)  —  c  -—  e  cos  f  sin  rj  inn  f\ 

—  [|  «» sin  p  +  Ifs  Bin  (p  +  F)  +  i/*  sin  {p  -f  2i^)]  cos  p 

—  [|  s»  eiQ  2.p  -f  ys  sin  (2;?  +  i?')  +  |/'  Bin  (2p  +  2i^)]  tan»  S^ 


2d  Observation. 
tan  s  ^  tan  /f 


(m 


^|i-±jO  n  +  f^  COS  i^-  A/»  (1  +  cos'  F)] 

p  =  n^  —  n;  —  ^  +  0  sin  (r,  —  ^)  +  tj  see  J^ 

-}-  [— ^  -<J  ^inp  4-/sin(^^-  F)  ^c  —  ecoB^  sin  rj  tan  r!,^ 

—  [|  5»  fiin  p  —  1/.^  win  (p  +  F)  +  i  /'  sin  (j?  -(-  2Fj]  cos  p 

—  [^  ^' Bin  2p^^fs  sin  (2^)  -f  i?*)  +  |/"  sin  (2p  +  2F)]  tan'  $^ 


From  the  mean  of  tlie  t%vo  observations,  we  have 
[1  -^/Ml  +  cos'F)] 


tan  s  =r  tan  Jt  — 

2  cos  E 


=  ?!^tA  _  «;+  [j.  ,in  (r,  ^  »?)  -h  .',]  sec  a, 

-f  Qf  sin  ( j3  +  F)  —  c  —  <?  cos  ^  ein  r J  tan  ^^ 

—  ^'g  5'  sin  2;?  (1  +  2  tan*  ^J 

—  ir  [»iii  (P  +  ^i^)  COS i>  +  sin  (2;^  +  2F)  tan'  ^J 


(312) 


The  value  of  ^,  obtained  from  the  difference  of  the  two  values 

of  Pj  IB 


E  = 


9ti  —  n 


J^sin  jjtan<J^, 
^      +  Ifi [»in  (p  +  F) cos  j>  +  sin  (2;>  +  F)  tan*  ^J  (313) 

But  it  will  not  uanally  l>e  necessary  to  regard  the  divisor  eos  E  m 
the  formula  for  tan  5,  for  it  can  differ  sensibly  from  unity  only  in 
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tliosc  cases  in  \\liich  s  is  an  extremely  8mall  quantity,  and  la 

these  cases  we  may  take  ^  =  ^  (ni  —  "). 

The  method  of  ubt^ervatiou  with  the  heliometer,  in  which  two 
corresponding  observations  in  opposite  positious  of  the  #eittj« 
lenses  are  conihined,  nmy  be  regarded  a.s  fundamental  and  ejisen- 
tiaL  The  same  degree  of  accuracy  %vhieh  it  affonU  cannot  bo 
attained  by  single  observations,  the  reduction  of  which  rcquiresi 
an  accurate  determination  of  the  quantitien  a,  a\  6,  h\  A'—  k; 
for,  in  addition  to  the  uneertainty  of  such  determinations  for 
any  given  p€>sition  of  the  iuatrument,  it  is  not  certain  that  the 
values  of  these  quantities  are  really  constant  for  all  positions  of 
the  telescope  with  respect  to  tlie  horizon.  It  is  true  that  our 
formuhe  stilt  involve /and  i^,  which  depend  upon  /?,  a\  &c, :  but 
B,  precise  detennioation  of  these  quantities  is  no  longer  neceseary^ 
since  they  enter  only  into  the  small  terms  of  the  formulae. 
Moreover,  by  a  proper  method  of  observation,  /  and  i'^  may  be 
dispensed  with  altogether,  as  I  next  proceed  to  show, 

275,  Assuming  that  a  complete  obsenation  always  consists  of 
two   corresponding  observations,  as   in   the  preceding  aiticUst 

there  are  j^et  three  different  methods  of  making  such  an  oljfscf'* 
vation,  each  of  which  offers  some  advantage  over  the  oth.-n*. 
These  I  propose  to  consider  separately. 

First  Method  of  Observation, — Let  the  semi-lens  which  i»  to 
remain  tixed  during  the  observation  be  set  so  that  xU  sight  lino 
shall  be  parallel  to  the  helioineter  axis*  This  will  be  ettected  by^ 
making  m  —  €L=^/i  —  a,  and  at  the  same  time  n  —  A  =  J^  —  x,  ar, 
in  the  most  simple  manner,  by  making  m  —  a  ^^  fi  —  a^QL 
AVe  shall  then  have/—  0,  and  the  furmuhe  (31iJ)  become 

tan  s  ^  tan  R 


2  cos  £7 

|,  =  ?L±J!l_n;+|>8in(T,-d)+,\]seo^  )   («") 

— (c  +  t  cos  f  sin  r^)  tan ^^  —  ^^^%in2p{\  +  2  tan*  J^i 

This  method  recommends  itself  by  the  sj^nmetry  which  it  giv« 
to  the  observations^  as  well  as  by  the  simplicity  of  their  redactioiL 
Second  MdfmL — In  this  method,  we  make  the  Ihie^  of  motioQ 
of  the  objective  and  ocular  parallel,  or  w  —  0,  and  also  make 
m=^a;  but  the  ocular  is  moved  between  the  two  ol^ervatiatiBi 
being  set  for  one  observation  so  that  /i  —  a  =  |(ai'  ^  a%  mifli 
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for  the  other  so  that  ;£  —  a  =  J  (m/  —  a').  We  then  have 
f=ls  and  F  =  180°  for  one  observation,  but  i^'  =  0  for  the 
other.  These  changes  must  be  made  in  the  two  sets  of  formulse 
from  which  (312)  were  obtained;  for  in  the  combination  expressed 
by  (312)  the  ocular  was  supposed  to  have  the  same  position  in 
both  observations.  Here,  however,  we  must  put  F  =  180°  in 
the  first  and  jP  =  0  in  the  second,  at  the  same  time  substituting 
^s  for/,  and  then  make  the  combination:  we  thus  obtain 

nrn'  —  m 
tan  8  =  tan  R 


2cos^  ,     ,„^^, 

P  =     ^    '  —<+[/ sin  (r,  — d)  +  i{]  sec  d,  ' 

—  (c  +  e  cos  ^  sin  r^)  tau  d^ 

In  this  method,  the  rays  from  the  two  stars  make  the  same  angle 
(=  i  s)  with  the  optical  axis  of  each  semi-lens ;  whereas  in  the 
first  method  the  rays  from  one  star  make  the  angle  s  with  this 
axis  and  those  from  the  other  star  are  parallel  to  the  axis.  The 
second  method,  therefore,  ofters  the  advantage  of  bringing  both 
images  at  equal  distances  from  the  axis,  thereby  producing  equal 
distinctness  and  accuracy  of  definition  in  them,  and  avoiding  the 
defects  of  the  lens,  which  appear  more  prominently  as  the  rays 
fall  more  obliquely.  The  greater  simplicity  of  the  first  method 
in  the  observation  will,  however,  give  it  the  preference  so  long 
as  the  distance  to  be  measured  is  not  so  great  as  to  carry  one  of 
the  objects  beyond  the  limits  of  distinct  vision. 

Third  Method.. — This  combines  the  advantage  of  the  second 
method  with  the  simplicity  of  the  first.  We  place  the  ocular 
permanently  in  the  heliometer  axis,  and  make  each  observation 
with  the  semi-lenses  at  equal  distances  from  that  axis  and  on 
opposite  sides  of  it.  The  chief  objection  to  this  method  is  that, 
since  both  lenses  are  moved,  it  becomes  necessary  to  know  the 
value  of  a  revolution  of  the  screws  of  both ;  but,  as  has  been 
already  remarked  in  Art.  273,  it  is  expedient  to  devote  all  our 
attention  to  the  investigation  of  the  errors  of  but  one  screw.  It 
may  also  be  objected  to  this  method  that,  when  the  distance  to 
be  measured  is  rapidly  changing,  time  will  be  lost  in  effecting 
the  requisite  s}^nmet^ical  arrangement  of  the  obsen^ations.  This 
objection,  however,  may  be  made  with  even  greater  force  against 
the  second  method  ;  but  the  first  method  is  free  from  it. 

With  any  of  these  methods,  if  we  wish  to  free  the  results  from 
the  effects  of  flexure  of  the  declination  axis  and  from  the  incli- 
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nation  of  tliis  axis  to  the  liour  axis,  without  fiuppofting  t^  and 
c  to  he  kiiowu,  we  take  two  complete  ohservations  (j,c.  pairs  of 
observations)  in  the  two  positions  of  the  declination  circle,  pre- 
ceding  and  folhwmg;  for  we  see  by  (314)  and  (315)  that  »\  and  c 
will  vani.^h  from  the  mean  of  these  two  observ^ations. 

In  Art,  268,  we  have  seen  that  ^5^8in2/>(l  -f  2tan^iJ  is  the 
correction  to  be  added  to  the  position  ancjle  at  the  middle  point 
lietween  the  two  st^rs  to  reduce  it  to  the  mean  {—  p^  of  tho 
position  angles  at  the  tvvo  Htars:  couciequently,  if  we  neglect  this 
term  in  the  first  method  of  observation  above  given,  the  result- 
ing position  angle  will  be  at  once  the  mean  position  angle  p^ 
with  which  and  the  diHtanec  s  we  iind  the  ditlerences  of  decli- 
nation and  right  ascension  of  the  stars,  by  Art,  264.  The  requite 
are  yet  to  be  freed  from  the  effect  of  refraction,  by  the  methodft 
hereafter  to  be  given. 

27 H.  I  have  thus  far  assumed  that  the  contact  of  the  images  is 
always  ju^odiieed  at  a  certain  known  point  (o)  of  the  plane  of 
motion  of  the  ocular.  It  will  be  well  always  to  make  the  con* 
tacti^  at  the  midtlle  point  of  the  fiohh  luit  tlie  position  of  thita 
point  will  usually  be  estimakd  only,  unless  it  u  indicated  by  a 
square  formed  of  intersecting  threads  or  some  equivalent  con* 
trivance,  which,  however,  involves  the  necessity  of  illuminating 
the  field  or  the  threads.  Let  ns  inquire,  therefore,  to  what 
extent  an  erroneous  estimate  of  the  position  of  the  middle  of 
the  field  will  affect  the  observed  meatriures. 

The  qmrntitierf/and  F^  determined  by  (30*j),  express  the  actual 
position  of  tlie  middle  of  the  field  (o);  but  if  the  point  of  con- 
tact is  a  dilierent  point  (o'),  the  valnes  given  by  tho  formuW 
require  a  correction. 

Let  A  denote  tlie  angular  distance  of  o'  from  a,  and  JT  the 
angle  which  oo'  makes  %vith  the  observed  arc  SS'\  if  and  w  being 
reckontnl  in  the  same  direction.  The  quantities  tan  /?,  {ti  — a)  >«in  «* 
and  tan  R,  {ji  —  a)  cos  ii\  which  express  the  angular  distanee«  of 
the  point  o  from  SS\  and  from  a  perpendicular  to  S8'  dmwti 
through  the  helioraeter  axis,  must  be  increa44ed  by  A  sin //and 
hcosH  respectively.  Consequently,  /sin  F  and  /cosJ^iviU  ft*- 
quire  tho  corrections  h  sin  // and  —  A  cos  //:  hence,  If  vre  siipp<Me 
A  to  be  so  small  that  it^  square  may  he  neglected,  the  effect  upon 
tan  5  will  be,  by  (311), 

±  A^* cos  ^  +  hsf  (2  cos  FeosS—  sin  Fsin  IT} 
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and  the  effect  upon  tlie  poaition  angle  will  be 

^  h  sin (p  —  M)  tan  (7^  -h  }  hs  [sin  (p  —  IT) cos  p  -f  ein  (2p  —  IT)  tan* ^J 
-f  hf Imu  {p  +  F~II)  QO&p  +  sin  (2p  +  F^  IT)  tun^  ^  ] 

Since  A  will  he  hni  a  few  miniiteB  in  anv  ca^e,  it  follows  that  the 
effect  upon  tho  dirftance  will  be  Urtualiy  inappreciable  even  for 
the  greatesiit  values  of  s  and/.  The  firgt  and  principal  term  of 
the  effect  upon  the  position  anicle  is  propoi^tioual  to  the  tangent 
of  the  deelination;  but  it  vani^hcB  when  8in(p  —  JI)  =  0,  that 
is,  when  II=p,  or  H=^p  +  180°,  or  when  the  point  at  which 
the  contact  is  made  lictt  in  the  dceUuation  circle  whielj  passes 
through  the  centre  of  the  field.  'WTien  the  telescope  follows  the 
diurnal  motion  accumtely,  and  a  contact  has  once  been  made  in 
the  centre  of  the  field,  the  subsequent  observations  will  all  be 
very  near  this  point.  The  greater  the  declination,  the  more 
careful  must  we  bo  to  make  the  contacts  near  the  declination 
circle  of  the  centre  of  the  field ;  but  it  is  evident  from  the  pre- 
ceding discussion  that  we  shall  probably  always  be  idde  to  effect 
this  with  snfKcicnt  acciu'acy  by  estimating  the  position  of  this 
centre,  without  resorting  to  the  use  of  illuminated  threads. 


DETERMIXATION    OF   THB   CONSTANTS    OF    THE    HELIOMETER, 

277.  Tojiml  a,  a\  a. — Direct  the  telescope  to  any  fixed  point, 
and,  having  brought  the  centre  of  the  semi-lens  I.  nearly  hito  the 
heliometer  axis  (by  estimation),  revolve  the  lens  180^  about  the 
axis.  If  the  image  of  the  point  appears  still  in  the  same  point 
of  the  field  of  view,  the  reading  m  of  the  micrometer  is  then 
evidently  =  a.  If  the  image  has  moved,  we  have  only  to  move 
the  semi-lens  by  its  micrometer  screw  until  the  image  has  been 
carried  to  the  middle  point  betw^een  it^  first  and  second  positions, 
ami,  if  this  middle  point  has  been  correctly  estimated,  the  semi- 
revolution  will  no  longer  affect  the  apparent  position  of  the 
innigc.  By  repeating  this  process,  we  shall  very  quickly  find 
the  exact  position  of  the  semi-lens  when  its  centre  is  at  the 
minimum  distance  from  the  heliometer  axis,  for  which  m  ^=  a^ 
In  the  same  manner,  a' will  he  found  for  the  semidens  H. ;  and, 
by  a  simitar  process,  revolving  the  ocular  180*^,  a  will  be  found. 

278.  To  Jimi  A'  —  k,  b*  —  h, — These  quantities  produce  the 
greater  influence  upon  the  readings  of  the  position  cii^cle,  the 
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emaller  the  distance  between  two  points  whose  imag<^s  aroi 
brought  into  coincidence.  They  will,  therefore^  be  most  accu- 
rately determined  by  eompleic  observations  (Art.  275)  of  the  dis-j 
tanee  and  position  angle  of  the  components  of  a  double  ^XSiT. 
Since  -<?  is  in  this  case  extremely  small,  we  shall  have  JS=^  \  {n^—n)^ 
and  J  neglecting  the  insensible  terms  in  ('307),  the  single  obsen^a- 
tions  will  give 

5  sin  i(n^  —  n)  =  Riim  —  a)  (Jt  —  if)  ^h'^b^l 
«  COS  i  (Tt\  —  n)  =  B  [w'  —  «i'  —  m  +  a] 

and  (since  in  the  second  obsei-vation  we  put  180**  —  E  for  E) 

s  sin  i(n^  —  n)  =  E  [(m  —  a)  (k  —  A')  -f  «»'  —  ft] 
s  cos  J  (n^  —  n)  =  Il[fn  —  a  —  m,'  +  a'] 

from  the  combination  of  which  we  derive 

(m  ^a)ik  —  k')  +  b*—b  =  K»*'—  O  tan  J  (n^  —  n)  (619}\ 

in  which  the  second  member  and  also  the  coefficient  of  k  —  k^mte* 
known  from  the  obsen^ation.  By  setting  the  Aemi-lensi  L  at  variotii 
readings  m^  and  making  the  contacts  by  moving  the  seini-lon§  , 
n*,  we  shall  thus  for  each  complete  observation  have  an  eqoik- 1 
lion  of  condition  of  the  form  (316) ;  and  since  the  cuefficietits  of  i 
k  —  A:'  in  these  equations  rmiy  be  made  to  luive  very  different  1 
values,  the  combination  by  the  method  of  least  squares  will  give  i 
a  very  accurate  determination  of  both  k  —  A'  and  (/  ^  b, 

We  may  liere  observe  that  it  is  not  necessary,  nor  is  it  atl%*iin-| 
tageous,  to  bring  the  images  of  the  stars  into  coincidence.  It 
will  be  better  to  bring  the  image  of  one  of  the  componenCii 
formed  by  one  semi-lens  to  the  middle  point  between  the  two  i 
images  of  the  tAvo  components  formed  by  the  otlier  Bemi-Ieni. 
Thus,  if  a  and  h  are  the  images  of  the  t^vo  components  formed 
by  the  semi-lens  L,  a*  and  6'  those  formed  by  the  semideae  n.» 
in  the  first  obscrv^atiou  the  images  will  stand  thua; 

a*  a    V   h 
m     m     ^     m 


and  in  the  second  observation  thus : 
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tlic  componeiits  are  supposed  very  close  together,  the  bisec- 

ion  of  their  distance  will  be  more  accurately  estimated  than  a 

coinciderice  of  superposed  images.     Tbij?  method  of  obi^ervatiou 

is  always  advisable  when  the  distance  to  be  measured  is  but  a 

few  seconds. 

I  should  have  remarked  before  that  the  quantit}^  k  —  k'  is  the 
difference  of  the  index  errors  of  the  position  circle  for  the  two 
^emi-Ienses,  since  from  the  values  of  k  and  A-'  (291)  and  (294) 
.we  have 

k  —  1^^  n^  —  %' 

279.  To  find  the  index  error  (n^*)  of  the  position  elrek. — This  is  the 
index  error  for  the  semi-lens  11.,  with  which  we  suppose  ail  our 
observations  to  be  made.  Let  the  semi-lenses  be  separated  to 
any  assumed  distance  (by  setting  m  —  a  and  m' —  a'  to  different 
readings),  direct  the  telescope  upon  a  fixed  point,  aiul  revolve 
the  objective  until  a  motion  of  tlie  telescope  upon  the  hour  axis 
|tlie  decliuation  circle  being  elampc*!)  causes  the  two  images  of 

le  fixed  point  to  cume  snecessively  into  the  siglit  liue^  that  is, 
into  the  centre  of  the  field  of  the  ocular.    The  position  angle  of 

ae  line  joining  the  two  images  is  then  nearly  ±  90^  ;  but  it  will 
rary  with  the  distance  by  which  the  semi-lenses  are  separated. 

IF  the  hour  circle  is  clamped  and  the  objective  is  revolved 

until  a  motion  of  the  telescope,  upon  the  declination  axis  o!ily, 

souses  tlie  images  to  come  successively  into  the  centre  of  the 

leld,  the  position  angle  of  the  images  will  be  nearly  0°  or  180*^, 

but  will  also  vary  with  the  distance  of  tlie  centres  of  the  semi- 

E lenses.  The  relation  between  the  reading  (n)  of  the  position 
lirele  and  the  distance  of  the  lenses  will  be  investigated  for 
each  of  these  metlHuls. 
'  In  either  metliod,  I  nhall  suppose  that  the  sight  line  of  the 
pemi-lens  L  is  made  to  coincide  with  the  hcliomet*.'r  axis,  whiLli 
will  be  effected  by  setting  the  micrometers  so  that  m  —  a  ^^  0 
I      and  fi  —  a  —  0. 

^^  1st.  Whai  the  telescope  is  revolved  upon  the  hour  axis, — It  is  ob- 
^Biously  unnecessary  to  consider  the  position  of  the  instrument 
^Hinth  reapect  to  the  pole  of  the  heavens,  and  we  may  tli  ere  fore 
P^xprcsa  the  positii>u  of  the  heliometer  axis  Ijy  tV»rmnlte  whidi 
I  give  the  inatrumaitfd  hour  angle  and  declination  of  the  axis.  In 
order  to  show  the  effect  of  flexure,  let  us  return  to  the  general 
furmulre  (258),  which,  by  omitting  the  terms  r^o%{T  ^  d)  and 
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;'8iri(f  —  t?)tan5j  will  exi»re88  the  doi^liiiatioii  S^  and  hour  angltl 
r^  of  the  Iielioraeter  axis  referred  to  the  pole  of  the  iustrumt'Ui 
Putting  D  for  d  -T  Afi  uud  T  for  t  +  Af,  and  i|=  t  —  £  sin  f, 
sliall  put 

5,  =  J}  —  e  {sin  yj  C08  D  —  cob  f  sin  D  cos  T)  =D  -f  a  J 

T,  ^T+  cHOcJD  —  f,  tiio  D -\-£QOBfCQ& T -j- f  cosf  seci>6in  J*^^r+  a 3 

iu  whieli  f  will  now  denote  the  latitude  of  tlie  instrument- 
equatioits  (293),  under  the  form  given  to  them  iu  Art,  272,  wi 
now  become 


r  sin  ^ : 
rcos(3cos(  jf^r): 
r  cos  J  sill  {T — t): 


iBinJ)-\-v  cos  D  4-  ^  ^^^  ^  ^^^  C^  —  r) .  A  D 

=  cos  D—  V  sin  D —  r  sin  <5 .  A  Z>  +  r  co»  J&iji  (  T — r) .  a  T 

^u  —  r  COS  d  cos  (T  —  t)*  A  r 

(31T) 

in  which  o  and  r  are  the  declination  and  hour  angle  of  the  ibcedj 
point. 

In  the  revolution  about  the  hour  axis,  D  remains  constant 
It*  the  precediiig  equations  are  assumed  for  the  ease  in  which  thi 
image  produced  by  the  semi-lens  I,  is  in  the  bight  line,  and  wi 
distinguish  by  accents  those  quantities  whieh  vary  when  the 
second  image  is  brought  into  the  sight  line,  we  t*hall  have,  diiio 
3  is  fixed, 

sin  d  —  -^  sin  i>  +  —  cos  i>  +  cos  ^  cos  (T—  r) ,  i^D 
r  r  V  / 

=  —  BjnD  4-  —  coaD  +  cos  d  cos  (T'— t).aI?^ 

as  the  expression  of  the  condition  that  tlie  two  images  of  ih^^ 
Bame  point  are  successively  brought  into  the  sight  line,     BuUi 
we  may  neglect  the  products  of  the  small  quantities  w  i^^  c,  t^\t 
the  squares  and  products  uf  w,  r,  u\  v\  we  can  in  the  last  t€f 
put  cos(r —  r)  =^  cos(3r'  —  r)  =  1|  and  then  give  the  cquatic 
the  form 

/^--l\coflZ>=/-  — lUin  i>  +  coa^fAB  —  aZX) 

==( —  lsinD-fecosfjaiii2>oos^(eo«r — eo«5 

From  the  second  and  thinl  equations  of  (317)  wo  ]uiv^  wiUi  th4 
degree  of  approximation  here  requii'ed, 

COB  9  COS  T  ^=  eos  />  coa  r  —  p  sin  D  cos  r  —  «  un  t 
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and,  therefore,  also 

cos  d  cos  T'  =  cos  D  cos  r  —  V*  sin  D  cos  r  —  u'  sin  r 
bj  means  of  wliieh  our  eqimtioD  becomes 


—  =/ —  |tani>+fiCos9Ptaiii>[(i?'— i?)emI>C08T+(«'— w)8ioT] 


The  xiiode  of  observation  above  proposed,  by  whieli  we  have 
m  —  a  ^  0  and  fx  —  a  ^^^  0,  leads  to  a  ftiniplifieatioii  of  this  equa- 
tion; for  these  conditions  give  also/=^  0,  and  couseqiieiitly,  by 
(30tJ),  M  ==  17  =  0,  and  r  =  |  (1  +  mt  +  vv)  ^=  1.  We  have  altjo, 
by  (308),  under  the  same  conditions, 

t<'=2tani*Srsm  {n  —  If  +  E) 
t;' =2  tan  4  5^  cos  (n  —  h^ -\- E) 

and,  consequently, 

^  r'=:  1  +  I (u'w'  +  tV)  =  1  +  2  tan'iS 

Snbstitnting  these  vaUies,  and  neglecting  terms  of  the  order  of 
™jtan^|5,  we  deduce 

eos(»  —  k'\-E)  =^  tan  J  .S'tan  jD-j-ecos  f  tan  I>  [sin  D  cos  r  cos  (/*  — /i'4'^) 

-j-  sin  7  sin  (n  — ■  k  -\-  Ey\ 

Itom  which  it  follo^vs  that  co3(?i  —  k^  +  E)  is  of  the  same  order 
ta  tan  J  6;  and  n  —  k^  +  E  is  nearly  ^  ±  90^.     We  mny,  there^ 
ore,  in  the  last  term,  put  cosf/i  —  /c'  +  J5J)  -^  0  and  sin  (/<  —  t' 
^^-|-  _&)  =  ±:  1,  a,nd  \vrite  the  equation  in  the  following  form: 

^^     sin  [90°  q^  (n  —  A'  +  ^)]  —  tan  i  &'  tan  D  ±e  cos  e  tan  D  sin  t 

^e  s?iaH  Iiere  have  to  di:4tiiiguish  between  tlie  cashes  in  which 

—  h'  is  nearly  -=  90^  or  nearly  ^  --  90°,   The  angle  J? is  nearly 

0  or  nearly  ecpial   180°,  according   as  m' — a'  is  positive  or 

tive  in  (307).     When  n  —  t  is  nearly  ^  +  90^  and  E  is 

rly  =  0,  we  have  n  —  /:-  +  E  nearly  ^  +  90°,  and  the  upper 

tegn  in  the  second  member  must  be  used.     Under  the   same 

auditions,  tlic  upper  sign  in   the   first  member  makes   90*^  — 

k^  +  E)  nearly  —  0,  and  the  angle  nniy  be  put  for  its  sine. 

len   n  —  k'  is   nearly  =  +  90°  and  E  is  nearly  ==  180°,  the 

lower  signs  must  be  used.     Ilence,  if  we  wTite  sin  E  for  E  or 

for  180°  —  E,  we  shall  have,  when  n  —  k'  is  nearly  —  +  90°, 


(n  —  A''—  90°)  —  fiin  E^l\xniSiiiiiD±e  cos  ^  tan  D  t 


(318a) 
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and  similarly,  wlion  h  —  k'  is  nearly  =  —  90*^, 
d:  (n  ^  //  +  90^)  +  BmE^UniSim]}^e  cos  ^  ten  i>  sin  r  (318ft)| 

The  value  of  k\  according  to  (294)  and  (290),  when  we  refer  i  \ 

the  pole  of  the  instrument^  is 

k'  ^^  n^'  —  i^  see  d^  -j-  c  tan  ^^  -j-  e  cos  f  tan  S^  sin  r, 

where  the  last  term  is  equivalent  to  the  last  term  of  (318)» 
therefore,  we  neglect  this  term  in  (318),  the  value  of  k',  whic 
the  equationa  then  determine,  will  be 

=  ??/  —  i\  sec  ^i  +  c  tan  d^ 

If  we  suppose  A'  —  k  and  }/  —  b  to  be  known,  we  shall  knoi 
E  from  (807)j  and  a  single  obscn^ation  will  determine  k'  by  (318). 
But  it  will  be  preferal»Ie  always  to  combine  two  corresponding 
observations  in  which  m*  —  a*  —  m  -f  a  and  m/  —  a'  —  m  -^  a  \ 
nnmeri<'ally  eqmd  but  have  opposite  signs;  then,  n  and  n,  bein 
the  readings  of  the  position  circle  in  the  two  ob8er\^iJitiou8, 
shall  have  from  their  mcau 


ij  sec  *\  +  c  tan  ^,  ^  I  (n,  +  »)  T  90« 


(S19j 


If  we  set  the  micrometer  at  various  readuigs  in  making  tU« 

pairs  of  observations,  and  assume  that  the  weight  of  the  ret*ultir 
determinations  is  proportional  to  J  ('/^/ —  tn^)^  and  if  we  denut 
the  several  values  of  i(jy^/  —  fn')  by  3/,  3/',  3/",  &c.,  and  ol 
J  {n,  +  n)  ^  90^  by  N,  N\  N'\  &e.,  we  shall  have  the  final  m*! 
by  the  formula  (see  Appendix,  Method  of  Least  Squares) 


iN)  = 


MN  +  WN"  +  3/".T"  +  Ac. 


and  then 


iif-f  jr  +  jf"+&c. 

«/  —  I J  sec  ^^  +  c  tan  ^  =  (JV^ 


To  eliminate  the  terms  involving/,  and  <?,  we  take  obdier 
in  the  two  opfiosite  positions  of  the  declination  axis, — etndei 
ceding  and  circle  following, — and  if  (-V)  and  (iV)  are  the  gen 
means  found  in  the  two  positions,  we  shall  have 


«.'=KfAO  +  (.r)] 


(.330 


We  see  that  tlie  index  error  will  be  found  itulopondentty  of  ol 
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other  quantities,  by  taking  the  mean  of  the  readings  in  four 
observations,  two  in  each  position  of  the  declination  axis. 

2d.  When  the  telescope  is  revolved  vpon  the  declination  axis. — In 
this  case  T  is  constant  and  D  varies.  The  condition  that  the 
two  images  are  successively  brought  into  the  centre  of  the  field 
will  be  expressed  by  equating  the  two  values  of  cos5sin(r  — r) 
given  by  the  last  equation  of  (317).  Putting  coq{T—  r)  =  1  in 
the  last  term  of  this  equation,  we  find 

ii  __  cos  ^.  aT=  ^  —  cos  ^.  aT' 
r  r' 

or,  by  the  same  method  of  observation  as  we  employed  above, 
making /=  0,  and,  consequently,  also  w  =  i?  =  0,  and  r  =  1, 

ti'=r'co8^(A!r'— aT) 
=  r'  cos  d  [ij  (tan  D  —  tan  ly)  —  (c  +  e  cos  ^  sin  T)  (sec  D —  seci/)] 

which,  with  the  same  degree  of  approximation  as  was  observed 
above,  may  be  reduced  to 

u'  =  r'l/  [ij  sec  ^  —  (^  +  ^  cos  ^  sin  T)  tan  d"] 

w' 
Substituting  tan  (w  —  ft'  +  E)  for  - ,  and  r'  =  1  (which  involves 

only  errors  of  the  order  of  tan*  J  S  multiplied  bj^  fj,  c,  e),  we 
have 

tan  (n  —  kf  -{-  E)  =  ii  sec  d  —  (c  -{-  e  cos  ^  sin  T)  tan  d 

Hence  n  —  k'  +  E  is  very  small  or  very  nearly  =  180°.  When 
n  —  k'  is  nearly  =  0,  we  shall  have,  for  the  two  cases  of  E, 

n  —  A:'  ziz  sin  ^  =  i\  sec  ^  —  (^  +  «  cos  ^  sin  T)  tan  d      (321a) 

and,  when  n  —  A'  is  nearly  =  180°, 

n  —  ft'  Hh  sin  ^  =  i\  sec  ^  —  (^  +  ^  cos  f  sin  T)  tan  d    (3216) 

If  we  omit  all  the  terms  in  the  second  member,  the  value  of  k' 
which  these  equations  determine  will  be  that  of  n/  itself.  K, 
then,  two  observations  are  taken  in  which  m'  —  a'  —  m  +  a  and 
r?i/  —  a'  —  m  +a  are  numerically  equal  but  have  opposite  signs, 
and  if  n  and  rij  are  the  two  readings  of  the  position  circle,  we  shall 
have 
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Kogardirig  the  weights  of  the  several  determinations  thus  madi 
as  proportinnul  to  the  vuUies  of  i  (»?/  —  ?»'),  a  general  meim(iV)' 
will  be  found  a^  ahove,  ajid  then  we  t^hall  have  /*^'—  (3"). 

280,  From  tlie  preceding  article  it  appears  tltat  bv  revolvijig 
tlie  t(.'leHcope  npoii  the  deehuatioii  nxm  the  index  ernir  of  tl 
position  circle  is  found  independently  of  all  other  quaiititi« 
and  without  reversing  tlie  declination  axi?.  We  should  expi-c^ 
therefore,  that  when  this  method  is  followed  in  both  positiatis  « 
that  axis — that  is,  both  with  cii^cle  preceding  and  with  cirrh 
following — the  wanie  vaUie  of  n^/  will  he  ohtained.  B^sa 
found,  however,  that  this  was  by  no  means  the  case  with 
Konigrtl>erg  helionicter;  for  the  diflerence  of  the  resulting  valoQ 
was  sonietimes  aw  great  a8  4',  which  is  too  great  a  difference  ' 
be  ascribed  wholly  to  errors  of  obseixation.  He  explains  tl 
discrepancy  by  supposing  the  telescope  to  have  a  tendency  i 
revolve  (so  far  aa  the  elasticity  of  its  nniterials  will  permi^ 
about  the  point  at  wliich  it  is  secured  to  the  declination  axisi; 
revolution  which  has  the  same  effect  upon  the  position  angles*  i 
a  revolution  of  the  tube  about  the  heliometer  axis,  and  which 
clearly  to  be  distinguif4hed  from  a  flexure  of  the  de  '" 
axis.  Supposing  the  amount  of  the  revolution  to  be  proji  . 
to  the  force  which  tends  to  produce  it>  the  law  which  it  follov 
in  all  positions  of  the  instrument  is  easily  a^jsigned ;  for  thi^ 
force  is  merely  that  part  of  the  weight  of  the  telescope  whic 
act«  at  right  angles  to  a  plane  passing  through  the  decUnatic 
axis  and  the  heliometer  axis,  anil  is,  consequently,  proportioni 
to  the  cosine  of  the  zenith  distance  of  the  point  of  the  heaven 
towards  which  tlte  perpendicular  to  this  plane  is  directed.  Thi 
hour  angle  of  this  point  is  the  same  as  that  of  the  heliomcte 
axis  =  r,,  and  iti*  declination  differs  90°  from  that  of  the  helici 
meter  axis  =  90^  -f  ^^,  Denoting  the  zenith  distance  of 
point  by  f ,  we  shall  have 


cos  r  =  sin  f  cos  S^  —  cos  f  sin  ^,  cos  r^ 

and  the  amount  of  revolution  will  be  expressed  by  ^  cos  f,  in 
which  ^l/U  its  nuixinuim.     The  observed  position  angles  must 
corrected  by  adding  tliis  quantity^  or 


4  (sin  f  cos  tSj  —  cos  f  sin  <*,  cos  t,) 


(JBf)^ 
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rhich  term  must,  therefore,  be  annexed  to  the  formulff?  for  ^  iu 
■-(314)  and  (315).* 

k    281.   To  find  the  mkx  error  (x)  of  the  position  circle  of  (he  ocidar.— 
Set  the  8emi4en8  IT.  at  anj  aBsnmed  distanee  ===/«' — a'  from 
the  ht'liomcter  axis,  and  tlic  ofulur  at  an  equal  distance  ^^  /i  —  a 
from  that  axit*.   Kevolve  the  oculai'  about  its  axis  until  the  image 
of  a  fixed  point  ih  t^eeu  in  the  centre  of  the  field.     Let  n  and  u 
he  the  readingi^  of  the  position  circles  of  the  o1>Jective  and  ocular. 
Without  moving  the  telescope  or  changing  ??,  repeat  the  obser- 
vation with  the  distance  ^  (?«/  —  «')  ^=  —  (/^  —  ct),  and  let  f'  he 
tlie  new  reading  of  the  position  circle  of  the  ocular.     Tlien, 
71  —  ftj  being  the  true  direction  of  the  line  of  motion  of  the 
gemi-lens  11,,  we  have  k  ^  h{u  +  u')  —  (n  —  ??/).     It  will  be  well 
adjust  the  index  of  this  circle  so  that  its  readings  will  agree 
ith  those  of  the  position  circle  of  the  ohjcotive* 
For  the  tixed  point  in  the  preceding  methods  of  determining 
Ihe  index  error  of  the  position  eirelcs,  it  will  be  expedient  to 
employ  the  intei*«ection  of  a  cross  thread  in  the   focus  of  an 
luxiliary  telescope,  mounted  iti  the  observing  room,  with  its 
[)bjective  turned  towards  the  helionieter:  the  two  threads  of  the 
ross  making  an  angle  of  45°  with  a  deelinution  cirele. 

282.  To  find  the  dishmee  (/5)  of  ihc  line  of  motion  of  the  ondar  from 
heUometcr  axis. — Set  the  ocular  at  an  assumed  distance  /i  —  a 
3m  the  axis,  and  bring  the  image  of  a  fixed  point  into  the  centre 
"of  the  tield.  Keeping  the  telescope  fixed,  set  the  ocular  at  a 
^^*eading  /i'  such  that  //'  —  a  =  —  (/i  —  a),  and  revolve  it  until 
^■lie  image  is  again  seen  in  the  centre  of  the  field.  Let  v  and  i/' 
^■le  the  readings  of  its  position  circle  in  the  two  positions;  then 
^Bre  evidently  iiave 

p  . 

I  It  will  he  easy  to  adjust  the  ocular,  by  means  of  the  proper 
adjusting  screws,  so  that  its  line  of  motion  passes  through  the 
lieliometer  axis,  and  thus  make  /9  =  0.  A  small  error  in  this 
adjustment  will  have  no  sensible  eifect  upon  the  ohservationSj  as 
pur  formulae  show. 

I  ♦  Sco  Bbssbl's  Aitron,  UnCertuch,,  Vol.  L  pp.  45.  72.     In  the  latter  place  he  finds 

for  the  KoniQ^hetg  UeliomGier  ^  (which  he  there  denotes  by  //)  ^  l\9ll. 


fi—fi: 


tan  i  (180^  —  V  +  i/) 


(323) 
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283.   Finally,  the  value   of  a  revolution  of  the   mieramefa 
Bcrcw  (=  R)  is  to  be  determined  with  the  utmost  p»recitiioii. 
the  methods  given  in  Chapter  II.  for  the  filar  mieromet<?r,  we 
may  regard  the  following  as  the  mosit  siiitable  for  the  heliometer: 

Ist,  By  the  nieasiireinent  of  the  foea!  length  of  the  lens  and 
of  the  distauee  between  two  suecessive  threads  of  the  micrcunetef 
screw, 

2d.  By  the  GauKt^iian  process,  or  the  obBervatioix  of  a  thread  in 
the  focus  of  the  lens  with  a  theodolite. 

3d.  By  the  measurement  of  a  distance  otherwise  known,  na, 
for  example,  the  distance  of  two  stxirs  in  the  group  Pleiades  de- 
termined by  meridian  observations. 

By  the  thu'd  method,  liowever,  we  cannot  eacpect  to  VBiucix 
degree  of  accuracy  which  is  necessary  to  give  tlie  heliometer  all 
the  advantage  which  it  should  possess  as  a  micrometer.  Tbii 
objection  is  obviated  in  a  degree  by  measuring  the  snccessive 
distances  between  a  number  of  stars  which  are  nearly  in 
same  great  circle,  and,  having  reduced  thci^e  distances  to  tht' 
great  circle  joining  the  extreme  stai^,  compariug  the  tolnl  roduce^l 
distance  with  the  distance  of  the  eartreme  stars  as  determined  by 
meridian  observations. 

Bes8el,  after  a  careful   trial  of  all   these  methodfi  with 
KonigBberg  heliometer,  gave  the  preference  to  the  fii*st,     I  nm 
refer  the  reader  to  his  elaborate  researches  upon  this  instrument" 
(already  referred  to)  for  his  very  precise  method  of  determining 
the  focal  length  of  the  lens.    These  researches  include  also  »Limt! 
optical  investigations  of  great  elegance  and  ijuportancc. 


Fig,  60, 
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284,  In  the  general  discussion  of  eclipses  in  Vol,  L,  I  omitted 
to  speuk  of  tlie  use  that  may  be  made  of  tliese  ob-.  *  'u 
deteruiiniug  the  corrections  of  the  elements  of  the  . 

omission  may  be  appropriately  AupplitKl  hef 
in  connection  with  the  heliometer,  with  whic 
the  observations  are  most  accurately  made* 

Let  3/ and  S  (Fig.  00)  be  the  apparmt  pla 
of  the  centres  of  the  moon  and  sua,  CC* 
common  chord  of  the  intersecting  diAca. 
observation  consist*  in  meaisuring  the  distance  of  Uie  cuspa  C,  C\ 
and  the  position  angle  of  CC^  with  referencHJ  to  the  circle  of 
declination  drawn  to  it^  middle  point.    Tliia  diatancei  as  well  at 
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the  position  angle,  will  be  affected  by  refraction,  the  correction 
for  which  will  be  investigated  hereafter.  Let  s  andp  here  denote 
the  distance  and  position  angle  deduced  from  the  observation  by 
the  formulsB  above  given  for  the  heliometer,  and  also  corrected 
for  refitiction. 

The  local  time  of  each  measure  must  be  accurately  known. 
For  this  time,  let  the  parallaxes  of  the  two  bodies  in  right  ascen- 
sion and  declination  be  computed  (by  Vol.  I.  Art.  98),  and  let  a 
and  a'  denote  the  resulting  apparent  right  ascensions  of  the 
moon  and  sun  respectively,  d  and  J'  their  apparent  declinations. 
Let  <y  denote  the  apparent  distance  of  the  centres  =  SMy  and  n 
the  position  angle  of  S3I  with  reference  to  a  circle  of  declination 
drawn  through  its  middle  point,  reckoning  this  angle  from  the 
moon  towards  the  sun.     We  have,  with  sufficient  accuracy, 


<r  sin  TT  =  (a'  —  a)  COS  J  (^'  +  ^) 
ff  cos  TT  =    d'  —  d 


}    (324) 


which  determine  <y  and  tt. 

For  the  same  time,  the  apparent  semidiameters  of  the  moon 
and  sun,  which  we  shall  denote  by  S  and  S'  respectively,  will 
be  computed  by  Vol.  L  Art.  131.  We  then  have  given  the 
three  sides  of  the  triangle  SCM^  and,  denoting  the  angles  at  M 
and  Shy  fi  and  /x\  we  may  find  these  angles  by  the  usual  formulsB 
of  plane  trigonometry,  or  by  the  following  formulee,  which  in 
the  present  case  are  somewhat  more  convenient : 


1  A*  4-  5'  cos  At')  =  A  <f  ^ 

I  A*  —  5'  cos  At')  =  ^^ — ■ — ^ ^  =  A      I 


With  either  of  these  angles  and  the  value  of  S  or  S',  we  can 
compute  the  value  of  CO'.  Let  this  computed  value  of  CO'  be 
denoted  by  s' ;  we  have 

«'  =  2/S  sin  /i  =  2S'  sin  m'  (326) 

The  difference  between  this  computed  value  and  the  observed 
value  8  will  determine  the  corrections  which  the  elements  of  the 
eclipse  require  in  order  to  satisfy  the  observation.  Put  8  =  8' 
+  ds'.    Differentiating  (326),  we  find 

d8f  =2S  QOB  fi.dfi  -\-  2  Bin  fi,  dS 
Vol.  IL— 28 
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and  from  the  formula 

we  find 

—  S(F  gin  fidfi=^(jr^Sco&fi)d^-\-  (S^  a  cm  fi)  dS  —  S'dS* 

wlieiice,  with  the  aid  of  the  known  relations  between  the 
of  the  plane  triangle,  wo  readily  find 

<r  tan  f£  tr  tan  ft  <r  tan  fi' 

But,  since  da  varies  with  ;r,  we  must  replace  it  by  eorrectioiiil 
which  will  have  the  eame  value  in  all  the  equations  of  conditio 
thus  formed.     By  putting 

<r  sin  tr  ^  (<»'  —  ©)  cOB  i  (d'  ^  if)  =  X 
er  COB  K  =^    8'  —  S  z=i  u 


we  shall  find 
in  which 


d^  ^  dx*mmt  -^  dy .  cos  n 

dx  =  cos  i  (d'  -\.d).d{a!—  ft) 


and  we  may  regard  d{a'  —  a)  and  d{ii^—  5),  and,  consequently, 
also  dx  and  d}/,  as  constant  for  the  duration  of  the  ecHpse.     Wi  j 
then  have 

28      ,„  ,     2^*'    .^,     2ScoBti    .       ,        25coejEi 
dS  A dS psmTTi:^^  - — —^conwdu=s — ^  , 

«r  tan  f/  ertan  ft  e  tan  f£  e  tan  /  l 

(3tt7) 

Tliis  will  ho  the  final  form  of  our  equations  of  condition  if  tiit| 
distance  s  is  fully  corrected  for  the  instnmiental  errorsi.   If,  how«l 
ever,  the  zero  of  the  micrometer  is  uncertain,  we  should  mak#j 
observations  on  opposite  sides  of  the  zero,  (with  the  heli^^ 
by  placing  the  movable  semi-lens  alternately  in  opposite  p 
with  respect  to  the  stationarj^  one,)  and  if  c  is  the  unknown  er 
of  the  micrometer  zero,  we  must  write  5  d:  <r  for  s  in  th* 
equation,  taking  5  +  ^  for  one  series  of  observations  am 
for  the  other-    The  resolution  of  all  the  equations  of  conditioii| 
by  the  method  of  least  squares  will  then  determine  dSydS\ds^ 
dtf^  and  c. 
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It  will  usually,  however,  he  inexpedient  to  retain  dS%  as  its 
coefficient  will  (lifter  very  little  from  that  of  dS,  The  value  ot 
the  sun's  semidiaiuetcr  is  uow  so  well  determined  that  in  dis- 
eussions  of  this  kind  it  will  be  quite  allowable  to  put  dS^  ^  0. 

We  may  also  tbrnt  equations  of  condition  from  the  position 
angles.  The  angle  z  is  formed  by  Al/aiul  a  circle  of  declina- 
tion drawn  to  the  middle  point  of  *S'J/,  wliilc  p  is  foiined  at  the 
point  D.  Denoting  the  middle  point  of  SJI  hy  E^  we  have  DE 
=^  I tf  —  jS'  cos  fi*  ^  ^{S cos  fA  —  S'  cos //')  =  A ;  and  we  can  now 
compute  the  position  angle  of  CC"  at  tlie  point  D  from  the 
known  paits  of  the  triangle  formed  l>y  the  points  /),  J?,  and  the 
pole.    Let  j>'  denote  this  computed  value;  we  readily  find 


f=  ff  -^  90°  +  ^  sin  It  tan  i  (J'  +  d) 


(828) 


Putting  the  obser\^ed  value  p  ^p'  -\-  dp\  we  have,  by  neglecting 

the  insensible  variations  of  the  last  term  of  (328),  dp'^  dn^  and, 

consequently, 

cos  TT  <ix        Binr/i?/  ,  ^^^ 

—  n  _  fl^  C329) 

<T8inl'        ^sinl'      ^      ^  ^      ^ 

where  rfx,  dy^  and  a  are  expressed  in  seconds  and  dp^  in  minutes. 
From  all  the  equations  thus  formed,  we  can  find  dx  and  dy\  or 
we  can  combine  all  the  equations  of  the  forms  (327)  and  (329)  in 
a  single  discussion.  We  see  that  the  corrections  of  tlio  semi- 
diameters  cannot  be  determiued  from  the  position  angles  alone. 
"When  the  ohservations  are  made  with  the  heliomcterj  each 
must  be  a  single  observation,  for  the  chord  s  changes  bo  rapidly 
that  we  cannot  combine  two  opposite  observations,  as  has  been 
supposed  in  Art.  275.  We  must,  therefore,  reduce  each  ohser* 
vation  by  the  general  formula  (311),  in  w^hich,  however,  we  may 
make/— 0,  by  making  all  the  contacts  in  the  heliometcr  axis 
or  middle  of  the  tield.  The  angle  E  m  these  formube  must  then 
be  known;  hut  if  it  has  not  been  determined  with  certainty,  we 
may  inti'oduce  it  into  our  equations  of  condition  as  an  additional 
nnknown  qnatitity.  For  one  series  of  observations,  we  must 
write  ;^  4-  ^in  the  place  of  p  in  (320),  and  for  the  other  series, 
in  opposite  positions  of  the  semi-lenses,  we  must  write p  —  -Bin 
the  place  of  E,  But,  as  Ovaries  inversely  with  the  distance  s, 
it  will  be  necessary  to  put 


E  = 


a.siol' 
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ill  wbieh  x  is  a  constant  wliicli  vfsSk  be  expressed  in  6econil«,| 
Biuee  8  13  in  seconck  and  E  m  miuutca*     The  equatiou  (S29)  maji 

tlieu  be  put  under  tbe  form* 

-  cos  ;r  Jx  —  sin  7tdy:^j'  =  s  sin  {p  —p')  (320*)^ 


For  some  obsen^ations  of  the  cusps  of  the  solar  eclipse  of  Jul  j 
28,  1851,  made  vnth  the  heliometer  of  the  Konig^berg  Obsicrva- 
tory  and  reduced  by  the  preceding  method  by  the  Director  { 
WicuMANN,  see  Asiron.  NacL^  Vol.  XXXIII.  p,  309, 

THE    KINO   MICROMETER. 

285,  This  is  simply  a   thin   metallic  ring,  exactly  circmliry] 

placed  in  the  focus  of  tho  ol>)oetive,  with  it^  plane  at  right  angk 
to  tlie  optical  axis.     From  the  times  of  transit  of  two  stara  acro«{ 
itB  edge,  the  telescope  remaining  fixed  throughout  the  ob«eiTft>i 
tion,  we  can  find  both  the  diffcrenee  of  riglit  a.sceusioa  and  the 
difference   of  declination  of  the   stars.      Although  inferior  in 
accuracy  to  the  filar  micrometer  and  tla^  heliometer,  it  [m 
the  advantage  over  the  former  of  not  requiring  ilIuminatiaQ^and| 
over  both  in  not  requiring  an  equatorial  mounting  of  tlie  tcl 
Let  vli/^'^1' represent  the  inner  edge  of  the  ring.     J)i  r 

/j  and  /j  the  observed  sidereal  times  of  ingrei*a  | 
and  egress  of  a  star  at  the  j»ointi?i^4  and  B;  by  j 
//  and  t/  the  same  for  a  star  observed  at 
^'and  J5'.     Upon  the  sapposition  that  the 
\a  paths  of  the  stai's  across  the  field  are  recti- 1 
linear,  the  straight  line  CMM\  dniivn  front 
the  centre  C of  the  ring  perpendicular  to  thdj 
chord!^  AB  and  A*B%  will  coincide  with  the! 
declination  circle  of  the  point  C     The  time 
of  the  transit  of  the  first  star  over  this  circle  is  the  arithtnctical 
mean  of  the  times  (^  and  ',==^  J  (',  +  ',);  that  of  the  transit  of  fh#' 
second  etar  over  the  same  circle  is  J(//  +  /,');  aud,  hencei  if  a  aodf 
a'  are  the  right  ascensions  of  the  stars,  we  have 

a'-a^K^'+^')-H^-^-^ (wy 

*  Bj  (307),  we  {»eTcoiT«  Ihit  y  it  bcre  tlie  ir»!tt«  of  III*  quAniitjr  {m  —  «)  (k  —  Jf^J 
^  b' —  b  expr«8a«d  io  tMonds;  ftnd  by  putting  ita  raluc  fouoil  from  Uio  t 
of  tlie  eqamiotis  (329)  in  lh«  second  m  ember  of  (titi),  and  ftbo  tbe  tmt  vftfaM  if  J 
m^a  founti  from  ibo  ralue  of  e  bj  (327}»  wo  iball  Ii»t«  ka  equelJoB  for  doliamlalif;| 


Fig.  61. 
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Let  r  denote  the  radius  of  the  ring  expressed  in  seconds  of 
arc,  d  and  d'  the  declinations  of  the  stars,  and  pat 


r  =  t,-t. 

^  =  t;-t; 

r  =  BCM 

f^B'GM' 

d=MC 

d'=  M'G 

11  =  BM 
then  we  have  : 

yl=  B'JT 

15 
jtt  =  —  T  cos  i 

2 

/  = 

=  15  r' COB  a' 
2 

8inr  =  ^ 

sin 

'■=? 

d  =:  r  COS  y 

d'z 

=  r  cos  / 

(331) 


and  hence  the  difference  of  declination  of  the  stars : 

d'^d  =  d'^d  (832) 

The  signs  of  cos  y  and  cos  f  are  not  determined  by  the  second 
equations  of  (331);  consequently,  either  sign  may  be  used  in 
computing  d  or  d'.  To  remove  the  ambiguity,  it  is  necessary 
that  the  observer  note  the  positions  of  the  stars  with  respect  to 
the  centre  of  the  ring :  then  d  or  d'  will  be  positive  when  the  star 
passes  north  and  negative  when  south  of  the  centre. 

Example.*— On  the  11th  of  April,  1848,  at  the  Observatory  of 
Bilk,  the  planet  Flora  and  a  neighboring  star  were  compared  by 
a  ring  micrometer  of  a  six  feet  refractor.  The  observed  sidereal 
times  were  as  follows: 


Flora  (N.  of  centre). 

Star  (N.  of  centre). 

«;'=ll»16-85'.0 

t,  =  11»  17-  53«.0 

<,'=11  17    25.5 

t,=  ll   19    46.5 

r'  =               50.5 

T  =          1    53  .5 

The  approximate  declination  of  Flora  was  ^'  =  +  24°  5'.4.     The 
apparent  place  of  the  star  was 


a=        6»4-51-.93 
^  =  +  24°  r    9".01 


The  radius  of  the  ring  was  r  —  1126".25;  and  hence 


*  Bbunnow's  Spharisohe  Afltronomie,  p.  64G. 
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log  r'      1.70329 

logr    2.05500 

log  cos  d'    9.96043 

log  cos  0    0,9G067 

log  /x'     2.53878 

log  fi    2,89073 

log  sill  y     9.48715 

log  sin  r    9,83910 

log  cos  /     9.97850 

log  cos  ;*    9.85940 

logd'    3.03013 

log</    2.91103 

d':^  +  irbr3 

J  =  H-  13'  34".g 

The  planet  and  star  being  both  observed  on  the  north  side  of  tho] 
centre  of  the  field,  d'  and  d  arc  both  positive^  and  hence 

For  tlie  times  of  transit  over  the  declination  circle  of  the  middli  j 

of  the  field,  we  have 

Flora,  ^  (</  +  f,')  ^11*  17-    0-.25 

Star,    4(fi  +f,)=ll  18    49  J5 

o'  — o^-^     1    49,50 

Hence  we  have  for  the  planet 

li'  =        6»  3-  2'.43 
d'=  +  24*'5'2r.l 

which  vahies  express  the  planet's?  apparent  place  at  the  time  of  its  i 
passage  over  the  deeliiuitiou  circle  of  tiic  middle  of  the  field,  dx 
is,  at  the  sidereal  time  11*  17"*  0*.25,  But  the  effect  of  refraction] 
has  uot  yet  been  allowed  for.     See  Aj-t,  300. 

286.  Correction  for  curvature, — The  correction  which  the  pr 
ceding  method  retjuires,  in  consequence  of  the  curvature  of 
patliH  of  the  etarB,  may  be  found  as  follows.     In  the  fipheric« 
triangle  of  which  tlie  tliree  angular  points  are  the  poks  the  centml 
of  the  ring,  and  the  point  where  the  star  entens  or  leavee  tlie  rin^l 
we  have 

sin  d  =  sin  D  coa  r  +  ^03  -^  ^^^  ^  cos  ^ 

where  D  is  the  declination  of  the  centre  of  the  ring.     For  At^ 
second  star,  we  have 

Bin  d'=  sin  D  cos  r  4-  cos  J>  ain  r  co«  f 

and  the  diflerence  of  these  equations  gives 

2  sin  }  {d*  —  ^)  C06  J  (d'  +  ^)  =  (Bin  r  cos  /  —  aiJi  r  cos /'j  coe  i> 
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or,  veiy  nearly, 

(^'  —  ^)  cos  }  (^'  +  ^)  =  (r  cos  /  —  r  cos  f)  cos  D 
=  ld'  —  d)coBJ) 

in  which  d'  —  rf  is  the  approximate  difference  found  by  the  pre- 
ceding article.    But  we  have,  very  nearly, 

the  mean  of  which  is 

and  we  may,  therefore,  put 

cos  D  =  cos  i  ip'  J^  d)  +  ^(d'  +  d) sin  T'sin  i(d'  +  d) 

so  that  we  obtain 

a'  —  a  =  d'  —  (f  +  i(d'+  (f)  (^'—  ^  sin  l"tan  i{d'+d)   (333) 

Hence,  the  correction  of  the  difference  of  declination  foimd  upon 
the  supposition  that  the  path  of  the  star  is  rectilinear,  is 

+  2 (^'  +  ^  (^'—  d)  sin  1"  tan  i  (^'  +  d) 

The  correction  disappears  when  d'  and  d  are  numerically  equal, 
that  is,  when  the  stars  are  observed  at  equal  distances  from  the 
centre  of  the  ring. 

In  the  example  of  the  preceding  article,  this  correction 
amounts  to  +  C.52,  and  the  corrected  difference  of  declination  is 

287.  If  the  outer  edge  of  the  ring  is  also  an  exact  circle,  it  may 
be  used  in  the  same  manner  as  the  inner  edge.  Let  the  four 
transits  of  a  star  over  the  edges  of  both  rings  be  observed  at  the 
times  ^,  /„  ^,  ^4 ;  then,  if  r  is  the  radius  of  the  outer  ring,  r^  that 
of  the  inner  ring,  we  put 

fi  =  'a*  (t^—  gcos  d  t^=\t  (^,—  Ocos  ^ 

sm  r  =  —  sin  y.  =  — 

r  n 

so  that  with  the  outer  ring  we  And 

d  =  r  COS/ 
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and  with  the  inner  ring, 

d  =  fi  cofl  Yi 

and  the  mean  of  these  values  will  be  taken  as  the  trae  value  of 
d.  In  the  same  manner  d'  for  the  second  star  will  be  found, 
after  which  d'  —  d  =  d'  —  d. 

But  when  the  four  observations  have  been  obtained,  the  pro- 
cess of  reduction  may  be  slightly  abridged,  as  follows  :* 

The  sum  and  difference  of  the  values  of  d*  give 

d«=i[r«+r,»~(M«+Ai,0] 


Putting 


we  find 


a  = 


r  +  r. 


Bin  A  = 


2a 


2a 


(334) 


r—^r,  =- — ^=  2a  sin  A  sin  B 
*  2a 

r»+  r,«  =  2a«  (1  +  sin*  A  sin'  B) 
fi*+  fjL^^=2a^  (sin*  A  +  sin*  B) 

which,  substituted  in  the  above  value  of  d*,  give 

{?  =  a*eoB»JL  co8*5 
or 

d=acoBA  cos B  (885) 

so  that,  A  and  B  being  found  by  (834),  d  is  found  by  (835).  The 
formulflB  (334)  for  determining  A  and  B  may  also  be  written  aa 
follows : 
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The  approximate  declination  of  the  comet  was  5'  =  +  59°  20', 
and  the  apparent  place  of  the  star  was 

a  =  14»  63-  80*.76  a  =  +  59°  T  12".19 

The  radii  of  the  rings  were — 

Outer,    r  =  ir2r.09 
Inner,     r^=    9  26  .29 


whence 

a  =  l 

0  23  .69 

Then  we  find: 

Comet. 

Star. 

t' 

1-  54*.0 

T 

2-  42'.2 

r^' 

1      1.0 

fl 

2      7.5 

logCT'  +  r,') 

2.24304 

10g(T  +  Ti) 

2.46195 

logCZ-r/) 

1.72428 

log  (r  —  r.) 

1.54033 

,      15  COS  d' 
4a 

7.48667 

,      15  cos  d 

log — 

4a 

7.48938 

log  sin  A' 

9.72971 

log  sin  A 

9.95133 

log  sin  B' 

9.21095 

log  sin  B 

9.02971 

log  cos  A' 

9.92623 

log  cos  A 

9.65137 

log  cos  B' 

9.99419 

log  cos  B 

9.99750 

logd' 

2.71539 

logd 

2.44384 

d'  = 

+  8'  39".27 

d= 

—  4'37".87 

^'— (f  =  +  13'17".14 
and  for  the  difference  of  right  ascension, 
a'— a=:  — 3-25'.83 

288.  To  find  the  correction  for  the  proper  motion  of  one  of  the  objects. 
— ^The  most  common  application  of  the  ring  micrometer  is  to  the 
determination  of  the  difference  of  right  ascensions  and  declina- 
tions of  a  star,  and  a  planet,  or  comet  But  since  a  planet  (or 
comet)  changes  both  its  right  ascension  and  declination  during 
the  time  of  an  observation,  its  path  will  not 
be  at  right  angles  to  the  declination  circle 
drawn  through  the  centre  of  the  ring:  so 
that  the  differences  found  by  the  preceding 
methods  will  require  a  correction. 

Let  Abj  Fig.  62,  be  the  path  of  the  planet 
across  the  ring;  Cm  the  declination  circle 
through  (7,  the  centre  of  the  ring.  Draw 
AB  perpendicular  to  Oi,  On  pei-pendicular 
to  Abj  bp  perpendicular  to  AB.    Put 


Fig.  62. 
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Aa'  =  the  increase  of  the  planet's  right  aacenslon 

in  one  sidereal  second, 
A^'  =  the  increase  of  the  declination  in  one  eicL 

second, 
fj',  f/  =^  the  Bitl,  limes  of  ingress  and  egress  of  tlie 

planet  at  A  and  b^ 

X  ^^  tho  correction  of  the  mean  of  ^'  and  f/,  or 
of  tho  right  ascension  of  the  planet  found 
by  tlie  preceding  methods, 
I  ft'  +  O  +  ^  =  the  ftid.  time  of  the  planet's  transit  at  m, 

^  ==  tho  angle  BA(f  ^=^mQn, 

The  arc  bp  may  be  regarded  as  a  portion  of  the  deelliiation  circle] 
drawn  through  b.     The  angle  at  the  pole  iiieluded  by  thL*  circle] 
and  the  declination  circle  of  A  is  tlie  hour  angle  described  by  the  ^ 
planet  in  the  time  r',  which  hour  angle  is  r' —  ^^  4a'=r'  (1 — Aa*)* 
Hence  we  have,  verj^  nearly, 


We  havcj  alao^ 
whence 


hp  =  r^.  Aa' 
tan  ff : 


^r 


15  cos  a'  (1  —  Aa  ) 

or,  since  the  squares  of  a<J'  and  Aa'  or  their  product  maj  be 
neglected, 

tan  /f  ^ 

15co«  ^' 

The  correction  x  is  the  time  in  which  the  planet  describee  tli6 
line  7im^  and  this  time  is  found  by  the  proportion 

r^tx  =^  Abmm  =^  AbiCntAufi 

for  which  we  can  take 

x'lx  =^  ISr'cos  yid'tAufi 

whence,  substituting  the  value  of  tan  ^, 

^      (15  COS*?')* 
Since  Ab  =  Ap  sec  ^,  and  sec  ^  differs  from  unity  only  by 

terms  involving  (aJ')*,  wc  may  take  Ab  =  Ap^  and  hence 

.         .  .         ISr'cosiJ'  ,^  .,        ,  ,^  ^ 

An  =  iXp  =^ a  -  Aa')  =  ;i'(l^  A»') 
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BO  that  to  compute  rf'  =Oi  in  this  case  we  have 

Bin  /  =  —(1  —  Aa')  d'  =  r  cos  /  (887) 

that  is,  the  computation  by  the  preceding  methods  will  give  the 
value  of  d',  corrected  for  the  proper  motion,  if  we  emploj 
/i'  (1  —  Aa')  instead  of  fx'.  In  the  method  of  Article  287,  with  a 
double-ring  micrometer,  the  logarithm  of  1  —  Aa'  may  be  added 

to  the  logarithm  of  — j • 

Example. — In  the  example  of  the  preceding  article  the  comet's 
motion  in  one  mean  day  was,  in  right  ascension  —  5"*  0*,  and  in 
declination  —  1°  17' ;  and  therefore,  since  one  mean  day  contains 
86636  sidereal  seconds,  * 

Aa'  =  — -55?!.  log(l  — AaO=   0.00150 

86636  ^  ^ 

4620" 
Aa'=  —  ^^^^^  log  £^d'  =  n8.72694 

86636  ^ 

Hence,  in  the  computation  of  d^  we  have 


,        15 COS  d'  ,,                ,. 
log-— —  (1-Aa') 

4a 

7.48817 

log  sin  A' 

9.73121 

log  sin  B' 

9.21245 

log  cos  A' 

9.92563 

log  COB  5' 

9.99415 

logd' 

2.71475 

d'  = 

=  +  8'  38".50 

*  The  logarithm  of  1  —  Aa'  may  be  found  at  once  from  the  change  of  right  asoen- 
Bion  in  48  hours,  as  follows.  Let  this  change  be  expressed  in  minutes  of  arc,  and 
denoted  by  (^a'),  then  we  have 

^^,  ^       (A^OX60       _  (Aa') 
16  X  2  X  86t>36       43318 

But  if  M  is  the  modulus  of  common  logarithms,  we  have  f^om  the  development  of 
log  (1  —  ^a')  in  series,  by  neglecting  the  second  and  higher  powers  of  Aa', 

1/1        A   .X             iTA   .            0.43429  (Att') 
log(l-Aa')=-JfAa'  = ^^^ 

or,  very  nearly, 

log  (1  —  Aa')  =  —  0.00001  ( Aa') 

Hence,  to  correct  for  the  proper  motion  in  the  computation  of  </,  subtract  from  the 
logarithm  of  fi'  as  many  units  of  the  5th  decimal  place  as  there  are  minutes  of  arc  in 
the  48  hour  increase  of  right  ascension. 
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and,  therefore, 
By  (336)  we  find 
whence 


^'— ^  =  +  IS'  ir.37 
x=       —    0-.47 
a'— (1  =  —    3-26'.30 


The  correction  of  d'  —  d  for  the  curvature  of  the  path  is,  in  this] 
case,  bj  (333),  -h  0'^78;  whence 

d'—S=  +  13'  irM5 

eo  that  the  corrections  for  curvature  and  proper  motion  here, 
accidentally,  almost  destroy  each  other. 

The  apparent  place  of  the  comet  (still  affected,  however,  by^J 
parallax  and  planetaiy  aberration,  as  well  as  the  diiferential| 
refraction)  is,  therefore, 

o,'=       14»50*    4*.45 
^^  =  +  69°  20'  29".34 

at  the  sidereal  time  18*  16-*  50.75. 

289.  It  is  yet  to  he  shown  nnder  what  conditions  errori  of  J 

observation  or  of  the  data  will  have  the  least  eflect  apan 
results  obtiiined  with  the  ring  micrometer.     For  the  effect  of  flal 
error  At  in  the  observed  interval,  we  have,  by  differentiating  (33l)|  j 

15co0  3.  Ar 

^r  =  -^ — 

2reo8y 

Ad  =  —  r  sin  T' ,  A;'  =^  —  \f  cos  ^  tan  ^ ,  Ar 

which  shows  that  the  error  in  the  observed  time  prodaec 
least  effect  upon  d  when  tan  y  is  least,  and,  therefore,  for  the  mc 
accurate  deterrainatiou  of  tlie  declination,  the  chonls  describcdl 
by  the  two  stars  should  he  as  far  from  the  centre  of  the  ring  i«] 
posHible,  or  the  difference  of  declination  should  be  but  little  \em\ 
than  the  diameter  of  the  ring.  K  d  is  not  much  lei^  than  r,  til 
wilt  be  advisable  to  let  the  dtara  pass  across  the  field  on  oppotfiltl 
Bides  of  the  centre,  at  nearly  equal  distances  from  it.  But  i(*ii» 
very  small,  both  stars  should  pass  as  far  from  the  centro  M 
possible,  on  the  same  side  of  it. 
For  the  effect  of  an  error  in  r,  we  have 

Ad  =^^Ar=i  ^r.eeeir 
d 
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which  is  also  least  when  the  star  is  farthest  from  the  centre  of 
the  field. 
For  the  second  star,  we  have  also  ^d'  =  Ar  sec  fy  and  hence 

^(df  —  (f)  =  Ar  (sec  /  —  sec ;') 

so  that  if  the  stars  are  on  the  same  parallel  of  declination  (when 
Y  =  f)  the  error  in  r  has  no  effect  upon  the  computed  difference 
of  declination,  as,  indeed,  is  otherwise  evident. 

For  the  accurate  determination  of  the  difference  of  right 
ascension,  it  is  plain  that  the  stars  should  pass  as  near  to  the 
centre  of  the  field  as  possible,  since  the  immersions  and  emer- 
sions can  then  be  most  accurately  observed. 

290.  To  find  the  radius  of  the  ring. — First  Method. — Observe  the 
transits  of  the  sun's  limb  over  the 
edge  of  the  ring.  Four  contacts 
will  be  observed,  the  sun's  centre 
being  at  the  points  a,  6,  c,  d  (Fig. 
63)  at  the  times  ^,  t^^  t^,  t^.  If  the 
radius  of  the  ring  is  denoted  by  r 
and  the  sun's  semidiameter  by  iZ, 
we  see  that  the  external  contacts 
(at  a  and  d)  are  observed  at  the 
times  at  which  the  transit  of  the 
sun's  centre  would  be  observed 
over  a  ring  whose  radius  was  r  +  R;  while  the  internal  contacts 
(at  6  and  c)  are  observed  at  the  times  at  which  the  transit  of  the 
sun's  centre  would  be  observed  over  a  ring  whose  radius  was 
r  —  JB.    Hence,  putting  8  =  sun's  declination,  and 

r  =  t,^t^  r'=t.-^, 

we  have,  by  Art.  285,  from  the  external  contacts, 

2  (r  +  i?)  sin  ^^  =  15  r  cos  d 
2lr  +  B)coBr  =  d 

and  from  the  inner  contacts, 

2  (r  —  -R)  sin  /  =  15  t'cos  * 
2(r  — -B)co8/  =  d 
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Eliminating  y  and  Y^  we  hare 


4  (r  +  J2)»  =  (15  r  cos  3)*  +  c? 
4  {r  —  Ef  ^  (15  r'  cos  ^)"  +  d} 


and  eliminating  d*,  we  obtain 


16^ 


(M8) 


In  order  to  take  into  account  the  Bun*8  motion  in  right  aacension 
the  intervals  r  and  r'  should  he  expressed  in  apparent  time. 

It  is  easy  to  see  that  the  formula  (338)  vnW  still  be  applicabli 
when  the  sun'B  diameter  is  greater  than  that  of  the  ring. 

Example.* — The  sun  was  observed  vrith  a  ring  micrometer  i 
the  Observatory  of  13ilk  as  fbllowa : 


External  Contacts, 
fj  =  10*  31*    ^\l  Sid.  time 
e^=10   34    47.5 


lutcTiii]  ContActs. 
r,  =  10  33    25,3 


The  sun's  declination  was  3  ^  -f  23®  14'  50" ;  the  semidiaraet 
i?  —  15'  45''. 07  ;   and  the  sun's  motion  in  right  ascension 
4*  8*. 7  in  one  day. 

The  sidereal  intervals  3**  39*. 3  and  54'. 5  must  be  reduced  to 
intervals  of  apparent  time  by  multiplying  them  by  the  fibctor 


whence 


and  hence,  by  (338), 


248.7 
1  -  ^^  =  0,09713 
8GG36 


n8*.G7 


/=54'.34 


r  =  y  23".57 


SeconxiMdhod — Observe  the  transits  of  two  stars  the  differ  i 
ence  of  whose  declinations  is  accurately  known.     Then,  r  and  rj 
being,  as  before,  the  intei'vals  between  the  ingress  and  egrei 
the  two  stars  respectively,  we  have 


fi  ^^  \f  T  cos  3  =  r  sin  ^ 
^'  =  y  r'  cos  d*  =  r  sin  f 


rf  =  ^  r  cos  y 


Bince  for  determining  r  it  will  always  be  advisable  to  lelect  a 

*  BwhtvoWf  Spli«r!j«he  Ast^notaic,  |>.  561. 
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pair  of  stars  whose  difference  of  deeliTiation  is  not  much  less 
than  the  diameter  of  the  ring,  the  atiirs  will  be  obBerved  on 
opposite  sideti  of  the  centre ;  we  shallj  therefore,  have 

d*  —  d=^  r  (cos  r  4-  cos  /) 

Let  A  and^  be  assumed,  so  that 


then 


d^  —  d=r  [008  (A  +  B)  +  coa  (1  —  J?)]  —  2r  cos  A  cos  B 
;t'  -|-  /A  =  r  [fiin  (A  +  B)  -\-  sin  (A  —  B)^  ^  2  r  sin  A  cos  B 
pt  ~ii  =  r  [sin  {A  +  jB)  —  sin  {A  —  J)]  =  2r  cos  ^  sin  J5 


Hence  we  derive 


tan  J.= 


tan  J  = 


fi'^fi 


(339) 


r  = 


2  COB  -4  cos  ^ 


We  may  also  nse  any  one  of  the  following  forms  for  r; 


r  = 


/*'  +  /^ 


M  —  At 


2  sin  .4  cos  B       2  cos  ^1  sin  B       sin  (^  -f-  ^       sin  {A  —  B) 


In  order  to  render  this  method  exact,  the  atmospheric  refrac- 
tion should  be  taken  into  account,  It^  effect  npon  niierometric 
observations  in  general  will  be  considered  hereafter,  but,  since 
for  determining  the  radius  of  the  ring  micrometer  it  will  be 
advisalile  to  take  the  obsen^atioua  near  tlie  meridian,  the  refrac- 
tion may  be  allowed  for  in  a  very  simple  manner;  for  we  may 
then  neglect  its  effect  upon  the  right  ascensions  of  the  stars.  The 
effect  upon  the  declinations  is  found  by  the  formnlfe  (234)  and 
(20)  of  Vol*  I. ;  according  to  which,  if  S  and  5'  are  the  true  decli- 
nations, the  apparent  values  are 

«^ 

d  +  //cot  (5  +  N) 

where  ism  N^  cot  y  cos  r^,  f  being  the  latitude  of  the  place  of 
observation,  and  r^  the  hour  angle  of  the  centre  of  the  ring. 
Hence  the  apparent  difference  of  declination,  which  we  will 
denote  by  {S^  —  «5), 


(^'  —  ^)  =  a'  —  ^  — 


^flin(^'_d) 


sin  {d  +  iV)  sin  (J'  +  iV) 
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for  which  we  may  tnke 


k'smiS'--^) 


Bm*li{d  +  r)+,V2 


(3 


which  is  to  be  used  for  d'  —  d  in  (339),  It  will  here  generally 
suffice  to  take  A' =57'';  but  it  may  be  accurately  found  by 
Column  B  of  Table  H. 

When  the  stara  are  not  very  near  the  equator,  the  correction , 
for  curvature  must  be  applied.  If  r  were  given,  the  observations,] 
computed  upon  the  supposition  that  the  paths  of  the  »tar»  ar#j 
reelilinear,  would  giva  the  approximate  difference  d' — rf,  audi 
hence  in  the  inverse  process  we  have  only  to  use  rf'  —  d  iniitead] 
of  {d*  —  d)  in  order  to  obtain  the  true  value  of  r.   Now,  by  (8 

d^^d  ^  (r  —  d)  —iBin  l"{d'^  —  d»)  tan  K^'+  ^) 
or,  since  d'^  —  d*  =^  —  (ji'^  —  f^)^ 
d'-^d  =  (p'^d)  +  J8inl"(iti'  +  /i)  Oi'—  /i)  tan  }  (a'  +  a)    ($«) 

in  which  {d'  —  3)  is  the  difference  of  declination  corrected  fur 
refraction. 

Example, — The  radius  of  the   ring  of  the   micrometer  em- 
ployed in  the  example  of  Art.  285  was  determined  by  the  i§tari1 
Astcropc  and  Meropc  of  the  Pleiades^  the  declinations  of  wbieb] 

were 

^'  —  +  24«  4'  24",26  ^  —  +  23*  28'  &'M 

and  the  observed  intervals  were 


18v6 


T  ==  66'.2 


In  order  to  illustrate  the  use  of  (840),  let  us  suppose  the  hour  j 
angle  of  the  centre  of  the  ring  to  have  been  r^  =  1*  =  15** ;  tlieti,| 
the  latitude  of  Bilk  being  j?  =  +  51°  12'  25",  we  find 


\ij^^S')^N=%\    35.9 
a'^^^36'17".41 
corr.      —    0  .78 
(d'  — a)  =  36'16".63 

We  find,  in  the  next  place, 


logOi'+/i) 


126".68 
2.7103S 


log  il'^  log  57"  US 

log  ooeec»  [i  (a+d') +3T  O.llUl 
log  Bin  (a'  — ^)  %JmS\ 

log  corr*  Ml 


^=    88r.68 
log(/— ;i)==«2-414M 
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whence  tlie  eorrection  for  curvature  i&^  by  (341),  =  —  0'M4,  and 
therefore 

d'—d  =  36'  WAS 

with  which  we  now  find,  by  (339), 

log  tan  A  ^  9,37263  log  tan  B  =  9.07714 

log  Bee  ^1  0.01175 

log  8CC  B  0.00308 

\og(tr—d)  3.3B775 


log 


8.35258 
18'  46".03 


TJitd  3Iithod. — Direct  the  telescope  of  a  theodolite  towards 
the  objective  of  the  telescope  wliieh  carries  the  micrometer,  and 
measure  directly  the  angular  diameter  of  the  ring  by  cither  the 
vertical  or  the  horizontal  circle  of  the  theodolitCj  as  in  the  case 
of  the  filar  micrometer,  Art.  46.* 

291,  The  filar  micrometer,  the  heliomcter,  and  the  ring  micro- 
meter are  now  almost  the  only  micrometers  in  nse.  I  will, 
therefore,  here  only  briefly  mention  two  or  three  others,  as  it  ia 
not  within  the  plan  of  this  work  to  enter  upon  the  history  of  the 
numerous  iuBtruments  of  this  class  wliich  have  been  proposed. 

The  du]>!ieation  of  the  images  of  objects,  wbieh  is  effected  in 
the  hetiometer  by  dividing  tlie  olijective,  has  also  been  etfeeted 
hj  dividing  the  ocular,  eonstituting  what  has  been  known  as  the 
(foubl'-mage  ej/e-pkce  mieromekr.  The  principle  of  this  instrument 
is  identical  with  that  of  Kambi>en*s  Dynametcr,  which  is  still 
used  for  measuring  the  magnilying  power  of  telescopes  (Art.  18), 
It  is  evident  that  hy  separating  the  two  halves  of  a  simple  eye- 
lens  until  tlie  image  of  one  star  coincides  with  that  of  another, 
the  angular  distance  of  the  stai*s  becomes  known  from  tbe  known 
angular  value  of  a  revolution  of  the  screw  by  which  the  separa- 
tion is  produccih  Amici,  of  Modena,  is  said  to  luive  produced 
the  best  micrometers  of  this  kind. 

The  duplication  of  images  is  also  effected  by  the  use  of  a 
doubly  refracting  prism  of  rock  crystal,  originally  ytropoBcd  l>y 
KocHON,  The  difReulty  of  determining  the  relation  lietween  the 
given  position  of  the  crystal  and  the  angular  distance  of  two 

*  Upon  the  ring  micrometer,  bqq  slao  papers  bj  Bessiii.  In  tlio  MQmUlicht  Corre- 
tjyondtnj.  Vols,  XXIV.  %nA  XXVI. 
Vol.  11.-20 
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objects  wliich  have  been  brought  into  contact  is  a  considerable 
obstacle  to  ita  general  use,  to  say  nothing  of  the  optical  difficul- 
tiea  in  obtaining  welt  cJeliiied  images  free  from  color.* 

Struve  has  proposed  the  use  of  a  graduated  plate  of  tranft-^J 
parent  mica  placed  in  the  focus  of  the  equatorial,  and  this  metho^f  ] 
has  been  employed  by  the  Mee^Brs.  Bond  in  cataloguing  small] 
stars.     Upon  a  plate  of  mica  j^'^^  of  an  inch  in  thickness  are] 
drawn  two  sets  of  parallel  lines,  one  system  representing  decli* 
nation  circles,  tlie  otlier,  at  right  angles  to  the  first,  represent 
parallels  of  declination.     The  rehitive  declination  of  two 
which  pass  over  the  field  is  detennined  by  merely  observing  tbe 
divisions  of  the  graduated  declination  scale  over  which  or  near^ 
whicb  tliey  pass;   and   tbeir  relative  right  ascension  is  fo\ini 
from  the  observed  times  of  their  transits  over  the  lines  whicl 
represent  declination  circlesj  these  times  being  noted  by  the  aid 
of  tlie  electro-chronograph. t 

An  itigeuious  mode  of  employing  a  double  eye  piece  raicpo- 
meter  (consisting  of  two  complete  eye  pieces),  apparently  giving 
very  precise  results,  is  suggested  by  Mr.  Alvan  Clark,  of  Boston 
in   the   rroceediiigs  of  tbe  Am.  Association   for   the  Adv* 
Science,  10th  meeting,  p.  108. 

OORREOTIOX   OF   MICROMBTRIC   OBSERVATIONS   FOB    REFRACTI05. 

292.  Since  tbe  position  of  each  of  the  two  oliserved  stars 
alfce'tcd  by  tbe  atmospheric  refraction,  tbeir  nliitivt  position,  di 
termined  by  the  micrometon  is  also  affected  by  it.     Tbe  objc 
of  the  following  investigations  is  to  determine  the  correction  i 
tbe  mierometric  measures  themselves,  without  requiring  a  sc 
rate  consideration  of  the  absolute  places  of  the  two  star&4 

293.  To  find  (he  effect  of  refraction  upon  the  observed  angular  i 
^  two  stars  and  upon  tfic  anr/lc  lehich  (he  great  circle  Joining  the  - 
makes  with  a  vertical  circle. — This  mode  of  observation  i«  titdec 
not  practised,  but  tbe  investigation  of  tbe  effect  of  refraction  ; 


*  For  ft  defcription  of  a  number  of  double  image  niiorometert.  Me  Pkamoi'i 
Pmctienl  Afironciinj. 

f  See  Aftntth  f*f  tht  Aitronomieal  OhiervaUfrif  of  Ifarpord  CiUi^,  Vet,  I, 
I  I  hftTC  followed  nftfteti.'a  meihoda  {Attron.  Unffrtitek.,  VoL  I.)  In  dm  fal¥ 
tiofi  of  Ihi'  greater  part  of  Ibe  formula),     Thnt  portion  of  hU  article  vhM  i 
the  ring  micrometer  it,  howerer,  eoneldcrablj  abridged  and  simplified. 
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tliis  case  is  very  simple,  and  will  serve  as  the  ground-work  of 
the  subsequent  applications.     Denote  by 

Z,  C',  and  z,  z^,  the  true  and  apparent  zenith  distances  of  the 
two  stars  S  and  S'; 
A,  their  difference  of  azimuth ; 
r,  r',  their  refractions ; 
X,  X\  and  ly  Vy  the  true  and  apparent  angles  which  the  great 
circle  joining  the  stars  makes  with  their  re- 
spective vertical  circles,  all  reckoned  in  the 
same  direction; 
a,  s,  the  true  and  apparent  distances  of  the  stars. 

We  have,  in  the  triangle  formed  by  the  zenith  and  the  appa- 
rent places  of  the  stars,  by  the  Gaussian  equations  of  spherical 
trigonometry, 

sin}5sin}(Z  +  V)  =  sin} J.  sin}(2r  -f  zf) 
sin}5C0s}(Z  -f  V)  =  cosM  siniQs  —  /) 

and  in  the  triangle  formed  by  the  zenith  and  the  true  places  of 

the  stars, 

sin}(rsin}('l  +  A')  =  sin  M  sin KC  +  C) 
sin } tf  cos } (A  +  X')  =  cos iit  sin  } (C  —  C) 

If  we  put 

l.=  iG  +  n  ^=i(i^  +  n  Co  =  }  (C  +  CO 

and  also  substitute  C  ""  ^  ^^^  C  —  ^'  ^^^  ^  ^^^  ^'>  ^®  elimination 
of  A  from  the  above  equations  gives 

•    1      •     1          •    1      •    T               sin  C- 
sm  1  <r  sin  /„  =  sm  }  5  sm  l^ ^ 


sinCC-JCr+O] 


,  sinKC  —  C) 

sm  }  <r cos  ^  ==  sm  }  5  cos Zo  •  .    ,  ,, — ^7 — ,  ^    ^.^ 

sini[C  — C'~(r  — r')] 

We  may  evidently,  in  the  first  equation,  put  r^  for  J  (r  +  r'), 
which  is  equivalent  to  assuming  that  the  mean  of  the  refractions 
for  the  zenith  distances  ^  and  f '  is  the  same  as  the  refraction  for 
the  mean  of  these  zenith  distances,  an  assumption  producing  here 
no  sensible  error  in  the  factor  sin  [^^,  —  ^{^  +  ^0]  ^^  ®^^  (Co  —  ^o)' 
We  may  also  take 

r-r'=gi(C-C') 
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in  which  the  differential  coefficient  ^  expresses  the  rate  of  change 

of  the  refraction  corresponding  to  f q-     Then,  in  the  fraction 

sinKC  —  CQ 
siniCC-C'-Cr-O] 

which  differs  but  little  from  unity,  we  may  put  the  arcs  for  their 
sines :  so  that,  denoting  this  fraction  by  6,  we  have 

C  -  C  1  1 


b  = 


If  we  also  put 


C-c'-Cr-O 


1  ^^ 


a  = 


sin  Co 


8in(:,  — To) 
and  substitute  J^  and  J  5  for  their  sines,  our  formulae  become 


From  these  we  have 


a  ^\n  X^  =  s,a  sin  l^ 
<y  cos X^=z  s.h  cos l^ 


tan  ^0  =  r  ^^^  ^o 

0 


which  developed*  gives 

Ao  —  ?o  =  —  irr^  ®^^  ^^0  +  "i ( rr^y  ^^^  '^^o  —  &c- 

6  -f-  ^  \6  +  a  / 

From  the  same  formulae  we  derive 


(342) 


c  cos  (A^  —  l^  =  s[a  -\-  (h  —  a)  cos'  y 
and,  dividing  this  by  cos  {^  —  Q  =  'i'  —  \{)^—l^+  &c.,  we  obtain 
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in  which 

we  have,  putting  cob  r  =  1, 

(2  =  1  +  A 

b  —  a  =z  k  tan*  ^  +  — -  tan  z 
dz 

These  quantities  may  therefore  be  found  by  the  aid  of  Column 
A  of  Table  11.  But,  as  the  argument  is  there  the  apparent 
zenith  distance,  while  in  micrometer  observations  it  is  generally 
the  true  zenith  distance  that  is  given,  it  is  expedient  to  form  a 
new  table,  by  which  a  quantity  x,  depending  upon  the  refraction, 
may  be  found  with  the  argument  f ,  such  that 

h  —  a  =  %  tan*  C 

In  order  to  obtain  the  value  of  x  for  any  state  of  the  air, 

Bessel  gives  it  the  same  form  as  that  already  adopted  for  A, 

and  assumes 

X  =  a"  ^"  f" 

in  which  the  factors  ^  and  y^  depending  on  the  barometer  and 
thermometer,  have  the  same  values  as  before. 

The  quantities  log  a",  A"^  A",  which  are  ^ven  in  Column  C  of 
Table  11.,  must  be  determined  so  as  to  satisfy  the  above  defini- 
tion of  X  for  all  values  of  ^  and  y.     We  have 

,  tan'  z    .   dk  tan  z       I ,    ,    dk     ^    \  tan*  z 

X  =  k =1  ^  H cot  2  I 

tan^  C       dz  tan*  C      \         dz  I  tan*  C 

Taking  the  Napierian  logarithms, 

lx  =  Za"+  A'' I?  +  x''lr  =  l(k  +  —  cotz\+  2Z(^^?5^\    (344) 

\         dz  I  \  tan  C  / 

From  the  definition  of  A:,  we  have 

dk       ^fda    ^    ,dA    ^    ,   dXl 

dz  \_adz  dz  dzj 

w    .   dk      ,  ,\^    ,     da,        i.^dA    ,    ^   dX\     ^1 

A  +  -cot.==A[H-_+(i^_+^.-)cot^J 


=  H^+^) 


1  +  ^ 
'    rdi 
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Since  /9  and  ;-  differ  but  little  from  unity,  l^  and  ly  are  so  email 
that  we  may  neglect  their  squares,  so  that  the  logarithm  of  the 
last  fector  of  the  above  expression,  under  the  form  1(1  +  x),  may 
be  put  =  X,  and  hence 

l[k  +  g  cot  z)=  la  +  Alfi  +  xir  +  l\^l  +  ^\ 


+ 


1+^ 

'    rtiz 


cotz 


(345) 


Now,  let  (^)  denote  that  value  of  z  which  corresponds  to  the 
given  ^  when  ^  =  1,  t'  ==  1,  a  value  which  can  be  found  from 
Column  A  of  the  table,  as  in  Art.  119,  Vol.  I.  Lot  the  corre- 
sponding values  of  a,  A,  ^,  as  found  from  that  column,  be  denoted 
by  (a),  (-4),  (^),  and  the  corresponding  refraction  by  (r);  then, 
a',  J.',  yl'  being  taken  from  Column  B  for  the  given  ^,  we  hare, 
as  in  the  article  just  referred  to, 

(r)  =  (a)  tan  (z)  =  a  tan  C 
z=lz)-' a' tan  :(^A'l?  +  X'fy) 

The  second  member  of  (345)  is  a  function  of  z,  which  may  be 
transformed  into  a  function  of  (z).  The  small  terms  multiplied 
by  l^  and  ly  will  not  be  sensibly  affected  by  substituting  (z)  for 
2,  (A)  for  Ay  &c.  The  other  terms  may  be  developed  by  the 
formula 

fz=m  +  'li^y  +  .... 
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We  Iiave,  also, 

Ubj  _  tan[(^)  +  y]  _  tan  (r) a^  (A'lS  +  X'lr) 

tanC  tanC  tanC        co8»(^)^ 

(a)L  COB'  (2)  '^^        ^^j 

\tan:/  ^         coB«(2)^         ^      '-* 

Hence,  substituting  in  (344), 

la"  +  A"  Ifi  +  X"  Ir  =  2la'-  Z(a)  +  «(  1  +  ^;^  ) 
^    ^      C08»(Z)  d(«)        ^^      ^  1    I      "^("J 


+lfi 


+ir 


^^      coe'(r)         d(2)       ^     ^  1  + Ji" 


(r)rf(^) 


Since  this  must  be  satisfied  for  all  values  of  ^  and ;-,  the  coefficients 
of  l^  and  ly  in  the  two  members  must  be  equal,  respectively. 
Now,  we  have  found,  in  Vol.  I.  Art.  119, 

Substituting  these  values  in  the  above  equations,  and  comparing 
similar  terms,  we  find 

U"=2la'-l{a)  +  l(\+-^}^\\ 

\    ^  (r)d{z))^  '  COB' (z)  ^  d(js)        ^  '    ? ^^^> 

\      ^  (r)  d  (2)  /  C08'(2)  ^  d(2)  '^  '       / 

by  which  to",  ^",  X"  are  computed.  The  quantities  a  and  a' 
in  Columns  A  and  B  of  the  table,  are  expressed  in  seconds,  but 
a"  in  Column  C  is  in  parts  of  the  radius,  so  that  we  must  add  to 
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the  value  fouutl  by  the  first  of  the  equations  (346),  the  constimt  i 
log  sin  1"=  4*68e5575.     Iii  the  second  member  of  the  other  two 
equations  we  must  also  put  (a)  sin  1"  for  (a),  and  d{z)  sin  1"| 
for  d{z). 

295,  With  the  table  tliuB  prepared,  the  computation  of  x  if 
precisely  like  that  of  k  in  tinding  the  refraction.     Fur  example,] 
to  find  log  jc  for  C  =  80^,  Barom,  30,35  iuchea,  Attached  Theniu  I 
40^  F.,  Ext.  Therm.  35°  F  j  wo  have 


jV*=       0.994 
log  B  =  +  0.01092 
log  T  =  —  0.00031 
log  ^  =  +  0.01061 


r  =     1.009 

log^  =  +  0;01185 


log  *"r=     a.mAi  i 

^"log^  =  -f  0.0105.1 
A"  log  r  =  -f  0.01301 
log  X  =       QAIH2 


29G.  Our  fundamental  equations  (342)  and  (343)  may  now  be  i 
reduced  to  a  much  more  Bimi>lc  form.  It  is  evident  that  on  1 
account  of  the  small  value  of  x  we  may  omit  the  terms  in  (6  —  «)*, 

&e.     For  the  same  reason,  we  may  put  — - —  for  ;        >  from] 

2  u  -\-  a  j 

which  it  differs  only  by  terms  involving  k*.     In  (343)  we  may  J 
put  a  ~  1  ^  K  instead  of  its  true  value  A*,  without  sensible  error; ' 
for  even  at  the  zenith  distance  85°  the  difference  of  x  and  ii» 
only  0.00006,  and  consequently  the  error  of  substituting  one  fori 
the  other  in  tliis  term  will  be  k^ss  than  ^  X  0.00006,  so  that  even 
if  5  were  as  great  as  1000"  the  error  would  not  amount  to  O^'.OA. 
We  therefore  adopt  as    fundamental   the  following  simplified  1 
forms : 

ir-s  =  ^x(tan'Ceo8M„+l)  >  1 

ie—  'n  =  —  3t  tan'  C  cos  l^  sin  l^  |    <^***> 

In  these  equations  ^  is  the  mean  of  the  true  zenith  distaneea  of] 
the  two  stars,  and  x  the  corresponding  quantity  in  the  refraction  ^ 
table.  The  quantity  /„  is  that  which  would  be  given  directly  bj  J 
the  observation, 

Tlie  mean  zenith  distance  ^  will  be  found,  by  n  single  eons*] 
putatiori,  from  the  mean  of  the  hour  angles  of  the  two  stmrs  nmV 
the  mean  of  their  declinations.     Denoting  these  by  r^and  ^  Atid 
the  latitntle  of  the  place  of  observation  by  jp,  we  have,  bjreqna-'i 
lions  (20),  Vol.  L, 

tan  i\r  ==  eot  f  cos  r^ 


^   .             tan  r^sin  If 
ton  C  sm  ff  s=r 5 

^       ain  (^,+  If) 

tan  C  cos  g  =  cot  («>p  +  Jf) 


($48) 
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The  parallactic  angle  q  which  these  fonnulfie  give  at  the  same 
time  with  f  will  be  required  in  the  subsequent  problems.  In 
the  observatory  the  computation  is  facilitated  by  a  table,  com- 
puted for  the  given  latitude,  which  gives  the  value  of  iV,  and  of 
log  n  =  log  (tan  Tq  sin  JV),  for  every  minute  of  the  hour  angle  r. 
We  then  have  only  to  compute  the  equations 

tan  C  sin  gr  =:  n  cosec  (d^  +  -^)  \  /Q4ft*\ 

tan  C  cos  ^  =  cot  (^o  +  ^)  I  ^ 

297.  Correction  for  refraction  of  micrometric  observations  of  the 
distance  and  position  angle  between  tivo  stars.— The  observed  position 
angle  p  is  the  position  angle  at  the  middle  point  of  the  arc  joining 
the  two  stars  (Art.  260).  Let  tt  denote  the  true  value  of  this 
angle,  q  the  true  parallactic  angle  found  by  (348);  then  we  have 

X^=7z-^q 

and  if  q'  is  the  apparent  parallactic  angle,  we  have 

Prom  the  differential  formula  (47)  of  Vol.  I.  we  find  that  if  f 
varies  by  d^^  =  r,  the  angle  q  varies  by  the  quantity 

^  —  ^  =  r  sin  <7  tan  d^ 

and  if  we  take  for  r  the  form  (Vol.  I.  Art.  119) 

r  =  A:'  tan  C 
we  have 

^  =  q  -\-  Id  tan  C  sin  q  tan  d^ 

and,  consequently, 

Iq  =  P  —  q  —  A'  tan  C  sin  q  tan  d^ 

This  value  of  l^  is  to  be  substituted  in  (347) ;  but  in  the  terms 
already  multiplied  by  5  x  we  may  take  Iq  =  p  —  q.  Hence  we 
have 

<r  —  «  =  «x  [tan*C  C0B^(p  —  </)  +  1] 

Tc  —  p  =  —  X  tan*  C  cos  (p  —  q)  sin  (p  —  q)  —  h!  tan  C  sin  q  tan  d^ 

Since  the  position  angle  cannot  be  determined  within  a  num- 
ber of  seconds,  the  error  of  putting  x  for  A'  in  the  last  term  of 
the  formula  {or  t:  —  p  wijl  be  of  no  practical  importance ;  and, 
moreover,  since  the  terms  of  the  series  (342)  have  to  be  reduced 
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to  8i)conds  by  multiplying  by  the  radius  in  seconds  (=  cosec  1"), 
we  have,  finally, 

<r  — 5  =5x[tan»Cco8'(j)  —  q)  -f-  1]  (349) 

^  —P  =  —  X  cosec  1"  [tan»  C  cos  (j?  —  q)  sin  (jp  —  q)  +  tan  C  sin  q  tan  aj 

Having  obtained  a  and  tt  by  adding  these  corrections  to  s  and  j>, 
the  ^rwe  difference  of  right  ascension  and  declination  of  the  stars 
may  then  be  computed  by  Art.  264,  employing  <r  and  r  for  s  and 
p;  that  is,  by  the  formulae 


sin  }  (a'  —  o)  ==  sin  ^  <r  sin  tt  sec  d^ 

sin  i  (5' —  S)  =  sin  J  <r  cos  ;r  sec  1  (a'  —  a) 


or  by  the  approximate  formulse 


o'  —  a  =  <r  sin  TT  sec  <t^ 
d' —  d  =  <r  cos  r 


}    (850) 


}(350*) 


298.  If  the  apparent  differences  of  right  ascension  and  decli- 
nation have  already  been  computed  from  s  and  p  by  Art.  2&4, 
and  we  wish  to  correct  them  for  refraction,  we  have,  by  comparing 
the  formulae  (284)  and  (350*),  and  denoting  the  corrections  which 
the  apparent  values  of  a'  —  a  and  5'  —  d  require  by  the  symbol  a, 


or, 


A(o'  —  a)  =  (<r  sin  TT  —  s  sin  p)  sec  d^ 
a(<5'  —  d)  =    <r  cos  n  —  8  COS  p 

A(a'  —  »)  =  [(^^  —  s)  sin  p  -\-  <r(sin  tt  —  sin/?)]  sec  S^ 
A(^'  —  ^)  =    C*'  —  5)  CO8JP  +  <r(C0S;r  —  COS/)) 
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by  which  they  become 

A(a'  —  o)  =  5  X  [tan*  C  cos  (p — q)  sin  gr+sec  u  sin  (p— w)]  sec  S^  1 

A(^' —  ^)  =  sx  [tan'Ccos  (j> — q) co8^+8eciicos(jp — t/)]  J  ^        ^ 

Example. — ^In  the  example,  Art.  264,  we  had  the  observed 
quantities  s  =  316".993,  p  =  169°  67'.7.  The  latitude  of  the 
place  of  observation  was  (p  =  38°  53'.7,  and  the  sidereal  time 
was  0*  17"*  52'.  The  right  ascension  and  declination  of  the 
middle  point  between  the  stars  were,  approximately, 

•,  =  21*  51-  52*  ^0  =  —  13°  28'.5 

The  corrections  for  refraction  being  exceedingly  small  in  the 
case  of  so  small  a  value  of  «,  the  observer  did  not  think  it 
necessary  to  record  the  state  of  the  atmosphere ;  but,  for  the 
sake  of  illustration,  I  shall  assume  Barometer  30.29  inches,  Att 
Therm.  49°,  Ext.  Therm.  41°  Fahr. 

We  have,  first,  the  hour  angle  of  the  middle  point  between  the 
observed  bodies,  r^  =  2*  26"*  =  36°  30',  with  which  and  the  above 
values  of  tp  and  d^  we  find,  by  (348), 

iV^  =  44°  53'.9  C  =  62<'  28'.5  q  =  31°  28'.2 

and  by  Column  C  of  Table  11., 

log  X  =  6.4555 
Then,  by  (349),  we  find 

<r  —  5  =  +  0^277  ^  — |,  =  +  2^  r.7 

and  hence 

ff  =  317".270  TT  =  169°  59'.73 

From  these,  by  (350*),  the  true  difference  of  right  ascension  and 
declination  are  found  to  be 

(a'  —  a)  =  +  56".68  (^'  —  J)  =  —  5'  12".45 

But,  supposing  the  apparent  differences  to  have  been  already 
computed  as  in  Art.  264,  namely, 

a'  —  a  =  +  56".82  d'—d  =  --b'  12".14 

we  should  compute  the  corrections  of  these  quantities  by  (851*), 
which  give 

ii(a'  —  •)  =  —  0'M36  ACa'  —  >)  =  —  0".300 
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whieli  added  to  a'  —  a  and  5'  —  3  give  the  same  values  of 

(a'  —  a)  and  (5'  —  d)  sxs  above  found, 

299.   Correetion  for  rcfraciion  of  micrometer  observations  in  irhieli 
the  difftrenee  of  right  ascension  has  been  obtained  from  the  iliffercncc  of 
(he  times  of  (ransit  of  ike  stars  oeer  threads  lying  in  tlm  dirtetion  of^ 
circles  of  dedinationy  and  the  difference  of  declination  has  be^n  dircctlif 
measured.     (2<1  Method,  Art  *2G^,) 

Let  t  and  t'  denote  the  obt^erved  sidereal  times  of  transit  of  the 
two   gtars  over  the  same  declination  circle.     A  star  upon  the 
same  parallel  of  declination  a«  the  Bccond  star,  but  having  the 
right  iii^eension  a' —  (^' — t),  would  have  been  obsen^ed  biinul- 
taoeouslj'  \vith  the  first  star,  and  wonld,  therefore,  have  had  thi 
same  ap[^arent  rijs^ht  ascension.     The  eiFect  of  refraction  upon] 
the  time  of  tmiisit  of  this  supposed  e»tar  is  evidently  the  same  at] 
in  the  ease  of  the  real  star;  and  the  effect  upon  the  differenotl 
of  declination  is  also  the  same :  so  that  this  case  is  reduced  to 
the  preceding  by  supposing  the  stars  to  have  been  obsen-ed  wit 
an  appiiretit  position  angle  j)  =  0,  and   apparent  distance  s  ^^1 
5'—  d.   These  substitutions  in  (Shi)  give  the  required  corrections 

A(ei'  —  a)  =r  X  (^'  —  d)  [tan'  C  cos  ^  sin  ^  ~  tan  C  sin  q  tan  ^J  aeol^ 
a(.J'—  ^)  =H{d'—  d)  [tan»:  cos'g  +  1] 

These  formulee  are  simplified  by  introducing  the  auxiliary  A' 
already  used  in  the  computation  of  ^^.    Suljstituting  the  values  of  J 
tan  Q  sin  Y  and  tan  ^  cosr;  from  (348)  and  (348*),  they  are  readil] 

reduced  to  the  followinir: 


%{^'—^     It  cos  (2  if, +A^ 
un\^^  +  Ny        ooa»^^ 

8in»(^,+  A0 


(852) 


Example. — In  the  example.  Art.  266,  we  have  Uie  obserred  1 
diflercnce  of  right  ascension  and  declination  of  Scpium  and  a 
known  star, 


»'  ^  ft  ^  +  !■»  45'.30 
and  the  place  of  the  star, 

o  ^  21*  50-  %'M 


J'— ^  =  — 7  28"^ 


^  =  ^  13°  23'  35'Ml 
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The  sidereal  time  of  the  star's  transit  being  23*  26^  43'.4,  the 
common  hour  angle  at  which  the  objects  were  observed  was 

T^=  1*  36'»  34',4  =  24°  8',6 
I  with  which  and  tp  =  38°  53M,  5,  =  —  13*=*  ±V.%  we  find,  by  (348), 
H  =  48°  3r.3  log  n  =  log  (tan  r,  sin  N)  =  9.5261 

and  assuming  Barom*  30.20  inches,  Att.  Therm.  49*^,  Ext.  Therm. 
41°  Fahr.,  we  find,  by  Cohinxn  C  of  Table  tt, 

log  X  ^  6,4577 
ice,  by  (352), 

A  (a'—  a)  =  —  0'M28  ^  =  0*.O09  A(a'  —d)  =  —  0",389 

The  diiferences  corrected  for  refraction  are,  therefore, 

a'  —  a  ^  +  1*  45-.29  3f^d  =  —  Y  28'\61 

and  hence  the  apparent  place  of  Nqjium,  affected  now  only  by 
parallax,  was 


ii'^21*51*54*.28 


^'=  — 13*^31' 3"J2 


on  November  29,  1846,  at  23*  28""  28*.7  sidereal  time  at  Waeh- 
ington, 

300,  Correciion  for  refraction  of  observaimis  made  mth  the  rmg 
micrometer. — At  each  transit  of  a  star  over  the  edge  of  the  ring, 
its  apparent  distance  from  the  centre,  C>  of  the  ring  is  eqnul  to  the 
radius  r.  If  at  the  time  t^  of  its  first  transit  its*  true  diatance  is 
iTi,  we  shall  have,  by  (349),  putting  r  for  5, 


(T^  =  r  [1  +  X  +  X  tan*  C  cos*  {p  —  j)] 


(353) 


in  which  p  is  the  position  angle  of  the  star  referred  to  C, 
The  zenith  distance  ^  and  the  parallactic  angle  q  belong  to  the 
middle  point  between  the  «tar  and  C;  but  it  is  easily  seen  that 
it  will  produce  no  important  eiTor  to  assume  them  either  for  the 
point  Cor  for  a  mean  point  between  the  stars  compared.  We 
shall,  therefore,  here  sujiijobc  ^  and  q  to  have  the  same  values  for 
all  ob8er\^atioua  made  hi  the  same  i>osition  of  the  ring*  At  the 
time  t^  of  the  star's  second  transit,  the  position  angle,  reckoned 
in  the  same  direction  as  for  the  first  transit  from  the  declination 
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circle  thro  ugh  Q  will  be  360^  —  p:  so  that,  if  «r,  U  then  the  trti#l 
distance  of  the  star  from  Q  we  have 


tf,  =  r  [1  +  X  +  )c  tan*  C  cos*  (p  +  j)] 


(354) 


Now,  let 

t^  =  tlio  tirao  of  the  8tar*s  transit  over  the  true  dedioi^ 

tion  circle  of  (7, 
r,,  r,  =  the  true  hour  angles  of  the  star^  reckoned  from  the 

declination  circle  of  C,  at  the  two  observed  traAail% 
d^  D  =  the  declination  of  the  star  and  of  C; 


then  we  have 


t,^t,  +  T,, 


U^h^T, 


and  in  the  two  triangles  formed  by  the  pole,  the  point  Q  and  the 
two  Inte  places  of  the  stars  at  the  two  observationa,  we  have 

cos  ^^  ^  sin  D  sin  ^  +  cos  JD  cos  d  cob  tj 
cos  ff^  ==  sin  D  sin  J  +  oos  Dqob  S  cos  r. 

From  the  difference  of  tliese  equations,  namely, 

2  sin  i  («r,  +  <f^)8in  i  (<f^  —  tf^)  =2  cos  X^  cos  ^  sin  )  (r^  +  t^  iini  (r,  ^tJ 

we  derive,  approximately, 


4(^, 


.-,.)=(i^)(iif=)l!^ 


To  reduce  this  expression  to  a  practical  form,  we  have  first,  from 
(853)  and  (354), 

i  (tfj  —  <r,)  =  rx  tan'  C  sin  p  cos  j^  sin  2 f 

in  which  we  may  use  the  approximate  values  of  siu/i  and  coBp\ 

given  by  (331),  where  ^  is  the  same  as  p;  namely, 


(U  —  t)  cos  ^ 

Bin  0  =  i^ ^ 

^  2r 


cos  ©  =  — 
-        f 


where  rf  is  the  approximate  value  of  ^  —  D  found  by  negl^ctiiig ' 
the  refraction. 

For  J  (tf,  +  tfj)  we  may  here  use  r;  for,  being  only  o  mnltipUerl 
of  i(<y,^  tf,),  the  remaining  terms  would  give  only  lerxtut  in  #.] 
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in  the  product.  For  r^  +  r,  we  put  ^  —  ^.  These  substitutions 
being  made  in  the  value  of  J  (r^  —  r,),  we  have 

^(Tj  —  T,)  =  dH  tan'C  sin  2grseoi>  (355) 

which  is  the  correction  to  be  added  to  the  mean  of  the  observed 
times,  in  order  to  obtain  the  true  time  t^  of  the  star's  transit  over 
the  declination  circle  of  the  centre  of  the  ring ;  for  we  have 

to  =  i(ti  +  Q  +  H^i-'^f) 

To  find  the  correction  of  d  for  refraction,  we  observe  that  if 
Tj  and  Tj  were  known,  the  true  value  of  the  difference  d  —  D 
would  be  found  by  the  formulae 

(d  —  Dy  ==  (Tj'  —  (r,  cos  dy 
(^  -.  i))«  =  a^t  _  (^^  cos  dy 

In  these  formulse,  indeed,  the  path  of  the  star  is  supposed  to  be 
rectilinear;  but  the  correction  for  curvature  has  already  been 
investigated,  and  is  given  by  (333).  The  mean  of  these  values 
may  be  expressed  as  follows : 

('-^)'=('-4^J+(^F-(^H'-(^H' 

and,  consequently,  by  neglecting  terms  in  x\ 
The  difference  d  is  found  from  the  formula 

and  therefore,  observing  that  r^  +  r,=  ^,— -  ^ 

=  2  r*  X  [1  +  tan'  C  (sin'  q  +  cos*|>  cos  2  gr)] 

Substituting  d  for  r  cos;?,  and  then  dividing  both  members  by 
(^  —  -D)  +  rf,  (or  by  2  c?,  since  this  will  involve  only  errors  of  the 
order  x*),  we  find 

(^  — D)  — d  =  ?^(tan«Csin«gr  +  l)  +  dxtan«Ccofl2j    (856) 
which  is  the  required  correction  to  be  added  to  d. 


}    (357) 
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For  a  second  star,  we  have,  in  like  manner, 
i  (t/  —  t/)  =  d'  X tan»  C  sin  2  ^r  sec  2> 

(^' ^D)^d'=~  (tan« C  sin«  j  +  1)  +  d' x tan« C cos  2  j     (358) 
(t 

The  difference  of  right  ascension  of  the  stars  found  by  neglect- 
ing the  refraction  is 

while  the  true  value  is  </  —  t^:  so  that  the  correction  for  the 
refraction  is 

A(a'-  a)  =  i(r/-  r,')  -  K^.  "  O 


or,  by  (355)  and  (357), 

A(a'  —  a)  =  (^d'  —  d)  X  tan'  C  sin  2  ^  sec  d^ 


(359) 


in  which  we  have  put  8^=  ^{8  +  8^)  instead  of  D.  The  correc- 
tion of  the  difference  of  the  declinations  of  the  stars  for  refrac- 
tion is,  by  (356)  and  (358), 

A(^'  —  ^)  =  (d'  —d)x  tan«  C  cos  2  j  —  ^^^^"^^.x  (tan'C  sin*  j  -f  1) 

^^  (360) 

The  values  of  ^  and  q  to  be  used  in  these  formulae  will  be 
found  by  (348),  employing  8^=  ^{8  +  8')  and  the  hour  angle  r^ 
of  the  centre  of  the  ring,  which  will  be  found  from  the  transit 
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The  indications  of  the  barometer  and  thermometer  are  not  given ; 
but,  assuming  a  mean  state  of  the  air,  the  refraction  table  gives 
for  this  zenith  distance  log  x  =  6.4382,  with  which  we  proceed 
to  compute  (359)  and  (360)  as  follows : 

\og(d'—d)  2.4101 
log  X  6.4382 
log  tan'  C  0.6398  log  sec  ^^    0.0395 

9.4881 9.4881 

log  cos  2  q  8.8658  log  sin  2  q  9.9988 

1st  term  of  (360)  =  +  0".02         log  a(o'  —  o)  9.5264 

A(a'  —  a)  =  +  0".34  =  +  0'.02 
log  sin*  g  9.6658 

logftan'C  sin^q  +  1)  0.4802 
log(d'  — (f)x  8.8483 
log  r'  6.1032 
5.4317 
log  dd'  5.9412  The  corrected  values  are  then 

2d  term  of  (360)  =  -fO'^sT  a'  —  a  =  —  1*  49-.48 

A(a'  —  ^)  z=  ~  0".29  ^'  —  0^  =  -j.  4'  16".81 

The  corrections  for  refraction  are  in  this  instance  less  than  the 
probable  errors  of  observation.  Indeed,  with  the  ring  micro- 
meter, it  will  seldom  be  worth  while  to  consider  the  refraction 
unless  the  zenith  distance  is  over  60°  and  the  difference  of 
decUnation  over  10'. 

CORRECTION   OP   MICROMETRIC   OBSERVATIONS   FOR   PRECESSION, 
NUTATION,   AND   ABERRATION. 

301.  In  most  cases,  micrometer  observations  of  the  difference 
of  position  of  two  celestial  bodies  have  for  their  object  the 
determination  of  the  apparent  place  of  one  of  these  bodies  from 
that  of  the  other  supposed  to  be  given.  The  apparent  place  thus 
found  is  then  usually  to  be  reduced  to  the  mean  place  for  the 
beginning  of  the  year,  or  any  adopted  epoch,  by  applying  the 
corrections  for  precession,  nutation,  and  aberration  with  reversed 
sign.  Sometimes,  also,  it  is  desirable  to  reduce  the  data  fur- 
nished by  the  micrometer  on  different  dates  to  a  common  date. 
The  only  case  of  interest,  however,  is  that  in  which  the  distance 
and  position  angle  have  been  observed.  I  shall  consider  first 
the  effect  of  aberration. 

Vol.  IL-30 
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802.  To  jmi  the  effect  of  aberration  upon  the  angular  dista:nee  of 
two  stars. — ^Let  us  denote  by  E  the  point  of  the  ecliptic  from 
which  the  earth  is  moving  (as  in  Art.  387  of  Vol.  I.) ;  by  i?,,  d^ 
the  true  angular  distances  of  the  stars  from  E;  by  «>/,  i>/,  the 
apparent  distances  from  E  affected  by  aberration ;  by  a  and  ^, 
the  true  and  apparent  distances  of  the  stars  from  each  other ;  by 
Tv  7%^  ^^  angles  formed  by  a  with  ^^  and  t?, ;  by ;-/, ;-,',  the  angles 
formed  by  s  with  the  same  arcs.  Then,  since  the  aberration  acts 
only  in  the  great  circle  joining  the  star  and  the  point  J?,  the 
angle  at^  between  the  arcs  ^j  and  d^  remains  unchanged,  and 
we  have,  precisely  as  in  the  investigation  of  the  differential 
refraction  in  Art.  293, 

Bin  }  <rsin  i  O-j  +  y^)  =  sin  } 5  sin  J  (j^  +  y^)  ^-   -    \         , 


sm 


i  .r  cos  i  (r,  +  n)  =  sin  J  s  cos  i  (y,'  +  r,')  $}-^yJ^ 

Bin  I  (^»"j  —  V,  J 


K  we  write  y^  and  ;-/  for  J  {y^  +  y^  and  \  (;-/  +  7-/),  we  may  put 
these  equations  under  the  form 

ff  miy^  =  as  sin  y^ 
c  COBT'o  =  65  cos;'/ 

in  which  we  have  put 


a  = 


sin  t9« 


Bin  ^l 


Bini(*/-V) 


Now,  we  have  (Art.  385,  Vol.  I.) 
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4GT 


of  aberration  upon  tlie  distftiice  <r  is  the  same  in  whatever  dtrcc' 

^U^m  the  arc  a  may  lie,  ami  rlepencls  only  on  tlie  distance  {p^  of 

its  Diiddk^  point  iVoni  the  point  E^  or,  in  geiicraly  upon  the  riirht 

scension  and  declination  of  this  middle  point.  This  latter 
principle  auggestn  the  most  simple  mean-?  of  iuveBtigating  a  for- 
innla  for  computing  the  aberration  in  distance  ;  we  have  only  to 

Bsume  the  distance  &  to  coincide  in  direction  with  a  declination 
circle,  so  that  rr  nuiy  be  treated  as  the  difterence  of  declination 
of  the  stars*  Then  the  effect  of  aberration  npon  a  will  be  found 
by  differentiating  the  expression  Ct-'  +  />/',  wliich  expresses  the 
correction  for  aberration  (Art.  402,  Vol,  L) ;  thus, 


£ka 


^P     Taking  the  values  of  «'  and  6'  for  the  middle  point  of  a,  or 
for  the  right  ascension  a^  and  declination  5^,  we  put 

dc' 

/*  =  <r  •  —^  =:  —  ff  (tan  f  Bin  d^  -|-  sm  o^  cos  9^ 


a=<r. 


d^> 


<r .  COS  tto  COS  t\ 


and  then  for  computing  a*t  we  have  the  simple  formula 

Air  :==+(>+  D^ 


(361) 


for  which  C  and  D  can  be  t-aken  from  the  Ephemeris  for  the 
given  date.  The  correction  tlms  found  is  to  be  added  to  the 
true  distance  to  obtain  the  apparent  distance. 

The  position  angle  />^  at  the  middle  point  of  &  is  composed  of 
the  angle  y^  and  of  the  angle  which  the  declination  circle  makes 
with  the  arc  f>,^:  so  that  the  change  in  p^  is  the  same  as  that  in 
the  latter  angle,  that  is,  it  is  tlie  ditlerenee  of  directions  of  the 
declination  cii*t'les  drawn  through  the  true  and  apparent  places 
of  the  stiirs.  This  difference  will  he  obtiiined  at  the  same  time 
with  that  produeeil  by  precession  and  nutation  in  tbe  next  article. 

303.  To  find  the  effect  of  precession^  nutaiim,  and  aharadon  ifpon 
(he  poslihm  angle  of  two  stars. — Let  a^,,  <J^,  be  the  right  ascension 
and  declination  of  the  middle  point  between  the  two  stars.  The 
change  ^p^  in  the  position  angle  is  simply  the  change  of  direction 
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of  the  declination  circle  drawn  through  this  point :  so  that  we 
have 

^ao  cos  ^ 


tan  Apo  =  A2?o  = 


dd^ 


or,  taking  a^,  =  (Oy)  +  Aa  +  Bb  +  Cc  +  Dd  as  the  expression  of 

the  apparent  right  ascension  at  any  time,  where  (cto)  is  its  mean 

value  at  the  beginning  of  the  given  year  (Vol.  I.  Art.  402),  we 

have 

%[  A   da    ^    T^  dh    ^   ^  dc    ^    y.  dd'\ 

A/>o  =  cos^oM V  ^ l-C' \-D 

L      dd^  dd^  dd^  dd^j 

=  A.n  sin  a^ sec ^^ -f  ^cos a,, see d^ -f  Ccos Oq tan  d^  +  D.sin a^ tan  #', 
Hence,  putting 


a  —-  n  sin  a„  sec  t\ 


/  =  (OH  a^  tan  d^ 
if  :=  sin  a^  tan  d^ 


fj'  zz^  cos  tty  HCC  d^ 

in  which,  for  a  given  year  1800  +  ^  (Vol.  I.  p.  617), 


}    (362, 


we  have 


n  =  20".0607  —  0".0000863r 


(363) 


The  annual  increase  of  po  is  n  sin  Oo  sec  d^.  If  we  wish  to  reduce 
the  mean  value  of  po  from  one  given  year  1800  +  t  to  anotlier 
1800  +  /',  we  must,  therefore,  add  the  quantity  {f  —  fjn  sin  a^  sec  o^, 
in  which  a^  and  5©  should  be  taken  for  the  date  1800  +  J  (^  --  /')• 
The  mean  value  of  jt>o  being  thus  reduced  to  the  beginning  of  the 
year  1800  +  ^',  its  apparent  value  for  the  day  of  the  year  will 
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METHOD  OF   LEAST   SQUAEES  * 


1.  A  KtMBEE  of  observations  beings  taken  for  the  purpose  of 
deterniiniiig  one  or  iiiore  nnknown  quantities,  and  these  ohser- 
vatioiis  giving  discordiint  results,  it  is  an  important  problem  to 
determine  the  most  probable  values  of  the  unknown  qnantities. 
The  method  of  least  squares  may  be  defined  to  he  that  metbod 
of  treating  this  general  problem  wbieb  takes  as  itn  fundamental 
principle,  that  the  most  probable  values  are  ihose  which  make  the  smn 
of  the  residuffl  errors  a  minmmn.  But,  to  nnderstaiKl  this  defini- 
tion,  some  degree  of  acquaintance  with  tlie  method  itself  is 
neeessarj. 

*  The  first  published  appUcntion  of  themetbfld  is  to  be  found  in  Lvobki»be,  NouvrUen 
'thodespour  la  determination  des  arbiffs  det  eomitet^  Paris,  1806,     Tbe  dcTelopment, 
lioweyer,  from  fundamental  prinaipleB  is  duo  to  GArss,  who  declared  that  he  had 
used  the  method  as  earlj  a3  17 'Jo,     See  his  Theuria  Motm  Corpnrum  Caiestittm,  1800^ 
Lib.   IL  Sec,   IT  I.;   Dinquintio  de  dcmrntis  elliptici*  PalladU^   1811;    Best  immune  der 
Genaui^ktit  d^'.r  Beobachtimgen  (t.  Linbenau  uud  BoHNeNtiBROER's  Zeituchrift^  181tV,  I. 
185);    Thcorift  cotnhinationis  obaervaUonum  errohbu)!  minmts  obnoxisPj  1823:  Supph- 
\ti$m  theorim  comb i nation ia^  &e,,  1826:   ftll  of  whit^h  bavo  been  rendered  quite  acceMfl- 
ible  through  a  French  trauslarioo  by  J.  Bkrtrand,  Mtfhode  dci  mnindret  otrriet.  Mi- 
.  moirta  tur  la  eomhinotmn  den  ob/ffrvathnfi^  par  Cn.  Fb.  Gauss,  Paris,  1855. 

I  For  a  digest  of  the  preceding,  together  with  the  results  of  the  laborR  of  Bessel 

J         Mid  Hanskk,  see  ExcfCK,  Urbr>r  dig  Methodt  der  khinsten  Quadrate,  Berliner  Astron. 
Jfthrbuch  for  1834,  1835,  183G ;  in  conneciiou  with  which  must  be  mentioned  espe- 
^^^^Ljeially  the   practical  work  of  GstitiNa,  Dii  Auiffldchungirtchnun^en  der  practitchtn 
^^f^fQmetrie^  Hauihurg,  1843. 

I  See  also  Laplack,  Thiorie  analytiqite  d(a  prohabiUtO,  Liv.  II,  Chap,  TV. ;  Pois^OK, 

^^  8ur  la  probability  de»  r/suUat4  mot/ena  det  obstrv/itiotht,  in  the  CoonaissaQce  dea  Temps  for 
^^B|1827;  Encke,  in  the  Berlin  Jahrbuch  for  18o3;  Bi-^asEL,  in  Aittron.  Naeh.,  Nob.  358, 
^^859,  399;  Hansisn,  in  Astron.  NacLy  Noa.  192,  2f}2  et  aeq. ;  Pbiecb,  in  the  Attron^ 
Journal  (Cambridge,  Mass.))  VgL  ILNo.  21;  LiAQBBf  Cakul  dea  prohabiliti$  et  thfori* 
rij  BruxcUes,  1852. 
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ERRORS   TO    WHICH    OBSEEVATIOXS   ARE    LIABL£. 

2.  Eveiy  observation  which  is  a  7mamtT€y  however  carefally  it] 
may  be  mtidt?,  is  to  be  regarded  as  Hubjcct  to  error;  for  expe-I 
rieuce  teaches  that  repeated  measures  of  the  eanie  qmintit\\  when,\ 
the  greatest  precision  is  sought*  do  not  give  uniformly  tlie  same 
result.     Two  kind^  of  errors  are  to  be  distinguished. 

Constant  or  rqpdetr  errors  arc  those  which  in  all  meaaurea  of  the 
same  quantity,  made  under  the  same  circumstances,  obtain  the 
same  magnitude;   or  whose  magnitude  is  dependtmt  upon  the; 
circumstances  according  to  any  determinate  law.     The  causes  of  I 
such  errors  must  l>e  the  subject  of  careful  preliminarj'  search  in] 
all  physical  inquiries,  so  that  their  action  may  be  altogether  pnv] 
vented  or  their  cftect  removed   by  calculation.     For  exampUvj 
among  the  constant  errors  may  be  enumerated  refmction,  abcr<pj 
ration,  &c» ;  the  effect  of  the  temperature  of  rods  used  in  niea-| 
suring  a  l)ase  line  in  a  survey  ;  the  error  of  division  of  a  graduated  1 
instrument  when  the  same  division  is  used  in  all  the  meastires;j 
any  peculiarity  of  an  instrument  which  affects  a  particular  meo^J 
snremeut  always  by  tlie  same  amount,  such  as  inequality  of  thai 
pivots  of  u  transit  instrument,  defective  adjustment  of  the  colli*  j 
matiou,  imperfections  of  lenses,  defects  of  micrometer  screws,  4c^ 
to  which  nmst  be  added  constant  pecnliarities  of  the  ol>scn*cr/ 
wiio,  for  example,  may  always  note  the  passage  of  a  star  over  a  \ 
thread  of  a  transit  instrument  too  soon,  or  too  Uite,  by  a  com^t&nt 
quantity,  or  who»  in  attempting  to  bisect  a  star  with  a  micn^mcter  j 
thread,  constantly  makes  the   upper  or  the  lower  portion  the  ! 
greater;   or  who,  in  ol»serving  the  contact  of  two  images  (in 
sextiint  measures,  for  instance),  assumes  for  a  contact  a  ]K>«^ttioit| 
in  which  the  images  are  really  at  some  constant  small  distance,  | 
or  a  pn^itiou  in  whi<*h  the  inmges  are  realty  overlapped,  ic*  4c 

Thus,  we  have  three  kinds  of  constant  errors: 

1st.  Theoreticdl^  su^di  as  refraction,  aberration,  &c.,  whose  effects, 
when  their  causes  are  once  thoroughly  understood,  may  be  caW 
eulatod  a  priori^  and  which  thenceforth  cease  to  exist  aa  errof& 


♦  The  quftlificAtton,  **  when  the  grentcrt  preoiiion  it  aougbt/'  U  imporiKnt ;  f«f  iU 
e.ff.t  we  were  to  dt'terinine  the  Utitude  of  a  plucc  hy  repenied  m^a^urv*  of  th*  •ffi* 
tliiui  ttUHiide  of  the  mnm  fixed  star  with  a  sextaiii  dlridc*!  only  to  whole  defrvca,  dl  | 
mir  meii«i]rcs  might  pive  the  same  de^ee,  Ttie  Jirrordaiic©  of  ah«orTmtloD«  l««  %km 
fore,  not  to  be  mkcn  %»  fin  infallible  ertdcuce  of  their  nccumrj.  St  H  tpiatiHf 
when  we  approaeh  the  limiu  o/  otrr  mea»iifinff  yowtri  that  wc  beoome  teii^ibW  of  tJbc 
dii»crepaacie9  of  ubsvrvationa. 
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[The  detection  of  a  constant  error  in  a  certain  class  of  observa- 
tions very  commonly  leads?!  to  investig^ations  by  which  its  cause 
is  revealed,  and  thus  our  physical  theories  are  improved. 

2d*  Insirummial^  which  are  discovered  by  an  examination  of 
our  instrumcTits,  or  from  a  di^scnsKion  of  the  obser^'ations  made 
with  them.  These  may  also  he  reniovod  when  their  causes  are 
folly  undei-stood,  either  by  a  proper  mode  of  using  the  instru- 

►  ment,  or  by  subsequent  computation. 

3d.  Persofial^  which  depend  upon  peculiarities  of  the  observer, 

land  in  delicate  inquiries  become  the  subject  of  special  investiga- 
tion under  the  mime  of  ''pei^onal  equations/' 

We  are  to  assume  that,  in  any  inquiry,  all  the  sources  of  con- 
stant error  have  been  carefully  investigated,  and  their  effects 

j  eliminated  as  far  as  practicable.  'WHien  this  has  been  done, 
however,  we  find  by  experience  that  there  still  remain  discrepan- 
cies, which  must  be  referred  to  the  next  following  class. 

Irregular  or  accidental  errors  are  those  which  have  irregular 
causes,  or  whose  effects  upon  individual  observations  are  gov- 
erned by  tio  fixed  law  connecting  them  with  the  circumstances 
of  the  ohserx'ations,   and,   therefore,   cau   never  be  subjected 

lU  priori  to  computation.     Such,  for  example,  are  errors  arising 

ffrom  tremors  of  a  telescope  produced  by  the  wind;  errors  in  the 
refraction   produced  by  anomalous  changes  of  density  of  the 

-strata  of  the  atmosphere ;  from  unavoidable  changes  in  tlie 
several  parts  of  an  instrument  produced  by  anomalous  variations 
of  temperature,  or  anomalous  contraction  and  expansion  of  the 

■  parts  of  an  instrument  even  at  known  temperatures;  but,  more 
especially,  error's  arising  from  the  imperfectiou  of  the  senses,  as 
the  imperfection  of  the  eye  in  measuring  very  small  spaces,  of 
the  ear  in  estimating  small  intervals  of  time,  of  the  touch  iu  the 
delicate  handling  of  an  instrument,  &c. 

This  distinction  between  constant  and  iiTcgular  errors  is, 
indeed,  to  a  certain  extent,  rather  relative  than  absolute,  and 
depends  upon  the  sense,  more  or  less  restricted,  iu  which  we 

[consider  observations  to  be  of  the  same  nature  or  made  under  the 
Himc  circumstances.     For  example,  tlic  errors  of  division  of  an 

[instrument  may  he  regarded  as  constant  errors  when  the  same 
division  comes  into  all  measures  of  the  same  quantity,  but  as 
iiTcgular  when  in  everj^  measure  a  different  division  is  used,  or 

I  when  the  same  quantity  is  measured  repeatedly  with  different 
instruments. 
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After  a  full  investigation  of  the  constant  or  regular  ermrg,  i 

is  the  next  business  of  the  observer  to  diminish  as  much  a® 

sible  the  irregular  errors  by  the  greatest  care  in  the  observatiouii;| 

and  tinally,  when  the  observations  arc  eonipleted,  there  remaiimJ 

the  important  operation  of  combining  them,  so  that  the  out^tand*^ 

ing,  unavoidable,  irregular  errors  may  have  the  least  probabU 

efteet  upon  the  results.     For  this  combination  we  invoke  the 

aid  of  the  method  of  least  squares,  which  may  be  said  to  have  , 

for  its  ohjeet  the  restriction  of  the  effect  of  irregular  errors  withia.! 

the  narrowest  limits  according  to  the  theory  of  probabilities,  atidyi 

at  the  same  time,  to  determine  from  the  observations  th*  '       *     ■» 

the  errors  to  which  our  results  are  probably  liable.     It  i- 

to  observe  here,  however,  to  guard  against  fallacious  appliejituintvl 

that  tlie  theory  of  the  method  is  grounded  upon  tlie  hyi 

that  we  have  taken  a  large  number  of  observations,  or,  ai  ,. 

number  sufliciently  large  to  determine  the  errors  to  which  thfl 

observations  are  liable. 

\ 

CORRECTION    OF   THK   OBSERVATIONS. 

8.  Wlien  no  more  observations  are  taken  tlian  arc  sufficient 
to   determine   one  value   of  each   of  the   unknown!    quantities 
sought,  we  have  no  means  of  judging  of  the  correctness  of  ih^J 
results,  ami,  in  the  absence  of  other  informatioii,  arc  compellodf 
to  accept  these  results  as  truej  or,  at  least,  as  the  most  pndiabliv 
But  when  additional  observations  are  taken,  leading  to  different  j 
results,  we  can  no  longer  unconditionally  accept  any  one  result] 
as  true,  since  each  must  be  regarded  as  contradicting  the  othen*,  [ 
The  results  cannot  all  be  true,  and  are  all  probably,  in  aittrict 
sense,  false.    The  absolutely  true  value  of  the  quantity  sought  bv  j 
observation  must,  in  general,  be  regarded  as  beyond  our  rench; ; 
and  instead  of  it  we  nmst  accept  a  value  which  may  or  may  noti 
agree  with  any  one  of  the  obser\*ations,  but  which  is  rendered] 
m^jsi  probable  by  the  existence  of  these  observations. 

The  condition  under  which  such  a  probable  value  i-  :-♦  \»q 
determiiieih  U  that  alt  contradiction  anion ff  tlw  ubsrrvalhM^s  f^  h  he 
rcmovciL  This  is  a  logical  necessity,  since  we  cannot  accept  for 
truth  that  which  is  contradictory  or  leads  to  contnidictory  rMQlla* . 

The  contradiction  is  obviously  to  be  removed  by  apphnti|r  toj 
the  several  obBer\'ations  (or  conceiving  to  bo  applied)  probablo  | 
eorrcctions^  which  shall  make  them  agree  with  each  other^  and 
which  we  have  reason  to  suppose  to  be  equivalent  in  amotinl  toj 
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trie  accidental  errors  severally.  But  let  us  here  remark  that  we 
do  not  in  thk  statement  by  any  means  imply  that  an  observer  is 
to  arbUrarily  a.ssume  a  Rystem  of  corrections  which  will  produce 
accordance :  on  the  contrary,  the  inetliod  we  are  about  to  con- 
Bidcr  ia  designed  to  remove,  as  far  as  ]K>3sible,  every  arbitrary 
consideration,  and  to  fnriiish  a  sot  of  priueiples  wliieli  Hhall 
always  guide  us  to  the  most  probable  results.  Tlie  conscientious 
observer,  having  taken  every  care  in  his  observation,  will  set  it 
down,  however  discrepant  it  may  appear  to  him,  as  a  i>ortion  of 
the  testimony  collected,  out  of  which  the  truth,  or  the  nearest 
approximation  to  it,  is  to  be  Hifted. 

Admitting,  therefore,  that  the  observations  give  us  the  best, 
aa  indeed  the  only,  information  we  can  obtain  respecting  the 
desired  quantities,  we  must  find  a  system  of  eorrectious  which 
shall  not  only  produce  the  desired  accordance,  but  which  shall 
ulso  be  the  most  probable  corrections,  and  farther  be  rmdertd  most 
probable  bif  tlie^e  observations  ihemsches. 


THE   ARITHMETICAL   MEAN, 

4.  In  order  to  discover  a  principle  which  may  serve  as  a  basis 
for  the  investigation,  let  us  exanunc  first  the  case  of  direct  ob- 
servations made  for  the  purpose  of  deteiTuining  a  single  unknown 
quantitJ^ 

Let  the  quantity  to  be  determined  iij^  direct  obser\'ation  be 
denoted  by  x.  (Suppose,  for  example,  to  fix  our  ideas,  that  this 
quantity  is  the  linear  distance  hetw^een  two  fixed  terrestrial 
points.)  K  but  one  measure  of  x  is  taken  and  the  result  is  a^ 
we  must  accept  as  tlie  only  and,  therefore,  the  most  probable 
value,  X  =  a.  Let  a  second  observation,  taken  under  the  same 
or  precisely  equivalent  cirenmstanees,  and  with  the  sjune  degree 
of  care,  so  that  there  is  no  reason  for  supposing  it  to  be  more  in 
error  than  the  first,  give  the  value  b.  Then,  since  there  is  no 
reason  for  preferring  one  observation  to  the  other,  the  value  of 
X  must  be  bo  taken  that  the  difterences  z  —  a^  x  —  b  shall  be 
numerically  equal ;  and  this  gives 

x  =  i(a  +  b) 

This  result  must  be  regarded  as  the  only  one  that  can  be  inferred 
from  the  two  observations  cousistently  with  our  dt^finition  of 
accidental  errors;  for  positive  and  negative  accidental  errors  of 
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equal  absolute  magnitude  are  to  be  regarded  as  equal  etrori  snd^ 
as  equally  probable,  isiuee,  frooi  the  care  bestowed  oii  the  alMer» 
vatious  aud  the  supposed  sinuhirity  of  the  circumstances  under 
which  they  are  made,  there  is  no  reason  a  priori  for  assuming 
either  a  positive  or  a  negative  error  to  be  the  more  probable. 

Now  let  a  third  observation  be  added^  gi^^ng  the  value  e. 
Since  the  three  observations  are  of  equal  reliability,  or,  as  we 
shall  hereafter  say,  of  equal  weight,  we  must  so  combine  «,  6,  aud 
€  that  eucli  shall  have  a  tike  influence  upou  the  result ;  in  other 
words,  X  must  be  a  symmetrical  function  of  ci,  by  and  c.  If  we 
first  consider  a  and  b  alone,  then  a  and  e,  then  6  and  c,  we  shall 
find  the  v^alues 


*  (^  +  bh 


i  (^  +  c), 


i(b  +  c). 


with  each  of  which  the  additional  obsen^ation  e,  ft,  or  a  w  to  be 
combined.  Each  combination  must  result  in  the  same  sym- 
metrical function,  which,  whatever  it  may  be,  can  be  denoted  by 
the  functional  symbol  ij/.     We  must,  therefore,  have 

=  4  [§  («  +  0,  6] 
=  4  [i  (ft  +  c),  a] 

Introducing  the  sum  of  a,  ft,  and  c,  or  putting 


these  become 


»  =  a  -(-  ft  +  c 

a:  =  4  [K*  —  c%  c]  =  4  [«.  cj 
=  4[K*-^)rft]--4[^.ft] 
^4[l(s— «),a]  =  4[«.a] 

But  s  is  already  a  symmetrical  function  of  a,  ft,  and  *^,  and  tbin^ 
fore  these  equations  cannot  all  result  in  the  same  symmetrical 
function  uidess  <?,  ft,  a,  in  the  respective  developnients  of  the 
functions,  disappear  and  leave  only  s.    Hence  we  must  ha%*e 

Now,  to  determine  ^,  we  observe  that,  as  it  must  be  gencnt^ 
its  nature  may  be  learned  from  any  special  but  known  caae. 
Pnch  a  case  is  that  in  which  the  three  ob«ervationii  give  three 
equal  values,  or  <i  =  ft  =  c;  and  in  that  case  we  have,  is  die 
only  value,  x  ==  Oi  or 

a  =^  4(^<i) 
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and,  consequently,  the  symbol  '^  signifies  here  the  division  by  8, 
Hence,  generally, 

a  +  b  +  c 


X  = 


8 


In  the  same  manner,  if  it  had  been  previously  shown  that  for 
m  equally  good  observations  the  most  probable  value  is 

^^a^h+c+  ....  +  n 
m 

it  would  follow  that  for  an  additional  observation  p  we  must 
have 

m  +  1 
for,  putting  5  =  a  +  ft  +  ^  +  ««-  +  w+i>,  we  shall  have 

a:  =  4  I ~  (5  — ;?),;>J  =  ^[8yjp]  =  ^  («),  &c. 

But  we  have  shown  that  the  form  is  true  for  three  observed 
values :  hence,  it  is  true  for  four ;  and  since  it  is  true  for  four 
values  it  is  true  for  five ;  and  thus  generally  for  any  number.* 

The  principle  here  demonstrated,  that  the  arithmetical  mean 
of  a  number  of  equally  good  observations  is  the  most  probable 
value  of  the  observed  quantity,  is  that  which  has  been  universally 
adopted  as  the  most  simple  and  obvious,  and  might  well  be 
received  as  axiomatic.  The  above  demonstration  is  chiefly 
valuable  as  exhibiting  somewhat  more  clearly  the  nature  of  the 
assumption  that  underlies  the  principle,  which  is  that,  under 
strictly  similar  circumstances,  positive  and  negative  errors  of  the 
same  absolute  amount  are  equally  probable. 

5.  If  now  n',  n",  n'" n^*"^  are  the  m  observed  values  of  a 

required  quantity  x,  and  if  x^  denotes  their  arithmetical  mean, 
the  assumption  of  x^,  as  the  most  probable  value  of  x  gives 
n'—  x^,  n"  —  Xq,  n'"  —  x^,  &c.,  as  the  most  probable  system  of  cor- 
rections (subtractive  from  the  observed  values)  which  produce 
the  required  accordance.     But  the  equation 

n'-f.  n"+  n'"+  . . . .  -f  n<*> 
^0-  m  '^— (^) 

*  Enckk,  Berliner  Astron.  Jahrbuch  for  1S84,  p.  262. 
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may  also  be  put  under  the  form 

(n'-o:,)  +  (n"~a:o)  +  (n'"-rro)  + (n<->  -  j:o)  =  0 

that  is,  the  algebraic  sum  of  the  corrections  is  zero. 

This  is,  however,  not  the  only  characteristic  of  the  system  of 
corrections  resulting  from  the  use  of  the  arithmetical  mean.  Let 
us  examine  the  sum  of  the  squares  of  the  corrections.  For 
brevity,  let  us  denote  the  corrections,  or,  as  they  will  be  here- 
after called,  the  residuals^  by  the  symbol  v:  so  that 

t/  =  n'  —  OTo,        t?"  =  n"  —  arc,        v'"  =  n'"  —  x^  &c. 

and  also  denote  the  sums  of  quantities  of  the  same  kind  by 
enclosing  the  common  symbol  in  rectangular  brackets :  so  that 

[v]  =  r'  +  v"  +  r'"  +  &c. 

[vv\  =  v'v'  +  t;"i;"  +  i;'V"+  &c. 

a  notation  usually  employed  throughout  the  method  of  least 

squares.     We  have 

M  =  0  (2) 

and 

Ivv-]  =  (n'-rro)'  +  (n"-^o)'  +  (n'"~:Co)»  + 

=  l^^}  —  2  [w]  Xq  +  mxo' 

But  since  we  have  also 

In] 


Xa  = 


this  equation  becomes 


m 


[vvl  ^  [nnl  —  2  [n]  ^    .    ^  D?!. 
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This  equation  detonuines  tbc  sum  of  the  squares  of  the  residuals 
for  any  assumed  value  of  x.  Since  the  last  terra  is  always  posi- 
tive, we  see  that  this  sum  for  auy  value  of  x  dilieriiig  froiu  the 
aritlimetieal  mean  x^  is  always  greater  than  [ri^].  Hence  it  is  a 
second  characteristic  of  the  arithmetical  mean,  that  it  makes  (he 
sum  of  (he  squares  of  the  rcsidaals  a  minimum, 

6.  Observations  may  be  not  only  direct,  that  is,  made  directly 
upon  the  quantity  to  be  determined,  but  also  indirect,  that  is,  made 
upon  some  quantity  which  is  a  function  of  one  or  more  quanti- 
ties to  be  detennined.  Indeed,  the  greater  part  of  the  observa- 
tions in  astronomy,  and  in  physical  science  generally,  belong  to 
the  latter  class.  Thus,  lot  z,  y,  2. .  • ,  •be  the  quantities  to  be 
determined,  and  31  u  function  of  them  denoted  by/,  or 


M=f{x,y,z..,.) 


(5) 


and  let  us  suppose  an  observation  to  be  made  upon  the  value  of 

3L    We  then  have  but  a  single  equation  between  x,  y,  z and 

the  obsen^ed  quantity  M,  and  the  problem  is  as  yet  ui determi- 
nate. A'ariouB  systems  of  values  may  be  found  to  satisty  the 
equation,  either  exactly  or  approximately.  Let  us,  however,  sup- 
pose that  the  most  probable  system  (as  yet  unknown)  is  expressed 

i^y  X  =  p,  y  ^^  g,  2  =  r ,  and  let  the  value  of  the  function, 

when  these  values  are  substituted  in  it^  l>e  denoted  by  K,  or  put 


r-/(i>,^,r....) 


(6) 


tlien  M —  V  is  the  residual  error  of  the  observation,  Tn  like 
manner,  if  a  number  of  observations  of  the  same  kind  he  taken, 
in  whicli  the  observed  quantities  3I\  3f'\  3/'" . . .  are  functions 

determined  by  the  same  elements  p^  q^  r, ,  and  if  V%  V'\ 

V" are  the  values  of  these  functions  when  />,  q^  r . , , ,  are 

substituted  in  them,  then  31'  — V\  J/"-F",  J/'" -F'''. .,  • 
are  the  residual  errors  of  the  observations.  If  there  are  fi 
unknown  quantities  and  also  /i  observations,  and  no  more,  there 
will  be  ft  e(|uations  between  the  known  and  unknown  quantities, 
which  will  fully  determine  the  values  of  these  unknown  quanti- 
ties;  so  that  the  probahle  values  p^  9,  r ,  are,  in  that  case, 

those  determinate  values  wliicli  exacihf  satisfy  all  the  equations, 
and,  consequently,  reduce  everyone  of  the  residuals  J/' —  F', 
3V  —  V^\  &c.  to  zero.  But,  if  there  are  more  than  /i  observations, 
the  determinate  values  found  from  fi  equations  alone  will  not 
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necessarily  satisfy  the  remaining  equations,  in  consequence  of 
accidental  errors  in  the  observations.  The  problem,  tlien,  is  (a 
determine  from  all  (he  observations^  or  from  alt  (he  equations^  the 
most  probable  Sf/s(e7)i  of  values  of  the  unknown  quantities^  or,  which  b 
the  same  things,  (he  most  jn'obable  si/stem  of  residual  errors.  In  tlic 
case  of  direct  observations,  we  have  seen  that  the  most  probable 
value  of  the  unknown  quantity  was  that  which  made  the  algij- 
braic  sum  of  the  residuals  zero;  but  this  principle  folbwed  fn>ra 
taking  the  arithnu'tieal  menu  of  the  same  quantity,  and  is  ob- 
viously inapplicable  iti  tiie  present  case.  The  second  principle, 
that  the  most  probable  value  is  that  which  makes  the  sum  of  tJie 
squares  of  the  residuals  a  minimum,  is  of  a  more  general 
character,  and  might  be  assumed  at  once,  as  at  least  a  ptausAk 
principle,  to  serve  as  the  basis  of  the  solution  of  our  problem; 
but  it  will  be  more  satisfactory  to  justify  its  adoption  by  the 
calculus  of  probabilities. 

THE   PROBABILITY  CUBVE. 

7.  Although  accidental  errors  w^ould  seem  at  first  sight  to  be 
of  a  capricious  and  irregular  nature  which  would  exclude  them 
from  the  domain  of  mathematics,  yet,  upon  examination  from 
theoretical  considerutions,  contirmed,  as  will  be  shown,  by  expo^ 
rience,  we  shall  find  that  they  are  subject  to  renuirkably  preci»e 
laws.  In  the  first  place,  we  remark  that  they  are  subject  to  the 
followjn*' fundamental  laws:  1st.  Errors  in  excess  and  in  defect 
— i,€,  positive  and  negative,  but  of  equal  absolute  valutr— ftw 
equally  probable,  and  in  a  large  nnmber  of  obsenationa  are 
equally  frequent  2d.  In  every  species  of  ubservations,  ther^*  ta 
a  limit  of  error  which  the  greatest  accidental  ermr^  do  not 
exceed:  thus,  if  I  denotes  the  absolute  magnitude  of  thii»  Hmit« 
all  the  positive  erroi's  are  comprised  between  0  and  +  /,  and  all 
the  negative  errors  between  0  and  —  /,  iind,  consequently,  all  the 
errors  are  distributed  over  the  interval  21.  3d.  The  errors  Are 
not  distributed  nniformlv  over  this  int€rv*al  2/L  but  the  emalJer 

ti  T 

errors  are  more  frequent  than  tlie  larger  ones. 

Thus  the  frequency  of  an  error  of  a  given  magnitude  may  Ue 
regarded  as  a  function  of  the  error  itself:  so  that,  if  we  denote 
an  error  of  a  certain  magnitude  by  J,  and  itis  relative  fVequMicy 
in  a  given  large  nnmber  of  observations  by  y-J,  thifi  (iinctton 
should  obtain  itt»  nmximum  value  for  J  ="  0,  and  bocomc  zeiti 


METHOD   OF  LEAST   SQUARES. 


479 


when  J  =^  dz  L 
J  by  t/f  or  put 


If,  then,  we  denote  the  probabilitj/*  of  an  error 
y  =  ^J  (7) 


we  may  regard  this  as  the  equation  of  a  curve,  taking  J  as  the 
abscissa  and  y  as  the  ordinate.  The  nature  of  this  curve  will  be 
accurately  defined  when  we  have  discovered  the  form  of  the 
function  (pJ,  but  we  can  see  in  advance  that  a  curve  such  aa 
Fig.  A  is  required  to  satisfy  the  conditions  already  imposed  upon 


this  function.  For  its  maximum  ordinate  must  correspond  to 
J  =  0 ;  it  must  be  symmetrical  with  reference  to  the  axis  of  y, 
since  equal  errors  with  opposite  signs  have  equal  probabilities; 
and  it  must  approach  very  near  to  the  axis  of  abscissae  for  values 
of  J  near  the  extreme  limits,  although  the  impossibility  of  as- 
signing such  extreme  limits  of  error  with  precision  must  prevent 
us  from  fixing  the  point  at  which  the  curve  will  finally  meet  the 
axis. 

8.  The  number  of  possible  errors  in  any  class  of  observations 
is,  strictly  speaking,  finite ;  for  there  is  always  a  limit  of  accuracy 
to  the  observations,  even  when  we  employ  the  most  refined 
instruments,  in  consequence  of  which  there  is  a  numerical  suc- 
cession in  our  results.     Thus,  if  1"  is  the  smallest  measure  in  a 

*  That  is,  if  the  error  J  occurs  n  times  in  m  obserrations,  y  =  ^d  ■=  — . 
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given  case,  the  possible  erroi^,  arranged  in  tlieir  order  of  magni*] 
tude,  can  only  differ  by  1"  or  an  integral  number  of  .seconds. 
Hence,  our  geometrical  rei>ret*entation  should  strictly  eouskt  of 
a  number  of  isolated  points;  but,  as  these  pohitjj  will  be  uiorHl  | 
auil  more  nearly  represented  l>y  a  continuous  curve  as  we  increase 
the  aeenracy  of  the  obi>ervation8,  and  thus  diminisli  the  iutenralaj 
hetwct'u  the  Huccessive  ordinates,  we  may,  without  hesitatioD,  | 
adopt  i^ihAi  IX  continuous  curve  as  expressing  the  law  of  error. 
We  shall,  tlicrefore,  regard  J  as  a  continuous  varialde^  and  f  J 
aa  a  continuous  function  of  it, 

Now,  by  the  theory  of  probabilities,  if  if  J,  ^J\  yJ".,,,», 
are  the  respective  probabilities  of  all  the  possible  errors  J,  J', 
J" we  have* 


^J  +  ^J'-{-,pJ"  + 


=  1 


when  the  number  of  jios^Jilde  errors  \b  finite.     But  tlie  \x-  * 

continuity  of  our  curve  requires  that  we  consider  the  diii 
between  8uece8.sive  values  of  J  as  iutinitesimal,  and  tJuis  the 
number  of  values  of  ^J  is  infinite,  and  the  jiroUahility  of  any 
one  of  these  errors  18  an  inliuitcsiinaL  To  meet  this  difficulty, 
let  ua  observe  that  if  a  finite  series  of  errors  J,  J',  J"  -,,.  be  ex- 
pressed in  the  snudle^t  unit  employed  in  the  observations,  the^i 
errors,  arranged  in  the  order  of  their  magnitude,  will  be  a  ^m^ 
of  consecutive  integral  numbers;  the  probability  of  the  error  J 
may  be  regarded  as  the  same  as  the  probability  that  the  error 
falls  between  J  and  J  +  1 ;  and  the  |jrubability  of  an  error  be- 
tween J  and  J  h  it  will  be  the  sum  of  the  pmbabilitie^  of  the 
errors  J,  J  +  1,  J  +  2, J  +  (t  —  !)•  Lf  i  ib  wnati,  tho  pro- 
bability of  each  of  the  errors  from  J  to  J  +  i  will  bo  nearly  iIhi 
same  as  that  of  J:  so  that  their  sum  will  diftcr  hut  little  from ' 
if  J,  As  the  interval  between  the  succcstiivo  errors  dimmiftheAy 
this  expression  becomes  more  accurate  ;  and  hence  when  we  take 
rfj,  the  iutinitesimal,  instead  of*,  we  have  pJ.*/J  m  the  rigorooa 
expression  of  the  probability  that  an  error  falU  between  J  and 
J  +  dj.  Hence,  it  follows,  in  generah  that  tliejirobability  that 
an  error  falls  between  any  given  limits  a  and  b  ia  Uie  ^^um  of  all 


*  For  if  them  mre  n  errors  e<\\m\  to  J.  n*  eqxud  to  J\  &c,»  and  tht  whak  i 
of  errors  is  w,  the  prolmbinti^ss  of  tht  errom  an>  resptctiTcly  ^  J  =:  — »  ^S^^ 


ikud  I  lie  diim  of  ibe»e  is 


1  +  "'  -f 
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the  elements  of  the  form  fJ.dJ  between  these  limits,  or  the 
integral 


.dA 


and  this  integral,  taken  between  the  extreme  limits  of  erroij  and 
thus  embracing  all  the  possible  erroi-s,  will  be 


/•  +  ! 

j_^^A.dA=l 


We  have  heretofore  assumed  that  the  function  (pd  is  to  be  zero 
for  A  ^^  :t  L  It  must  also  be  added  that,  since  the  probability 
of  any  error  greater  than  dr  Ms  also  zero,  we  shoiikl  have  to 
detemihie  tluB  fiuvtion  in  such  a  manner  that  it  woulii  be  zero 
for  all  values  of  J  from  +  Ito  +  oc  and  from  —  I  to  —  oo.  The 
obvious  irapot^silnlity  of  determining  eueh  a  function  leads  ns 
to  extend  the  limits  d-  ?  to  it  oo,  and  to  take 


dJ 


(8) 


This  will  evidently  be  allowable  if  the  integral  taken  from 
rh  ?  to  lii  oo  is  so  small  as  to  be  prai'tifally  insignitieaut.  Besides, 
the  extreme  limits  of  error  can  never  be  tixed  with  precision,  and 
it  will  suHice  if  the  function  fJ  is  such  that  it  becomes  very  small 
for  those  errors  which  are  regarded  as  very  large. 

9.  Eetm'ning  now  to  the  general  case  of  indirect  observations, 
Art*  6,  in  which  we  suppose  a  quantity  31  =/{x,  ?/,  ^, . .  *  *)  to  be 

observed,  let  J,  J%  J'' be  the  errors  of  the  several  observed 

values  of  31,  and  ^J,  fJ\  f  J'' .  their  respective  probabilities; 

then,  the  probabilitj^  that  these  errors  occur  at  the  same  time  in 
the  given  series  being  denoted  by  P,  we  have,  by  a  theorem  of 
Uie  calculus  of  probabilities,* 

P^^A,fA\fJr (9) 

The  most  probable  system  of  values  of  the  nn known  quantities 


♦  If  a  single  nctinn  of  a  cause  can  produce  the  effects  a,  a\  ct'\  ....  with  tho  ro- 
Bpectire  probabilities /i, /»*,  p",  ....  the  probubility  thai  two  successive  inidepen<lciit 
actions  of  the  cause  will  produce  the  effects  <i  and  d'  is  pp';  and  eimilarly  for  any 
number  of  effects,  Tliua,  if  an  urn  contains  2  white  balls,  3  red  otiea,  and  5  black 
onei,  the  probability  that  in  two  successtvc  drawings  (the  original  number  of  bulla 
Df  th«  same  at  each  drawing)  one  ball  will  ho  white  and  the  other  red  is  ^  X  A* 
Vol.  IL— 31 
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Xyi/jZ,...  will  be  that  which  makes  the  probability  P a  maxi- 
mum. Consequently,  since  x,  y,  2 . . . .  are  here  supposed  to  be 
independent,*  the  derivative  of  P  relatively  to  each  of  these 
variables  must  be  equal  to  zero ;  or,  since  log  P  varies  with  P, 
the  derivatives  of  log  P  must  satisfy  this  condition,  and  we  shall 
have 

=0,  =  0,  &c. 

P  dx        '  P  dy         ' 

which,  since 

•  log  P  =  log  f  J -f  log  f  J'+ log  f  J"  + 

^ve  the  equations 

«  M  d^         ,  .,  d^  ,     ,  ...  d^'  .  ^ 

^J  — +  ^j'.— +  /J".-— H- =  0 

dx  dx  dx 

dz  dz  dz 

&c.  &c. 

in  which  we  have  put 

The  number  of  equations  in  (10)  being  the  same  as  that  of  the 
unknown  quantities,  these  equations  will  serve  to  determine  the 
unknown  quantities  when  we  have  discovered  the  value  of  the 
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whence 

dx       dx        dx 
and  the  first  equation  of  (10)  becomes 

^'Citf-— a:)+^'(Jir— x)  +  ^'(-af"— a:)  + =  0     (12) 

This  being  general  for  any  number  m  of  observations,  and  for 

any  observed  values  M^  M\  M". . . .,  let  us  suppose  the  special 

case 

W=M" =  M^mN 

Since  the  arithmetical  mean  of  the  observed  quantities  is  here 
the  most  probable  value  of  x,  we  have 

x  =  \^{M^W^W^-\- ) 

=  1  [Jif  +  (m  -  1)  {M^  mN)'] 


whence 


=  Jf— (m  — l)iV^ 
W—  x  =  M"  —  x =  —  N 


and,  consequently,  (12)  becomes 

^[(,n  — l)i\r]  4-  (m  — l)/(— iVr)  =  0 

(m  — l)iVr  — JVT 

That  is,  for  all  values  of  m,  and  therefore  for  all  values  of  (m — l)i\r, 

,         f^[(m-l)ir|  1   ^     ^,  ^^   ?»'(-iVr) 

we  have  — 7^^ ^.  ^^     equal  to   the   mrm  quantity  — ^^ — rzr- • 

{m  —  \)N^  ^  "^       — i\r 

Hence  we  have  generally  ^  equal  to  a  constant  quantity,  and, 

denoting  this  constant  by  A,  we  have 

or,  by  (11), 

^^  =  U.dA 

Integrating, 

log  tpA  r=  }  A:J'  +  log  X 
whence 

in  which  e  is  the  base  of  the  Napierian  system  of  logarithms. 
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Since  (pA  must  decrease  as  J  increases,  \k  must  be  essenrially- 
negative :  representing  it,  therefore,  by  —  h\  our  function  becomes 


yJ  =  XC" 


-AAAA 


To  determine  the  constant  x,  let  this  value  be  substituted  in  (8), 
which  gives 

Putting 

t  =  hJ  (13) 

this  integral  becomes 

The  known  value  of  the  definite  integral  in  the  first  member  is 
|/;r  (see  Vol.  I.  p.  153) ;  whence 


7t   = 


V^ 


and  the  complete  expression  of  <pJ  becomes 


(W) 


The  constant  A  must  depend  upon  the  nature  of  tlie  ob8er\'a- 
tions,  and  will  be  particularly  examined  hereafter.  If  we  here 
take  it  as  the  unit  of  abscissae  in  the  curve  of  probability,  the 
equation  (7)  becomes 
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The  curve,  Fig.  A,  in  Art.  7,  is  constructed  from  this  table ;  but, 
to  exhibit  its  character  more  distinctly,  the  scale  of  the  ordinates 
is  four  times  that  of  the  abscisste  (which,  indeed,  corresponds  to 
the  case  of  A  =  2).  We  see  that  the  curve  approaches  very  near 
to  the  axis  for  moderate  values  of  J,  and  that  the  assumption  of 
di  00  instead  of  finite  limits  of  A  can  involve  no  practical  error. 
It  is  evident  that  the  axis  XX  is  an  asymptot<3  to  the  curve. 

The  differences  in  the  above  table  indicate  that  the  curve 
approaches  the  axis  most  rapidly  at  a  point  whose  abscissa  is 
between  0.6  and  0.8.  The  exact  position  of  this  point,  which 
is  a  point  of  inflexion,  is  found  by  putting  the  second  differen- 
tial coefficient  oiy  equal  to  zero,  which  gives 


whence 


J  =  4o  =  ^-7071 


The  ordinate  Mm  is  drawn  at  this  point.    We  shall  have  occa- 
sion to  refer  to  it  again  hereafter. 


THE   MEASURE   OF   PRECISION. 

10.  The  constant  A  requires  special  consideration.     Since  the 

exponent  of  e  in  (14)  must  be  an  abstract  number,  t  must  be  a 

concrete  quantity  of  the  same  kind  as  J.     In  a  class  of  obser\'a- 

tions  in  which  A  is  small  for  a  given  probability  ^  J,  t  will  be 

small,  and  h  will  be  large.  Thus,  A  will  be  the  greater  the  more 
precise  the  nature  of  the  observations,  and  is,  therefore,  called  by 
Gauss  the  measure  of  precision.  If  in  one  system  of  observa- 
tions the  probability  of  an  error  J  is  expressed  by 

and  in  another,  more  or  less  precise,  by 

the  probability  that  in  one  observation  of  the  first  system  the 


486 


APPENDIX. 


error  committed  will  bo  eonipriaed  between  the  limits  —  i  md 
+  d  will  be  expressed  by  tlie  integral 


I 


^-hh^  ^j 


aiid,  in  like  manner,  the  probability  that  the  error  of  an  obder 
tion  in  the  second  system  will  be  comprised  between  —  i'  t 

-f  S^  will  be  expressed  by 


I 


These  integrals  are  evidently  oqnal  when  we  have  hi  ^=^  h!i\ 
for  exaniplej  we  have  A'=  2A,  the  integrals  will  be  equal  when] 
i  =  23*]  that  is,  the  double  error  will  be  committed  in  the  fii 
system  with  the  same  probability  as  the  simple   error  in  tJitl 
second,  or,  in  the  UMual  mode  of  expression,  the  second  system] 
will  be  twice  as  precise  as  the  first.     We  shall  presently  see  hoi 
the  value  of  h  can  be  fonnd  for  any  given  observations* 

THE   METHOD    OF   LEAST   SQUARES, 

11.  The  preceding  discussion  leatls  directly  to  important  pr 
tieal  resultcS,    We  have  seen  (Art.  9)  that  to  find  the  most  probahlil 

values  of  x,y,  z from  the  observed  values  of  jV— /(x^y,r, . , . .) 

we  are  to  render  the  probability  P^=  jpJ.y J'.yJ". .  • .  a 

mum,  that  is,  by  (14), 


p  ^  f^m  -— i«^-*A(AA-h  A^A'+A'^A''' 


(.W 


must  be  a  maximum;    and   this    requires   tluit    the  qtumtitjJ 

J  J  -h  ^^^^  +  J"  J''  + should  be  a  mifiinnira.     Thus,  the  pr 

ciple  that  the  most  probable  values  of  the  mihmm  qimnUtics  art  i 
which  make  (he  sum  of  the  squares  of  the  residual  errors  a  nw^  4 ' 

not  limited  to  the  case  of  dii  ect  observations,  but  i*  v 
general. 

The  principle  is  readily  extended  to  obsen^ations  of  tmequji 
precisian.     For  if  the  degree  of  precision  of  the  oiMer^^alioii 

Mj  J/',  il/" be  respectively  A,  A',  A". . . .,  and  we   eompAf 

those  observed  quantities  with  the  values  F,  V\  F". . . .,  eotnpntedi 
with  the  most  probable  values  of  A/A*  •  • .., whereby  we  obtmnl 
the  residual  errors  J/  —  F  —  J,  J/'  —  F'  —  J',  -  *-^  it  is  the  louoei 
thing  as  if  we  had  taken  ob8er\ations  of  equal  precisioa  (repns 
seated  by  1)  upon  the  quantities  hM^  h^M\  h''M'\ « « *,  an 
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compared  them  with  the  computed  quantities  h  F,  A'  F',  A"  V ". . .  •, 
whereby  we   should  have   found  the   errors  hM  —  hV  =  A  J, 

h^M^  —  h'V^=  AM' ,  in  which  case  we  should  have  to  reduce 

to  a  minimum  the  quantity 

A«J«+ A"J'*+  A"«J"«  +  .... 

that  is,  each  error  being  multiplied  by  its  measure  of  precision^  and 
thereby  reduced  to  the  same  degree  of  precision^  the  sum  of  the  squares 
of  the  reduced  errors  must  be  a  minimum. 

In  what  precedes  is  involved  the  whole  theory  of  the  method 
of  least  squares.    I  proceed  to  develop  its  practical  features. 

THE   PROBABLE   ERROR. 

12.  From  the  preceding  articles  it  follows  that  the  probability 
that  the  error  of  an  observation  falls  between  J  and  J  +  dJ  is 
expressed  by 

and  the  probability  that  it  falls  between  the  limits  0  and  a  is 
expressed  by 

and  this  integral  expresses  the  number  of  errors  that  we  should 
expect  to  find  between  the  limits  0  and  a  when  the  whole  num- 
ber of  errors  is  put  =  1  [equation  (8)].  K  we  put  t  =  AJ,  the 
integral  takes  the  form 

yirJt=,o 


The  whole  number  of  errors,  both  positive  and  negative,  whose 
numerical  magnitude  falls  between  the  given  limits  is  twice  this 
integral,  or 

4-  I    e-^dt  (16) 

The  value  of  this  integral  (which  may  be  computed  by  the 
methods  of  Vol.  I.  Art.  113)  is  given  in  Table  IX.  The  number 
of  errors  between  any  two  given  limits  will  be  found  by  taking 
the  difference  between  the  tabular  numbers  corresponding  to 
these  limits.  Since  the  total  number  of  errors  is  taken  as  unity 
in  the  table,  the  required  number  of  errors  in  any  particular  case 
is  to  be  found  by  multiplying  the  tabular  numbers  by  the  actual 
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Thus,  if  there  are  1000  obeervatioiLi,  I 


between  t  ^=^(^     and  t  ==  0.5  there  are  520  errora* 
**      t  =  0.5    "    t  =  1,0     **      "    322     " 
«      t^hO    *'    t  =  hb     «      *<    123     « 
<*      f  =  1.5    ''    t=^  2.0      "      **      29      " 

<«      f  —  2.0    ''     t  =  <x       "      '*        6     « 

13.  The  degrees  of  precision  of  different  series  of  observatioiif 
may  be  compiired  together  cither  by  comparing  tlie  values  of  A, 
or  by  comparing  the  erroi's  which  are  committed  with  equal 
faeilitj^  in  the  two  Bystems.  The  errors  to  be  compared  modt 
occupy  in  the  two  systemg  a  like  position  in  rehition  to  the  ex- 
treme error^^  and  we  may  select  for  this  purpose  in  each  esy^tem 
the  error  which  oceupks  the  middle  place  in  (he  scries  of  errors  arranffed 
in  the  order  of  iheir  m^ffnitude^  so  that  the  number  of  errors  which  an 
less  than  this  assumed  error  is  the  same  as  the  numher  of  errors  which 
exceed  it.  The  error  which  snti^fies  this  condition  is  that  for 
which  the  value  of  the  integral  (16)  is  0.5.  Denoting  the  cor* 
responding  value  of  t  by  />,  we  find,  by  interpolation  from  Tabk 
IX., 

P  =  0.47604 
and  w^e  have 

If  then  we  denote  by  r  the  error  which,  in  any  system  of  oli«er^ 
vations  w^hose  degree  of  precision  is  A,  corresponds  to  the  vahn? 
^  =  /?,  or  put 

p  =  kr  *=.J  (IB) 

there  will  be  a  probability  of  J  that  the  error  of  any  single  obser- 
vation in  that  system  will  lie  less  thaji  r,  and  tlie  same  pn.iba* 
bility  that  it  will  be  greater  than  r ;  which  is  sometimes  exprt^^^nl 
by  saying  that  //  is  an  ei'm  tmger  that  the  error  will  be  ks^  lAon  r.  ^ 
Hence  r  is  called  the  proinibk  error. 

We  may,  therefore,  compaiMj  different  series  of  obaervatiotii 
by  comparing  their  pr*»bahlc  errors,  their  degrees  of  preciiiioil 
being,  by  (18),  inversely  proportional  to  these  erroru. 

14.  In  order  to  apply  Table  TX.  in  determining  the  nnrab^T 

of  errors  in  u  given  class  of  ubst  rvutitms,  w  r  iniist  kiM»iv  tIi^ 
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measure  of  precision  A,  or  the  probable  error  r:  thus,  if  we 
wish  the  number  of  errors  less  than  a,  we  enter  the  table  with 

Op 

the  argument  i  =  ahy  or  i  =  — 

For  greater  convenience,  we  can  employ  Table  IX.A,  which 

gives  the  same  function  with  the  argument  - .    For  example,  if 

there  are  1000  observations  whose  probable  error  is  r  =  2", 
and  we  wish  to  know  the  number  of  errors  less  than  a  =  1",  we 

take  from  Table  IX.A,  with  the  argument  -  ==  0.5,  the  number 

0.26407,  which  multiplied  by  1000  gives  264  as  the  required 
number. 

The  following  example  from  the  Fundamenta  Astronomic^  of 
Bessel  will  serve  to  show  how  far  the  preceding  theory  is  sus- 
tained by  experience.  In  470  observations  made  by  Bradley 
upon  the  right  ascension  of  Sirius  and  Aliair^  Bessel  found  the 
probable  error  of  a  single  observation  to  be 

r  =  0".2637 

Hence,  for  the  number  of  errors  less  than  O'M  the  argument  of 
Table  IX. A  will  be  ^^  =  0.3792;  and  for  0."2,  0".3,  &c.,  the 
successive  multiples  of  0.3792.     Thus,  we  find  from  the  table 

for  O'M  with  arg.  0.3792  the  number  0.20187 


«  0  .2 

a 

0.7584 

it 

0.39102 

"  0  .3 

11 

1.1376 

ti 

0.55710 

«  0  .4 

t( 

1.5168 

il 

0.69372 

"  0  .6 

ti 

1.8960 

<( 

0.79904 

"  0  .6 

it 

2.2752 

tt 

0.87511 

"  0  .7 

a 

2.6544 

t 

0.92661 

"  0  .8 

« 

3.0336 

u 

0.95926 

«  0  .9 

a 

3.4128 

u 

0.97866 

"  1  .0 

a 

3.7920 

u 

0.98946 

00 

u 

1.00000 

Subtracting  each  number  from  the  following  one,  and  multiply- 
ing the  remainder  by  470,  the  number  of  observations,  there  were 
found 
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Between 

No.  of  errors 
by  the  theory. 

experience. 

0".0  and  0".l 

96 

94 

0  .1    "     0  .2 

89 

88 

0  .2    "    0  .3 

78 

78 

0  .3    "    0  .4 

64 

68 

0  .4    «    0  .5 

50 

61 

0  .5    «    0  .6 

86 

36; 

0  .6    «    0  .7 

24 

26 

0  .7    "    0  .8 

16 

14 

0  .8    "    0  .9 

9 

10 

0  .9    "    1  .0 

6 

7 

over  1  .0 

6 

8 

The  agreement  between  the  theory  and  experience,  though 
not  absolute,  is  remarkably  close.  The  number  of  large  errors 
by  experience  exceeds  that  given  by  the  theory,  and  tliis  has 
been  found  in  other  cases  of  a  similar  kind;  which  shows  at  least 
that  the  extension  of  the  limits  of  error  to  ±:  oo  has  not  intro- 
duced any  error.  The  discrepancy  rather  indicates  a  source  of 
error  of  an  abnormal  character,  and  calls  for  some  criterion  by 
which  such  abnormal  observations  may  be  excluded  from  our 
discussions  and  not  permitted  to  vitiate  our  results.  Such  a 
criterion  has  been  proposed  by  Prof.  Peirce,  and  will  be  con- 
sidered hereafter. 
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80  that  in  m  observations  there  will  be  2  a  errors  (numerically) 
equal  to  J,  2  a'  equal  to  J',  &c.,  the  probability  of  a  positive  error 

A  being  — .    The  mean  of  all  these  errors,  each  being  repeated 

a  nimiber  of  times  proportional  to  its  probability,  is 

2aJ  +  2a'J'+2a"J"+...._g^    g       ,_^   a'       ,_^„  a" 
m  m  m  ra    ^ 

When  the  number  of  errors  is  infinite,  the  probability  of  an 
error  A  is  to  be  understood  as  the  probability  that  it  falls 
between  A  and  A  +  dJ,  which  is  (pA .  dA  (Art.  8),  and  the  above 
formula  for  the  mean  of  the  errors  becomes  the  sum  of  an  infi- 
nite number  of  terms  of  the  form  2A<pA .  dA.    Hence,  putting 


we  have 


or,  by  (18), 


1)  =  the  mean  of  the  errors, 


'  =  77^  =  1-1829  r  .      (20) 

r  =  0.8463  ij 


} 


Another  error,  very  commonly  employed  in  expressing  the 
precision  of  observations,  is  that  which  has  received  the  appella- 
tion of  the  TMon  error  {der  mittlere  Fehler  of  the  Germans),  which 
is  not  to  be  confounded  with  the  above  mean  of  the  errors.  Its 
definition  is,  the  en^or  the  square  of  which  is  the  mean  of  the  squares  of 
all  the  errors.    Hence,  putting 


we  have 
or,  by  (18), 


e  =  the  mean  error, 


-ii 


"l.^c-^'^dd^^  (21) 


r  =  0.6745  e  ' 


} 


When  we  put  A  =  1,  we  have  e  =  i/|.  The  mean  error  is, 
therefore,  the  abscissa  of  the  point  of  inflection  of  the  curve  of 
probability  (Art.  9).  In  the  figure,  p.  479,  OMib  the  mean  error, 
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OP  the  probable  error,  OE  tlie  mean  of  the  errors,  and  Mm^  Pp^ 

ECy  their  respective  probabilities. 


THE    PROBABLE   ERROR   OF   THE    ARITHMETICAL    MEAN. 

16.  The  error  above  denoted  by  r  it^i  the  probable  error  of  wiy 
one  of  the  observed  values  of  the  unknown  quantity  x,  TVe  aro 
next  to  determine  the  relation  between  this  and  the  probabln 
error  r^  of  tlio  arithmetieal  mean  of  these  values. 

If  J,  A\  J" are   tlie  errors  of  the  observed  values,  th« 

most  probable  value  of  x  is  that  which  renders  the  probability* 

a  maximum  {Art.  11),  ami,  consequently,  the  sura  JJ  +  J^J' 
+  ....a  minimum.  But  this  sum  is  rendered  a  minimum  bj 
the  asstunption  of  the  arithmetical  mean  x^  b»  the  most  probable 
value  (Art  5),  and  hence  the  quantity  P  expresses  the  pn>babilitT 
of  the  artthnietical  mean  if  Jj  J',  J"  . . . .  are  the  errors  of  the 
observations  wiien  compared  with  tJiis  mean.  The  probability 
of  any  other  value  of  Xy  as  x^  +  5,  will  be 

=  /l-x-i«le-**{t^l-2t^J«+*«I 

Since  [J]  ==  J  +  J'  + J"  +  -  - .  •  =  0  (Art,  5),  and  [JJJ  =  » 
(Art.  15),  this  expression  may  be  put  under  the  form 

and  at  the  same  time  w^o  have 

P=  A*jr-i*«-»^« 


so  that 


PtP*=Ue-^^^ 


that  is,  the  probability  of  the  error  zero  in  the  arithmetical  mean 
is  to  tluit  of  the  error  o  as  1  :  e—"^^".  For  a  single  observatioiit 
the  proha!*ility  of  the  error  zero  is  to  that  of  the  error  i  as 
1 :  fi-**«.  Hence  the  measure  of  precision  (Art.  10)  of  the 
single  observation  being  A,  that  of  the  arithmetical  mean  of  i 
such  observations  is  hym;  from  which  follows  the  imporUot 
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theorem  that  the  precision  of  the  mean  of  a  nitmber  of  observations 
increases  as  the  square  root  of  their  number.* 

If,  then,  r  is  the  probable  error  of  a  single  observation,  and  Tq 
that  of  the  arithmetical  mean,  we  must  have 

^0=-^  (23) 

and  from  the  constant  relation  between  the  mean  and  the  proba- 
ble error  (22), 

DETERMINATION   OF  THE   MEAN   AND   PROBABLE   ERRORS   OF   GIVEN 

OBSERVATIONS. 

17.  The  principles  now  explained  will  enable  us  to  determine 
the  mean  errors  of  any  given  series  of  directly  observed  quanti- 
ties. Let  w,  w',  n" ....  be  the  observed  values ;  Xq  their  arith^ 
metical  mean ;  i?,  v',  v'' . . . .  the  residuals  found  by  subtracting 
Xq  from  each  observed  value :  so  that 

V  =  n  —  x^,        v'=n'  —  x^f        v"  =  n"  —  oTo,  &c. 

If  Xq  were  certainly  the  true  value  of  Xj  so  that  v,  v',  v" . . . .  were 
the  actual  or  (as  we  may  say)  the  true  errors,  and,  consequently, 

identical  with  J,  J',  J" ,  we  should  have,  according  to  the 

above,  mee  =  [ JJ]  =  [vi?],  and  hence 


-m) 


and  this  must  always  give  a  close  approximation  to  the  value  of  e. 
But  the  relation  mse  =  {_JJ]  was  deduced  from  a  consideration, 
of  an  infinite  series  of  errors  which  would  reduce  the  mean 
error  of  x^  to  an  infinitesimal,  according  to  the  principles  assumed, 

and  thus  make  r,  v',  v" identical  with  J,  J',  J^' . . .   A  better 

approximation  to  the  value  of  e,  where  the  series  is  limited,  is  to 
be  obtained  by  considering  the  mean  error  of  Xq  itself,  and  conse- 
quently, also,  the  mean  errors  of  the  residuals  i?,  v',  v" K 

then  we  suppose  the  true  value  of  a;  to  be  a:o  +  5,  we  shall  have 
the  true  errors 

*  See,  in  connection,  Arts.  21  and  25. 
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whence,  observing  that  [r]  =  0, 

Thus  the  approximate  value  me£  =  [vv]  requires  the  correction 
md\  the  value  of  which  depends  upon  the  value  we  may  ascribe 
to  8,  As  the  best  approximation,  we  may  assume  it  to  be  the 
mean  error  e© :  so  that,  by  (24), 


which  gives 
whence 


md*  =  nu*  r=  m  —  =  ft 
•  m 


nut  =  [tn?]  +  *c 


V(S) 


m— 1 
and  consequently,  also,  by  (22), 


(25) 


(26) 


Thus  from  the  actual  residuals  the  mean  and  the  probable  error 
of  a  single  observed  value  are  found.  Hence,  by  (28)  and  (24), 
the  mean  and  probable  errors  of  the  arithmetical  mean  will  be 
found  by  the  formul© 
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n 

V 

tv 

38".91 

—  0".40 

0.1600 

39  .32 

+  0 

.01 

.0001 

38  .93 

-0 

.88 

.1444 

39  .31 

0 

.00 

.0000 

39  .17 

—  0 

.14 

.0196 

39  .04 

—  0 

.27 

.0729 

39  .57 

+  0 

.26 

.0676 

39  .46 

+  0 

.15 

.0225 

39  .30 

-0 

.01 

.0001 

39  .03 

—  0 

.28 

.0784 

39  .35 

+  0 

.04 

.0016 

39  .25 

-0 

.06 

.0036 

39  .14 

—  0 

.17 

.0289 

39  .47 

+  0 

.16 

.0256 

39  .29 

-0 

.02 

.0004 

39  .32 

+  0 

.01 

.0001 

39  .40 

+  0 

.09 

.0081 

39  .33 

+  0 

.02 

.0004 

39  .28 

-0 

.03 

.0009 

39  .62 

+  0 

.31 

.0961 

n 

V 

VB 

39".41 
39  .40 
39  .36 
39  .20 
39  .42 
39  .30 
39  .41 
39  .43 
39  .43 
39  .36 
39  .02 
39  .01 

38  .86 

39  .51 
39  .21 
39  .17 
39  .60 
39  .54 
39  .45 
39  .72 

+  0*  .10 
+  0  .09 
+  0  .05 

—  0  .11 
+  0  .11 

—  0  .01 
+  0  .10 
+  0  .12 
+  0  .12 
+  0  .05 

—  0  .29 

—  0  .30 

—  0  .45 
+  0  .20 

—  0  .10 

—  0  .14 
+  0  .29 
+  0  .23 
+  0  .14 
+  0  .41 

0.0100 
.0081 
.0025 
.0121 
.0121 
.0001 
.0100 
.0144 
.0144 
.0025 
.0841 
.0900 
.2025 
.0400 
.0100 
.0196 
.0841 
.0529 
.0196 
.1681 

x^  =  39  .308        [vv'\  =  1.5884 


Hence,  since  m  =  40,  we  have,  by  (25)  and  (26), 

r  =  0".202  X  0.6745  =  0".136 
and  consequently,  by  (23)  and  (24),  or  (27), 
0".202 


1/(40) 


=  0".032, 


^^o^m^^,^^^ 


1/(40) 


That  is,  the  probable  error  of  a  single  observation  was  0''.202, 
and  that  of  the  final  result  z^  =  39".308  was  only  0".022. 

18.  The  preceding  method  of  finding  the  probable  error  from 
the  squares  of  the  residuals  is  that  which  is  most  commonly 
employed ;  but  when  the  number  of  observations  is  very  great, 
it  is  desirable  to  abridge  the  labor,  if  possible.  A  suflSicient 
approximation  can  be  obtained  by  the  use  of  the  first  powers  of 
the  residuals  as  follows. 

The  number  of  observations  being  very  great,  we  shall  pro- 
bably have  as  many  positive  as  negative  residuals.     If  v',  r'', 
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V*" , , .  are  the  po&itive  and  v^y  v^^  i\  - ,  -  the  negative  retsidtial?,  1 
and  if  the  true  value  of  x  u  x^-^-  5,  the  true   errors  will  be 

v^  —  (5,  r"  —  5,  v'"  ~  3  . . . .,  and  —  i-j  —  ^,  —  v,  —  d,  —  r,—  i, 

/f  Mc^^  are  aU  taken  with  the  posiiive  siffn  onfifj  the  errors  are,  there- 
fore, 

,;'  _^  a,  u"  -^  d,  u'"  ^S, and     i\  +  d,  v^  +  ^,  i',  +  ^,  - 

the  mean  of  %vhieh,  upon  the  hy{*othe.si3  of  au  equal  number  of 
positive  and  negative  residiuili^i,  is  the  same  ani  that  of  the  series 

Hence,  denoting  the  sum  of  the  numerical  values  of  the  residoala^ 
by  [r],  and  the  mean  of  the  actual  errors  by  3j,  as  in  Art.  15,  w«j 
have 


v  = 


m 


and  hence,  by  (20), 


r  =  0.S453 


and  consequently,  also,  by  (22), 


c  ^  L2533 


m 


In  the  example  of  the  preeedmg  article  we  find  the  mean  of  the 
residuals  taken  with  the  positive  sign  to  be  0'M5iy>,  which  by 
(28)  gives  r  =  0'M555  X  0.8453  =  Vm31,  which  iii  perlmps  ^ 
sufficient  approximation   to  the  value   found  above.     In   this 
exami>k%  however,  we  have  22  positive  reniduals,  17  negattvt. 
onci^,  and  1  zero:  so  that  the  hypothesis  upon  which  the  formofali 
(28)  was  founded  is  not  strictly  applicable.     In  a  larger  number 
of  observations  we  shonld  expect  a  closer  agreement  with  the 
hypothesis,  and  marc  accordant  results. 

We  may,  however,  employ  the  first  powers  of  the  rcstdiiaU  i 
more   strictly  according  to   the   theory  of  probabilities.     In  A 
limited  series  each  residual  is  to  be  regarded  as  liahle  to  a  pr<K 
bable  error  r',  and  their  mean  is  to  be  regarded  as  tJie  mean  of 
the  erroi'j*  of  the  residuals  themselves,  rather  than  as  the  mcftlt^ 
of  the  errors  of  the  observations.     Ilence  tlie  formula 


r'=  0.8453 


m 
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gives  the  probable  error  of  a  residual.  The  relation  between 
r'  and  r  (=  the  probable  error  of  an  observed  quantity  n)  may  be 
found  as  follows.  Each  observed  n  may  be  supposed  to  be  the 
result  of  observing  the  mean  quantity  x^  increased  by  an  ob- 
served error  r.  The  probable  error  of  n  =  a:^  +  v  is,  therefore 
(by  a  principle  hereafter  to  be  proved), 


whence 


=  »/(r..  +  r'0  =  V(|  +  r^«) 


or 


r  =  0.8453 ^ (30) 

which  agrees  with  the  formula  given  by  C.  A.  P.  Peters.*  Ac- 
cording to  this  formula,  we  find  in  the  above  example  r  =  0'M33. 

determination  of  the  mean  and  probable  errors  of  functions 
OF  independent  observed  quantities. 

19.  Suppose,  first,  the  most  simple  function  of  two  independ- 
ent observed  quantities  x  and  x^,  namely,  their  sum  or  difierence 

X=^x  ±.x^ 

and  let  the  given  mean  errors  of  x  and  x^  be  e  and  e^.  Although 
the  number  of  observations  by  which  x  and  x^  have  been  found 
may  not  be  given,  we  may  assume  it  to  have  been  any  large 
number  m,  and  the  same  for  each  of  the  quantities ;  the  degrees 
of  precision  of  the  two  series  being  inversely  proportional  to  e 
and  By    The  true  errors  of  the  assumed  observations  may  be 

assumed  to  be — 

for  X,    A,  A\A** 

forx,,   J„J/,J/' 

and  the  errors  of  Xy  consequently, 

A±A^        A'±  J/,        J"  ±  J/', 

Denoting  the  mean  error  of  Xhy  E^  we  have,  by  the  definition. 


=  [JJ]  ±  2  [J JJ  +  [A.A.'l 

*A9(ron.  Nach,,  Vol.  XLIV.  p.  82. 
Vol.  IL-^2 
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In  a  great  number  of  observations  there  must  be  aa  nuuf  ] 

tive  as  negative  products  of  the  form  J  J^  and  such  that  we  t 
probably  have  [j:< JJ  ^  0 ;  and  Bince  we  also  have  m^  =  [A 
jm^  —  [A*^ J>  ^^^^  equation  gives 


If  we  have 


JE'  =  ^  +  ti^ 


Jr=x  ±  ar,  :fcarj 


and  the  mean  errors  of  z,  r^,  x^  are  e,  Cj,  i^  we  haTe  by  the  pre- 
ceding equation  the  mean  error  of  ar  dr  Zj  =  \\^  -f  t^)^  and  by 
a  second  application  of  the  same  equation,  considering  x  d:  x,  aa 
a  single  quantity,  the  mean  en^or  of  Xwill  be  found  by  the 
formula 

^*  =  .'  +  e,»  +  e,«  (81- 

and  the  same  principle  may  be  thus  extended  to  the  algebnij 
sum  of  any  number  of  observed  quantities- 
Li  consequence  of  the  constant  relation  (22),  if  r,  r,*  r, , 
are  the  probable  errors  of  x,  a^j,  Xj . . . .  and  It  the  probable  error* 
of  X  =  X  ±  X|  ±  2^  • . . . .,  we  shall  have 


fi*  =  r»  +  r^'  +  r/  +  . . . . 

Example  1,^ — The  zenith  distance  of  a  star  observed  in 
meridian  is 

C  —  21'='  ir  20".3    with  the  mean  error  c  =  f^'S 

and  the  declination  of  the  star  is  given 

S  =  19*^  30'  14".8    with  the  mean  error  e^  =  0".8 

Required  the  mean  error  J?  of  the  latitude  of  the  place  ati 
vatiouj  found  by  the  formula  if  ^  !^  -\-  S.     We  have,  by  (81) 


(Ph 


Hence 


E  =  i/[(2.3)*  +  (0.8)']  =  rM 


^  =  40°  47'  35".l    with  the  mean  error  S  =  TM 


Example  2. — The  latitude  of  a  place  has  been  found  with  tli« 
mean  error  c  —  0".25,  and  the  meridian  zenith  distance  of  sftan 
observed  at  that  place  with  a  certain  inatrament  has  been  fotitid 
to  be  subject  to  the  mean  error  ^  =  0"*62 :  what  U  the  J 
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error  E  of  the  declinations  of  the  stars  deduced  by  the  formula 
a  =  y  — C?    We  have 

E  =  i/[(0.25)»  +  (0.62)»]  =  0".67 

20.  Let  us  next  consider  the  function 

X=ax 

and  suppose  x  has  been  observed  with  the  mean  error  e,  and  a  is 
a  given  constant.  Every  observation  of  x  with  the  error  ±  J 
gives  X  with  the  error  dz  a  J:  so  that  the  mean  error  of  Xmust  be 

E  =  (u 

In  general,  by  combining  this  with  the  preceding  principle,  if 

we  have 

JT  =  tjx  -|-  aiXi  +  a^i  -f- . . . . 

and  if  the  mean  errors  of  a:,  Xi,  ar, . . . .  are  e,  ej,  e^,  . . . .,  and  E 
that  of  Xy  we  shall  have 

E^  =  aV  +  ai»ei«  +  a^U^  +....  =  [a»eT  (83) 

and  the  same  form  may  be  used  for  probable  errors. 

Example. — As  an  example  illustrating  the  application  of  both 
the  preceding  principles,  suppose  that  in  order  to  find  the  rate 
of  a  chronometer  we  find  at  the  time  i  its  correction  +  12*  13*.2 
with  the  mean  error  (^.S,  and  at  the  time  V  the  correction 
+  12*  21*.4  with  the  same  mean  error  O'.S,  and  the  interval  V  —  t 
=  10  days.    The  rate  in  the  whole  interval  is 

12-  21*.4  —  12-  13*.2  =  +  8*.2 

with  the  mean  error,  according  to  Art.  19, 

|/[(0.3)«  +  (0.3)«]  =  0-.42 

The  mean  daily  rate  is  then 

8*2 
+  i^  =  +  0..82 

with  the  mean  error,  according  to  Art  20, 

10 
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21.  K  x,  x^y  Xj are  the  several  observed  values  of  the 

same  quantity,  their  arithmetical  mean  being 

^0  =  z:  (^  +  ^1  +  ^«  +  •  •  0 
m 

and  if  r  is  the  probable  error  of  each  observation,  what  is  the 
probable  error  r^  of  Xo  ?    By  Art.  19,  the  probable  error  of  the 

sum  X  +  Xj  +  Xj  +  . . . .  is 

l/(f  +  ^  +  ^  +  •  •  0  =  l/(^0  =  ri/m 


and  the  probable  error  of  — th  of  the  sum  is,  by  Art.  20, 

1  .  r 

r,  =  -  X  r|/m  =  — - 

m  '  |/m 

as  has  been  otherwise  proved  in  Art.  16. 

22.  Let  us  now  take  the  general  case  in  which  X  is  any  func- 
tion whatever  of  the  observed  quantities  x,  x^,  x„  . . . .  expressed 

by 

-r=/(x,  Xi,  X„ ) 

Let  the  variables  be  expressed  in  the  form 

X  =  a  +  x',        Xi  =  ai-\-  x/,        x,  =  a,  +  x/, 

«,   flj,   «, . . .  being  arbitrarily  assumed  verj*^  nearly   equal  to 
X,  Xp  xj . . .  respectively,  and   such  that  x',  x/,  x,' may 
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or,  if  r,  Tj,  r, . . .  are  the  probable  errors  of  x,  x^y  ar, . . .,  and  It 
that  of  Jf, 

This  formula  is,  indeed,  but  approximative,  since  we  have 
neglected  the  terms  involving  the  higher  powers  in  the  develop- 
ment of  JT;  but  the  mean  errors  of  these  small  terms  will  be  in- 
sensible if  we  suppose  that  the  errors  e,  ep  e,  . . .  are  so  small 
that  the  differences  between  the  observed  values  x,  x^,  x^.,\ 
and  the  true  values  are  of  the  same  order  as  the  quantities 
x',  a:/,  x^  . . .,  which  will  always  be  the  case  where  proper  care 
has  been  taken  to  reduce  the  accidental  errors  of  observation  to 
their  smallest  amount.     If  the  given  function  is  implicit,  as 

0=/(X,  X,  x„x, ...) 

we  should  still  by  differentiation  obtain  the  differential  coeffi- 
cients, and  then  find  the  mean  error  of  X  by  (34). 

Example.— The  local  apparent  time  at  a  place  in  latitude 
^  =  38°  58'  53"  was  found  (Vol.  I.  Art.  145)  from  the  sun's 
zenith  distance  f  =  73°  12'  25",  when  the  declination  was 
d  =  —  22°  50'  27",  to  be  /  =  2*  47«  39'.4.  What  is  the  probable 
error  of  this  result,  supposing  the  probable  errors  of  the  data 
to  be — 


Probable  error  oi  <p  =  r  =  0".5 
"  "       a  =  fj  =  0  .6 

*'  «        C  =  r,  =  3  .5 


The  formula 

0  =  —  cos  C  +  si^^  f  sin  d  +  cos ^  cos  d  cost 

expresses  t  as  an  implicit  function  of  y?,  ^,  and  (^.    We  find 
(Vol.  I.  Art.  35) 

dt  _  1 

d^  cos  ^  tan  A 

dt__  1 

dd  cos  d  tan  q 

il—  1 

d^  cos  f  sin  il 
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where  A  is  the  azimuth  and  q  the  parallactic  angle.    We  find 
from  the  data  J.  =  +  40°  1',  q  =  32°  51',  whence 

^  =  -  1.582,        4^  =  1.680,        -^  =  +  2.001 
df  dd  dC 

and  the  probable  error  of  i  is,  by  (34*) 

R  =  i/[(0.5  X  1.532)«  +  (0.6  X  1.680)'  +  (3.5  X  2.001)*]  =  rM2 

or,  in  seconds  of  time, 

B  =  0'.47 

23.  To  complete  this  branch  of  our  subject,  it  is  to  be  observed 
that  the  preceding  demonstrations  apply  only  to  the  case  where 
the  quantities  entering  into  combination  are  independent ;  but 
when  they  are  merely  different  functions  of  the  same  observed 
quantities,  the  above  formulae  are  incomplete.  Let  us  suppose 
that  we  have  JT  and  X',  different  functions  of  the  same  observed 
quantities  x,  x^,  x^ ,  or 

X  =f  (x,x^,x^, ) 

X'=/'(x,x,,x,, ) 


the  mean  errors  of  x,  x^,  x^ ...  being  e,  e^  e, . , 
wish  to  find  the  mean  error  £1  of  the  function, 


and  that  we 
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the  mean  of  the  squares  of  all  the  values  of  J"  which  result 

from  all  the  possible  values  of  8j  ^v  3^ 

Substituting  the  values  of  J  and  J',  we  have 

which  we  may  briefly  express  as  follows : 

If  the  number  of  values  of  J"  is  denoted  by  m,  the  mean  of  all 
the  values  of  J"*  will  be 

m  m     ^         m     ^  '     m     ^ 

+  2.;.£fa  +  2.r^  +  .... 
'  m      '       '    m      ' 

In  consequence  of  the  various  signs  of  55p  d8^  &c.,  the  mean 
value  of  each  of  these  quantities  will  be  zero ;  and  the  mean 
values  of  ^,  d^j  &c.  are  e^,  e^*,  &c.  Hence  the  formula  becomes 
simply 

E^  =  {Aa  +  A'a^y  e«  +  {Aa^  +  A'a^y  «!«  +  .... 

or 

To  illustrate  by  a  very  simple  example,  let 
X=2x  JC=:Zx 

and  suppose  e  =  0.1 ;  then,  to  find  the  mean  error  E  of 

we  cannot  take  E  =  i/[(0.2)*  +  (0.3)^  as  we  should  if  JT  and  Z^ 
were  independent,  but  by  the  above  formula  we  must  take 

E  =  |/[(0.2)«  +  (0.8)«  +  2  X  2  X  3  X  (O.l)T  =  0.5 

as  in  fact  we  find  directly,  in  this  simple  case,  by  first  substi- 
tuting in  Fthe  values  of  JTand  X' 
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WEIGHT  OF  OBSERVATIONS. 

24.  Observations  of  the  same  kind  are  said  to  have  the  same 
or  different  weight  according  as  they  have  the  same  or  different 
mean  (or  probable)  errors.  We  assume  a  priori  that  observations 
will  have  the  same  weight  when  they  are  made  under  precisely 
the  same  circumstances^  including  under  tliis  designation  ever}- 
thing  that  can  affect  the  observations ;  but  whether  this  condi- 
tion has  in  any  case  been  realized  can  only  be  learned,  a  pos- 
terioriy  from  the  mean  errors  revealed  by  the  observations  them- 
selves. 

In  order  to  obtain  a  numerical  expression  of  the  weight,  let 
us  suppose  all  our  observations  to  be  compared  with  a  standard 
fictitious  observation  the  mean  error  of  which  is  any  assumed 
quantity  e^.  Let  the  actual  observations  be  subject  to  the  mean 
error  e.  Let  it  require  a  number  p  of  standard  observations  to 
be  combined  in  order  to  reduce  the  mean  error  of  their  arith- 
metical mean  to  that  of  an  actual  observation,  that  is,  to  e ;  or, 
according  to  (24),  let 


l/p 


or 


P^  =  V 


(36) 


then  one  of  our  actual  observations  is  as  good,  that  is,  has  the 
same  weight,  as  p  standard  observations,  and  the  number  p  may 
be  used  to  denote  that  weight.  If,  in  like  manner,  other  obser- 
vations of  the  same  kind  are  subject  to  the  mean  error  «',  and 
we  have 
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that  the  weights  of  two  observations  are  reciprocally  proportional  to  the 
squares  of  their  mean  errors. 

The  measure  of  precision  (Art.  10)  and  the  weight  are  to  be 
distinguished  from  each  other:  the  former  varies  inversely  as 
the  mean  error,  the  latter  inversely  as  the  square  of  this  error. 

25.  To  find  the  most  probable  mean  of  a  number  of  observations  of 

different  weights. — ^Let  n',   n",   n"' be  the  given   observed 

values ;  jp',  p^\  p"'  ....  their  respective  weights.  By  the  pre- 
ceding definition  of  the  weight,  the  quantity  n'  may  be  considered 
as  the  mean  of  p'  observations  of  the  weight  unity,  7i"  as  the 
mean  of  ^"  observations  of  the  weight  unity,  &c.  We  may, 
therefore,  conceive  the  given  series  of  observed  quantities  re- 
solved into  a  series  of  standard  observations,  all  of  equal  weight, 
and  then  apply  to  the  latter  series  the  principle  of  the  arithme- 
tical mean.  The  whole  number  of  equivalent  standard  observa- 
tions will  be  p'  +  ;>"  +  p'''  + ;  the  sum  of  the  p'  standard 

observations  will  be  p'n^;  the  sum  of  the  p"  standard  observa- 
tions will  be  p**n**  ^  &c. :  hence  the  desired  mean  x^  will  be 


or,  more  briefly, 


x.=  ^^  (38*) 

[p] 


This  formula  shows  that  although  the  above   demonstration 

implies  that  p',  p'',  p"' are  whole  numbers,  yet  any  numbers, 

whole  or  fractional,  may  be  used  which  are  in  the  same  propor- 
tion ;  for  /  being  any  arbitrary  factor,  whole  or  fractional,  we 
may  write  for  (38)  the  following : 


//  +  //'  +  //"+.... 

and  then^',^",^'" may  be  regarded  as  the  weights. 

The  value  of  x^  is  here  an  arithmetical  mean  only  in  the  con- 
ventional sense  implied  in  the  substitution  of  fictitious  observa- 
tions with  uniform  weights  for  the  given  observations.  It  may 
be  called  the  general  mean  or  the  probable  mean. 

The  weight  of  this  general  mean,  referred  to  the  unit  of  p\ 

y, ....  is=y'  +  ;>''  +  ;>'"+  •••• 
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The  mean  error  of  the  general  mean  will  be  expressed  by 


i/cy +/'+!>"'+..•)    v\j>i 


where  e^  is  the  mean  error  corresponding  to  the  unit  of  weight. 
If  €i  is  not  given,  we  shall  have  to  find  it  from  the  observations 
themselves.     Taking  the  difference  between  x^  and  each  of  the 
given  quantities,  we  have  the  residuals 


t/  =  n'  —  Xrt 


t;"==n"— j:«, 


t/"=n'"^x^... 


If  e',  e",  e'" . . .  are  respectively  the  mean  errors  of  n%  n",  n'", .... 
we  shall  have,  as  in  Art.  17, 


whence 

and,  in  like  manner, 


e'«  =  1/1/  +  e/ 


The  number  of  given  values  n',  n 
these  equations  is 

which  combined  with  the  above  value  of  e,  gives 

f  Ipvv} 


being  =  m,  the  sum  of 


METHOD  or  LEAST  SQUARES. 


607 


r 

n 

V 

w 

j>,. 

7 

39".179 

—  0".129 

.016641 

.1165 

4 

.285 

—  0  .023 

529 

21 

5 

.294 

-0  .014 

196 

10 

4 

.407 

+  0  .099 

9801 

392 

1 

.410 

+  0  .102 

10404 

104 

8 

J20 

+  0  .012 

144 

4 

8 

.877 

+  0  .069 

4761 

143 

4 

.310 

+  0  .002 

4 

0 

8 

.127 

—  0  .181 

32761 

983 

6 

.448 

+  0  .140 

19600 

1176 

!>]  = 

40 

a:,  =  39  .308 

[j>vv]  =  .3998 

Here  the  general  mean  x^  found  by  (38)  of  course  agrees  with 
that  found  before.  For  the  mean  error  corresponding  to  the 
unit  of  weight  (which  in  this  case  is  that  of  an  observation  as 
given  in  Art.  17),  we  have,  by  (39),  since  m  =  10, 


.,  =  V(^)=r..u 


and  for  the  mean  error  of  x^,  by  (40), 

.3998 


J(^?^\=0".033 
\\9  X40/ 


which  agree  sufficiently  well  with  the  former  values.  A  perfect 
agreement  in  the  mean  errors  is  not  to  be  expected,  since  our 
formulae  are  based  upon  the  supposition  that  we  have  taken  a 
sufficient  number  of  observations  to  exhibit  the  several  errors 
to  which  they  are  subject  in  the  proportion  of  their  respective 
probabilities ;  and  this  would  require  a  very  large  number  of 
observations. 


26.  In  the  application  of  the  preceding  formulse,  it  must  be 
observed  that  when  the  weights  of  diffierent  determinations  of 
the  same  quantity  are  inferred  from  their  mean  errors,  we  must 
be  certain  that  there  are  no  constant  errors  (that  is,  constant 
during  the  observations  which  compose  a  single  determination) 
before  we  can  combine  them  together  according  to  these  weights, 
unless  the  constant  errors  are  known  to  affect  all  the  determina- 
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tions  equally  and  with  the  same  sign.  For  example,  if  ten 
measures  of* the  zenith  distance  of  a  star  are  made  at  one  cul- 
mination, giving  a  mean  error  of  0".4,  and  five  measures  at 
another,  giving  a  mean  error  of  0".8,  the  weights  according  to 
these  errors  would  he  as  4  to  1.  But  if  it  is  known  that  the 
errors  peculiar  to  a  culmination  (and  affecting  equally  all  the  indi- 
vidual observations  at  that  culmination)  exceed  1",  it  would  be 
better  to  regard  the  obser\'ations  as  of  the  same  weight,  since 
there  would  be  a  greater  probability  of  eliminating  such  peculiar 
errors  by  taking  the  simple  arithmetical  mean.  If,  however,  the 
obser\'er,  from  considerations  independent  of  the  obsen-ations, 
can  estimate  the  weight  of  determinations  made  under  different 
circumstances,  then  it  is  evident  that  these  weights  will  serve 
for  the  combination,  if  the  mean  accidental  errors  of  the  several 
determinations  are  sensibly  equal. 

But  if  from  the  different  circumstances  we  have  deduced 
weights  for  the  several  determinations,  and  at  the  same  time  the 
mean  errors  (deduced  from  a  discussion  of  the  discrepancies  of 
the  observations  composing  each  determination)  are  widely-  dif- 
ferent, it  is  not  easy  to  assign  any  general  rule  for  reducing  the 
weights  which  shall  not  be  subject  to  some  exceptions.  In  such 
cases,  practical  observers  and  computers  have  resorted  to  em- 
pirical formulae,  involving  some  arbitrary  considerations,  more  or 
less  plausible. 

In  many  cases  we  can  proceed  satisfactorily  as  follows.     Let 

e  =  the  mean  accidental  error  of  a  single  observation, 

1^  ==  the  mean  error  peculiar  to  a  determination  which  rests 
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IXDrKECT    OBSERVATIONS. 

27.  I  proceed  now  to  the  applieatiou  of  the  method  of  least 
squares  to  the  ftolution  of  the  general  problem  of  determining 
the  moBt  prohahle  vahios  of  any  niimher  of  unknown  quuntities 
of  wliich  the  observed  quantities  are  function*.  The  observa- 
tions are  then  said  to  be  indireeL  The  particular  cui^e  of  direct 
obniervatioMs,  alreatlj  eontiidered,  is,  liowever,  included  in  this 
general  problem ;  being  the  case  in  which  the  number  of  un- 
known quantities  is  reduced  to  one,  and  this  one  is  directly 
observed. 

The  genend  problem  embraces  two  classes  of  problems,  which 
must  be  distinguished  from  each  other.  In  the  first  class,  the 
unknown  quantities  are  imkpcndent^  in  the  sense  that  they  are 
subject  to  no  conditions  except  those  established  by  the  observa- 
tions: so  that,  befijre  takiRfj  tJw  observations^  any  assumed  system 
of  values  of  these  quantities  has  the  same  probability  as  any 
other  system.  In  the  second  class,  tliere  are  assigned,  a  prhn\ 
certain  comlitions  which  the  unkntiwn  quantities  must  satisfy  at  the 
same  time  that  they  satisty  (as  nearly  as  possible)  the  conditions 
established  by  the  observations.  Thus,  for  example,  if  the  three 
angles  of  a  plane  triangle  are  to  be  determined  Irom  observations 
of  any  kind,  we  have,  a  priori^  the  condition  that  the  sum  of 
these  angles  must  be  equal  to  two  right  angles,  and  all  the 
systems  of  values  which  do  not  satisf)'  this  condition  are  excluded 
at  the  outset.  This  class  will  he  briefly  considered  hereafterj 
under  tlie  head  of  **  conditioned  observations ;"  hut  onr  attention 
will  be  chiefly  directed  to  the  first  class,  wbich  includes  most  of 
the  problems  occurring  in  astronomical  inquiries. 

Again,  the  equations  which  the  observations  are  to  satisfy  may 
be  linear  or  rion-fmear;  the  observ^ed  quantities  may  be  cxplmt  or 
implicit  functions  of  the  required  fpuintities ;  but,  for  simplicity, 
we  consider  first  the  case  of  linear  equations,  to  which  all  the 
Others  may  always  be  reduced. 


EQCTATIONS    OF    CONDITION    FROM    LINEAR   FUNCTIONS. 

28,  Let  us  suppose  the  equations  between  the  known  and 
unknown  quantities  are  of  the  form 

ax  -{-  by  -^  cz  -^^  , . , , . .  +  I  ^V 


APPENDIX. 

in  wliich  a,  6,  c, . .  * .  ?  are  known  quantities  given  by  theory  for 

oach  observation  J  V\s  the  quantity  observed,  and  x^  y,  z are 

tlic  quail  titles  to  be  determined.  For  each  obtien^ation,  we  have 
a  Bimilar  observation,  and  thus  a  system  such  as  the  followiJig: 

a'x  ^Vy   +c'*r   +...,...  + r  =F' 

a"x+ry+<^'j  + -^V'^V* 

a"'x  +  h"'y  +  c'"2  + -\- V"  =  F"'  )      (^ 

&c.  Ac. 

the  number  of  theae  equations  being  greater  than  that  of  the 
unkuowu  quantities  (x\rt  6J*  If  our  observations  were  perfect^ 
all  these  equations  would  be  satisfied  by  the  same  system  of 

values  of  JT,  y,  r. .  • ;  but,  being  imperfect,  let  M\  i¥",  M"* 

denote  the  values  obtained  by  obseiTatiou  for  V\  V*\  V" 

"Wlieu  these  values  are  substituted  in  the  second  members  of  (42), 
there  will,  in  general,  be  no  system  of  values  of  x,  j^,  2 . . . .  wbicli 
satisfies  all  the  equations  at  the  same  time,  and  we  can  only 
detenniric  tliat  system  which  is  rendered  most  probable  by  the 
observations.  Let  us  therefoi*e  denote  by  N\  iV",  JV"' ....  the 
values  which  the  first  members  of  our  equations  obtain  when 
any  hypothetical  or  assumed  system  of  values  of  x,  y^r.,.,is 
substituted  \xi  them ;  and  put 

then  v%  v'\  i;"' , . .  -  are  the  errors  of  the  observations  accordiiig 

to  this  bj^othesis.     Finally,  let  us  put 

n'  =  r  —  JT,        ft"  =  /"  —  M'\         n"*  =  I "'  —  JIT'',  . 
then  our  equations  may  be  thus  expressed : 

a'"x  +  b'"y  +  e''z  +  ,,..  +  »'*'=  tT  [      (^) 

If  our  observations  were  perfect,  we  should  be  able  to  find 

values  of  X,  3/,  r which  would  reduce  all  the  quantities  r',  r'% 

i^'"  . , , ,  to  zero.  It  is  usual ^  therefore,  to  write  zero  in  the  second 
members : 

a'x   +  6'y    +  c'z    +....+  ft'  =0 
a**x  +  ry  +^'z  +..-.  +  n"  =  0 

Ao.  &e. 
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and  these  are  called  the  equations  of  conditioriy  since  they  express 
the  conditions  which  the  unknown  quantities  are  required  to 
satisfy  as  nearly  as  possible.  We  may,  however,  with  more  rigor 
regard  (43)  as  our  equations  of  condition,  and  treat  them  as 
expressing  the  general  condition  that  the  unknown  quantities 
shall  be  such  as  to  give  the  most  probable   system  of  errors 

Now,  according  to  Art.  11,  the  most  probable  system  of  values 
of  X,  y,  2: ... .  (and,  consequently,  the  most  probable  system  of 
errors)  is  that  which  makes  the  sum  of  the  squares  of  the  errors 
a  minimum :  thus,  we  are  to  reduce  to  a  minimum  the  function 

[ri?]  =  i/i/+  i/V'+  r'V"+  .... 

Regarding  \vv\  as  a  function  of  the  variables  x^y^z...  (which  we 
must  remember  are  here  independent),  the  condition  of  minimum 
requires  that  its  derivatives  taken  with  reference  to  each  variable 
shall  each  be  zero ;  that  is, 

il^  =  o,     lM  =  o,     ^£?^  =  o,.., 

dx  dy  dz 

or 

ax  dx  ax 

'j^-^''i:r^'"w-^'-='       )  (44) 

dz^      dz     ^       dz     ^ 
&c. 

(which  we  might  have  obtained  directly  from  (10)  by  substituting 
f'J  =:  kJ  =  kVy  and  dividing  by  the  constant  k).  But,  by  diflFer- 
entiating  the  equations  (48)  with  reference  to  x,  y,  2: .  •  •  •  Bucceo- 
sively,  we  have 


£-. 

d1/ 

dz   -'^'• 

f-. 

dy 

dz-"^'' 

&c. 

&c. 

&c 

80  that  (44)  arc  the  same  as  the  following : 
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(«•) 


The  number  of  these  equations  is  the  same  as  that  of  the  nn« 
kuovvn  quantities ;  and  if  we  now  aubstitnte  in  them  the  values 
of  1?',  v^\  v*^-  . . .  from  (43),  we  have  the  final  or^  as  we  shall  call 
them,  tlie  normal  equations,  which  determine  the  most  prohahk 
values  of  X,  y,  2,,-. 

NOBMAL   EQUATIONS. 

29.  We  see  by  (44*)  that  to  form  the  first  normal  equation  we 
multiply  each  of  the  equations  of  condition  (43)  or  (43*)  by  the 
coetHcient  of  x  in  that  equation,  aiAl  then  form  the  sum  of  all 
the  equations  thus  multiplied.  The  resulting  equation  \a  called 
the  normal  equation  in  x.*  The  sum  of  the  equations  of  condU 
tion  severally  multiplied  by  the  coefficients  of  y  is  the  normal 
equation  in  y^  &c*  To  abbreviate  the  expression  of  these  aoms, 
we  put 

[aa]  ^  a! a'  +  a!' a''  +  -a'"a'"  +  . .  • , 
[a6]  =  afU  +  a%'*  +  a'"6'"  +  . . . . 
[ac]  ^  aV  +  a'V  +  a"V"  +  , . . . 


then  the  normal  equations  are 

[aa]  X  +  \ah-]  ^^  -|-  [^r]  z  +  . . . .  +  [«»]  =  0 

[ab]  X  +  ibb]  y  +  [be]  2  +  . . . .  +  [6n]  =:  0 
[ac\  jr  +  [6<r]  y  +  [cf  ]  z  -f  . . , .  +  [en]  =  0 

Ac.  fte. 


(45) 


30.  The  formation  of  such  normal  equations  is  one  of  the 
most  laborious  parts  of  the  computations  involved  in  the  method  j 
of  least  sr|uure^,  especially  when  the  number  of  equations  is  roty 
great.  It  is  important  to  have  a  means  of  verificatinQ,  or 
*^  control,"  to  insure  their  accuracy,  before  proceedingr  with  the 
next  imfjortant  process  of  elimination.  A  very  aimple  and 
efiective  control  is  the  following. 

*  Th«  **  normal  equftiloo  m  x'*  is  so  called  beeaose  it  U  ihe  cquftttoa  widdi  d«ta 
mines  iho  most  probable  value  of  x  when  the  other  Yarlables  are  riMliiced  lo  Mf^  i 
wbtm  X  la  tbe  onlj  unknown  quantity ;  and  so  of  the  others. 
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Form  the  sums  of  the  coefficients  of  the  uaknown  quantities 
iu  the  several  equatioiiSj  namely, 


(46) 


a-   +b'   +<f  +. 

..=8' 

a^'  ^b"  +  d'  +  .. 

..  =  s" 

a'"  +  6'"  +  c"'  +  . 

..  =  «"' 

&Q. 

If  we  multiply  each  of  these  by  its  n^  and  add  the  producte,  we 
have 

[an]  +  [5n]  +  [en]  + ^  [5n]  (47) 

Also,  multiplying  each  of  (46)  by  its  a^  and  adding,  then  each 
hy  its  6j  and  adding,  and  so  on,  we  have 


[a«]  +  [^&]  +  M  +  ..,,^[a^] 
lab}  +  Ibb]  +  IbcJ  +  . . . .  ^  lbs} 
[ac]  +[^c]  +[cc]  +....^[c.-] 


(48) 


The  equations  (47)  must  be  satisfied  when  the  absolute  terms  of 
the  normal  equations  are  correct,  and  (48)  when  the  coefficients 
of  the  unknown  quantities  are  correct- 
Si,  The  normal  equations  wiU  give  determinate  values  of 
X,  y^  z ,, . ., provided  they  are  really  independent.  If,  however, 
any  two  of  them  become  identical  by  the  nuiltiplication  of  either 
of  them  by  a  constant,  the  number  of  independent  equations  is, 
in  fact,  one  less  than  that  of  the  unknown  quantities,  and  the 
problem  becomes  indeterminate.  Thh  ditlieulty  does  not  arise 
from  the  method  by  which  the  nonnal  equations  are  formed,  hut 
from  the  nature  of  the  given  equations  of  condition*  In  any 
such  ease,  additional  observations  are  necessary,  lor  which  the 
coefficients  have  such  varied  values  as  to  lead  to  independent 
equations.  Even  when  two  equations  cannot  be  reduced  pre- 
cisely to  a  single  one  by  the  introduction  of  a  constant  factor,  if 
they  can  be  made  very  nearly  identical,  the  problem  is  still  prac- 
tically indeterminate.  The  indetermination  will  become  evident 
in  the  actual  elimination  in  practice  when  any  one  of  the  un- 
known quantities  conies  out  with  so  small  a  coefficient  that  small 
errors  in  the  observations  would  greatly  change  this  coefficient 
(See  Art.  52.) 
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32*  By  whatever  metliod  the  elioiination  is  perforniotl,  wtj 
shall  necessarily  arrive  at  the  same  final  values  of  the  unknot 
quantities;  hut,  when  the  uuiuher  of  equationa  is  eODsiderable^l 
the  method  of  suUstitutioii,  with  Gauss's  convenie»it  notation,  \s\ 
universally  followed;  hut,  for  the  present,  leaving  the  reader  t<i1 
choose  his  method,  I  proceed  to  expiaiu  the  priiieiples  by  which 
the  mean  errors  of  the  values  of  x,  ^,  2 are  determined. 

MEAN    ERRORS   AND    WEIGHTS   OF   THE   UNKNOWN    QUANTmES. 

33,  Since  we  have  put  n'  ^  V  —M\  n"  =  T'— J/'%  &c.  ( Art.  28X 

the  mean  error  of  7i\  n'%  n"\ ...  is  also  that  of  31%  3V\  M"\ ; 

that  is,  the  mean  error  of  n',  71'%  7i'". ,, .  ih  to  he  regarded  aa  the 
mean  error  of  an  observation.     If  the  elimination  of  the  normal 
equations  were  fully  carried  out,  eaeli  unknown  cpiautity  would  J 
be  finally  expressed  us  a  linear  function  of  n\  n*\  7i''\ . ...,  and  tht| 
mean  errors  of  the  latter  being  given,  those  of  the  unkuowi 
quantities  would  follow  by  the  principle  of  Art,  20.     It  re«iiltjj|J 
however,  from  the  symmetry  of  the  normal  equations  that  t«evenil| 
forms  may  be  obtained  for  computing  directly  the  weights  of  ib^^ 
unknown  quantities,  and  from  these  weights  the  mean  emun 
can  afterwards  be  found. 

34.  First  mdhml  of  computinf/  the  weights  of  the  imknotm  quantiikMA 
— For  simplicity,  let  us  first  suppose  all  the  observations  to  b«l 
of  equal  weighty  or  the  mean  errors  of  n\  n*\n"'  to  be  equaUj 

Let 

c  =  the  mean  error  of  an  observation, 

f^  =  the  mean  error  of  the  value  of  x  found  fVom  the  normal 

equattoiis, 
p^=  the  weight  of  the  value  of  x,  the  weight  of  an  oheefvm. 

tion  being  unity  J 

then  (Art  24) 


Now,  let  us  suppose  the  elimination  to  be  pert^ormod  by  tll#| 
method  of  indeterminate  coefficients.     Let  the  first  eqtmtion  tif 
(45)  be  multiplied  by  Q,  the  second  by  </,  the  third  by  Q^\kc^ 
and  the  proiluct.s  added.      Then  let  the  factors  Q^  Q*^  ^'.. 
(whose  number  is  the  same  as  that  of  the  unknown  quaulititt)] 
be  suppof^cd  to  be  detenuined  so  that  in  this  final  eqiimlion  Ihij 
coeflicients  of  all  the  unknown  quantities  shall  be  zero,  except! 
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that  of  X,  which  shall  he  unity.     The  conditions  for  determining 
these  factors  are,  therefore, 

[««]  «  +  [«*]«'+  [rtC]  «"  +  ....=  1 
[aft]  <2  + [66]  «-+ [6c]  «"  +  ... .  =  0 

[ac]  e  +  [6c]  (2'+ [cc]  e' +.  ...= 0 

&c.  &c. 


(49) 


and  the  final  equation  in  x  is 

X  +  [aw]  Q  +  [6n]  e+  [en]  Q" +  ....  =  0  (50) 

Comparing  (45)   and  (49),   we   see  that  the   coefficients   of 

Qy  Q\  C-««-  are  the  same  as  those  of  x^y,z ,  but  that  the 

absolute  terms  are  —  1  in  (49)  instead  of  [an]  in  (45),  and  zero 
instead  of  [in],  [pi],  &c.  Hence,  if  the  elimination  of  (45)  were 
carried  out,  and  the  values  of  x,  y,  z —  determined  in  terms  of 
7i\  n'\  n"' — ,  the  values  of  Q,  §',  ^" —  would  be  found  from 
these  by  merely  putting  [an']  =  —  1,  and  [bn]  =  [en],  &c.  =  0. 
This  is  also  evident  from  (50).  I  shall  now  show  that  Q  is  the 
reciprocal  of  the  required  weight  of  x. 

The  final  value  of  x  being  a  linear  function  of  n',  w",  n"' , 

the  equation  (50)  may  be  supposed  to  be  developed  in  the  form 

X  +  a'n'  +  a"w"  +  a'"w'"  +  ....=  0  (51) 

in  which  a',  a",  a"^ are  functions  of  a',  6', ,  a'',  6'', ,  &c. ; 

and  these  functions  are  immediately  foimd  by  developing  [an\ 
[bn]j  &c.,  in  (50) ;  for  we  then  have,  by  comparing  the  coefficients 
of  (50)  and  (51), 

o!  =a'  Q  +  h'  q+cf  §"  +  .... 

a'"=  a'"  q  +  y"  Q'  +  c"'  ^'  4- . . . .  '      '^''^^ 

&c.  &e. 

Multiplying  each  of  these  equations  by  its  a,  and  adding  all  the 
products,  we  obtain,  by  (49), 

aV  4- rt  V  +  a' V"  4- . . . ,  =  1 

Multiplying  each  of  (52)  by  its  6,  and  adding,  we  obtain,  by  (49), 

6V  +  iV  +  i'V" +  ....  =  0 

and  so  on  for  as  many  equations  as  there  are  unknown  quantities. 
These  relations  are  briefly  expressed  thus: 

[aa]  =  1  [ha-]  =  0  [ca]  =  0,  ftc.         (53) 
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If,  tlieii,  each  of  (52)  is  multiplied  by  its  a,  and  the  results  araj 
addedj  we  liud,  by  (53), 


[aa]  r^  a"  +  a"'  +  a'"*  +....=  § 


(54) 


But,  by  Art.  20,  wlien  t  is  the  mean  error  of  each  of  the  qQaa« 

titles  7i\  n^\  n"^ ^  the  mean  error  of  x  found  by  (51)  is 


Hence 


^=M  M 


^~C^M 


(«) 


m  was  to  be  proved. 

Ilcuce  we  have  a  first  method  of  finding  the  weights.     In  ihf\ 
firsi  normal  equation  write  —  1  for  the  absolute  term  [^/i],  a^id  in  fA# 
other  equations  zero  for  each  of  the  absolute  terms  [foi],  [tvi],  &c, ;  the 
rvalue  of  x  then  found  from  these  equations  Kill  be  (he  reciprocal  of  th$  ' 
weight  of  the  value  of  x  found  by  the  yeticral  diminaiion. 

This  rule  is  to  l>e  applied  to  each  of  the  unknown  quantitit^i 
in  suecession,  80  that  the   reciprocal  of  the  weight  of  ^  i^Uia(. 
value   of  jy  which  will  be  found   by  putting  [fcn]  = — 1^  and} 
[anl  —  [t*??]  :^  &e*  =^  0;  the  reciprocal  of  the  weight  of  2  id  that 
value   of  z  which  will   be  found   by  putting  \€ii\  ^^  —  1,  and 
[anl  —  \P^^\  &<3'  ^  0 ;  &e. 

It  irt  evident,  moreover,  that  although  we  have  deduced  Ui^ 
rule  by  the  use  of  indeterminate  multipliLTS,  it  muBt  hold  good 
Avhatev^er  method  of  elimination  is  adopted. 

35.  Serond  mefhenl  of  coynputing  the  weights  of  the  unknown  qwoh- 
tiiies. — If  we  write  the  normal  equations  thus, 


laa}  X  +  iab-]  y  +  [uc}  2+,, 
lab}x  +  lbb}y  +  lbc}z+,, 
lae}x  +  ibc}y  -\-  icc'\z+.. 


.  -  +  [en]  =  (7 
&c. 


and  perform  the  elioiioation,  we  shall  obtain  y»y,*,,*.ifi  tenni 
of  [ff-^f],  [ff6],  &c.,  and  of  .4,  B,  Q  kc, ;  and  if  in  the  general  rnliici 
thiiHi  found  we  make  A  =^  B  =  Q  ic.  =:^  0,  these  values  will  bt 
reduced  to  those  which  would  be  found  by  carrying  ont  tht 
elimination  with  zero  in  the  second  niembens  of  the  normal 
equations.     If  we  suppose  the  elimination  performed  by  mi!!juis 
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of  the  indeterniinate  factors  Q,  Q\  Q*\ . . 
final  equation  for  detenniiiiug  x  will  be 


.  already  eraployed,  the 


where  the  coefficient  of  A  is  the  reciprocal  of  the  required  weight 
of  X.  But,  whatever  method  of  eliniiijatioii  is  emph^jed,  the 
coefficient  of  ^1  in  this  general  value  of  x  will  neees^arilv  be  the 
same;  and  hence  we  derive  the  second  method  of  determining 
the  weights :  ^yn(c  jU  B,  f\  &c.,  instead  of  0,  in  the  second  members 
of  the  normal  equatkms^  ami  carry  out  the  elimination  (by  any  method 

at  pleasure) ;  thai  the  fnal  values  of  x,  y,  z are  those  terms  in  the 

^gaieral  values  iDkich  are  independent  of  A^  B^  C..;  the  weight  of  x 

lis  the  reciprocal  of  the  coefficient  of  A  in  the  general  ralae  of  x:  the 

weight  of  y  is  the  reeiproeal  of  the  coefficient  of  B  in  the  general  value 

<>fy;  &c. 

36,  Third  method,  of  computing  the  weights  of  the  unhwum  quantities, 
— Let  UB  suppose  the  elimination  to  be  performed  by  the  method 
of  substitution,  still  retaining  yl,i?,  C  .*.  in  the  second  members, 
as  in  the  preceding  article.  The  final  equation  in  x,  according 
to  this  method,  is  found  by  substituting  in  the  first  normal  equa- 
tion the  values  of//,  z....  giveu  by  the  other  equations.  These 
substitntious  do  not  affect  the  coefficient  of  jI,  which  remains 
unity,  fto  long  as  no  reduction  is  made  after  the  substitutions. 
Thus,  the  final  equation  in  x  is  of  the  form 

Mx=  T+  A  +  terms  in  B,  O, . . . . 

in  which  T  is  the  sum  of  all  the  absolute  quantities  resulting 
from  the  substitution,  and  is  a  function  of  [aa],  [ai], . . . .  [a^]. 
Hence  the  value  of  x  is 

T      A 
ar  =  -^  +  ^  +  terms  in  B,  €,..,. 


I  in  which  -zr  is  the  final  value  of  x  which  results  when  A 


B 


[=-  r  i\  and  -^  is  necessarily  the  quantity  denoted  by  Q  in 

the  prccijding  articles.     Therefore  R  is  the  weight  of  :r,  and 

hence  we  have  a  tliird  methml  of  finding  the  weighti^ :  Let  the  first 

In&rmal  equation  (the  equation  iu  x.  Art.  29)  be  taken  as  the  final 

\ equation  for  detemiim'ng  x,  ami  substitute  in  it  the  values  ofy,  z.,,.  in 
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terms  of  x  as  found  from  the  renmming  equations;  Uieny  before  freeing 
the  equation  of  fractmns  or  iniroilucmg  any  reduction  factor^  the  vorffi-^^ 
eicnt  of  X  in  this  equaimi  is  the  waght  of  the  value  of  x.     In  the  same 
manner^  substiiute  in  the  second  nonmd  equation  (the  equation  in  y) 
the  values  of  z,  z..,.  iii   terms  of  y  as  found  from  the  other  equa-i 
tions;  the  coefficient  of  y  is  thai  the  weight  of  the  vtUue  of  y;  and  sa\ 
proceed  for  each  unknown  quantity. 

According  to  this  method  we  determine  eaeli  unknown  qoan- 
tity,  together  with  its  weight,  by  a  soparato  elinii nation  carried 
throiigli  all  the  equationt*,  in  each  ca^sc  changing  the  order  of 
eUraination,  until  every  unknown  quantity  has  been  made  to 
come  out  the  la.st.  The  algorithm  of  tlii^  process,  with  Gauss's 
convenient  system  of  notation,  will  l>e  given  hereafter  (Ail.  4o), 


37.  To  find  the  mean  error  of  obsei*vn(ion,—T}\Q  weight  of  z  Ijeiug  ' 
found,  wc  have  the  ratio  of  s^  to  £,  but  we  have  yet  to  determine 
€,  which^  in  general^  cannot  be  assii^ued  a  priori,  but  must  be 
deduced  a  postenoii,  that  is,  from  the  oljscrvntious,  and  conse- 
quently from  the  equatlous  of  condition*  The  residuals  v\r'%v"\,„^ 
in  (43),  are  those  which  result  when  the  most  probable  values  of 
2-, ^j  ^*...  (namely,  those  resulting  from  the  normal  equations) 
are  substituted  in  the  first  members.  The  actual  or  true  eiTors 
(Art.  17)  of  observation  are,  however^  those  values  of  the  first 
members  of  (43)  which  result  when  the  true  values  of  x, ^,  ^,..,, 
are  substitnted. 

Let  X  +  AX^y  +  Ay^  z  +  ikZy  —  be  the  true  values  which,  sub- 
stituted in  the  equations  of  condition,  give  the  true  residuak 
u',  u^\  w'". . ,  -  so  that  we  have 


«'  (x  +  ^0  +  b'  (y  +  Ay)  +  C  (z+  Az)+,.,.n'  =u'  \ 
a"  (x  +  AX)  +  b''  (y  +  Ay)  -\- d' (2  +  az)  +  .,..  n"  ^  ti"  ( 
a'"(x  +  AX)  +  b'*Xy  +  Ay)  +  <?"'(-?  +  A^)  + . . . .  n'"=  «'"( 


(56) 


&e. 


ka. 


If  these  equations  be  multiplied  by  a\  a' 
the  sum  of  the  products  is 

[aa^  X     +  [*7^]  y     +  [/Tej^z    +  . , . 
+  \iia']  AX  -|-  [«t]  Ay  +  [av^  aj  +  . , . 

which  by  the  first  of  (45)  is  reduced  to 

[aa^  AX  +  [ahl  Ay  +  [ac\  az  + . . . 


,  a'^' — ,  respectively* 


-+[««]    l^ 


.— [aw]  =  0 
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In  the  same  manner,  multiplying  each  of  the  equations  (66)  by 
its  6,  e,  &c.,  successively,  we  form  the  other  equations  of  the 
following  group : 

[aa]  ^x  -f-  [ali]  Ay  -f-  [ac]  ^z  -f —  [«w]  =  0 

\ab]  AX  +  \hh']  Ay  +  \hc]  Ar  + —  \hu]  =  0  t         -^. 

[ac]  AX  +  [6c]  Ay  +  [cc]  A2:  + —  [cm]  =  0  '       ^    ^ 

&c.  &c. 

These  being  of  the  same  form  as  the  normal  equations  (45),  we 
see  that  the  value  of  ax  resulting  from  them  will  be  of  the  same 
form  as  that  of  x  resulting  from  (45),  with  only  the  substitution 
of —  u  for  n:  hence,  by  (51), 


0  (58) 


Again,  multiplying  (56)  by  r',  v"^  v"' — ,  respectively,  the  sum 
of  the  products  is,  by  (44*),  reduced  to 

\yn\  =  \vu\ 

and  in  the  same  manner,  from  (43), 

\yn]  =  [yv] 
whence 

[tm]  =  [tn?]  =  [tm]  (59) 

The  sum  of  the  products  obtained  by  multiplying  the  equations 
(43)  respectively  by  w',  u'\  u'" is 

\(m\  X  +  \hu\  y  +  [cu]  z  -{- +  [nw]  =  \yu]  =  [tw] 

and  from  (56),  in  the  same  manner, 

\au]x    +\hu]y    +{cu]z    +...•  + [^w])       j., 
+  [au]  AX  +  [6u]  Ay  +  [cu]  A2  -f j 

which  two  equations  give 

[uu]  =  [vv]  +  [au]  AX  +  IbuJ  Ay  +  [cu]  az  +  —        (60) 

Now,  [uu]  heing  the  sum  of  the  true  errors  of  the  observations, 
its  value  is,  as  in  Art.  17,  =  mee,  if  we  put 

m  =  the  number  of  observations, 

=  the  number  of  equations  of  condition. 
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Consequently,  if  we  could  assume  ax,  Ay ....  to  vanish,  we  should 
have 


m 


and  this  will  usually  give  a  close  approximation  to  the  value  of 
e,  but  it  will  give  the  true  value  only  in  the  exceedingly  impro- 
bable case  in  which  the  values  of  x,  y,  ^. . . .  are  absolutely  true, 
whereas  they  are  to  be  regarded  only  as  the  most  probable  ones 
furnished  by  the  observations.  This  formula,  then,  must  always 
give  too  small  a  value  of  e,  since  it  ascribes  too  high  a  degree  of 
precision  to  the  observations.  We  must^  therefore,  add  to  [?:r] 
the  quantities  [aw]  ax,  [6w]Ay,  &c.,  as  in  (60);  but,  as  we  cannot 
assign  any  other  than  approximate  values  of  these  quantities,  let 
us  assume  for  them  their  mean  values  as  found  by  the  theory  of 
mean  errors.  The  mean  value  of  [au]  ax  will  be  found  by  mul- 
tiplying together 


and 


[au]  =  a'tt'  +  a' V  +  a"  V"  +  . 
AX  =  o'm'  +  a' V  +  o"'u'"  + , 


observing  that  the  errors  u\  w",  w'" ,  when  we  consider  only 

their  mean  values,  are  to  be  regarded  as  having  the  double  sign 
±;  so  that  the  mean  value  of  the  product  will  contain  only  the 
terms  a'  a'  u'  u\  a"  a"  m"  u'\  &c.    Hence  we  take 

auj  AX  =  aaUU-f-(laUU    -f-a    a    u    tr    -f-.... 
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whence 


m  —  ft  \m  —  fi 


=V;f^        <«) 


It  is  to  be  observed  that  when  there  is  but  one  unknown 
quantity,  or  /^e  =  1,  this  general  form  is  reduced  to  the  simple 
one  (25),  already  given  for  direct  observations. 

Finally,  jp„  jp^,  ;>,,....  denoting  the  weights  of  x,  y,  ^. . . .  found 
by  any  of  the  preceding  methods,  we  have 

^.=  -7-  e,=  -^,&C.  (62) 

88.  Example. — ^Let  us  suppose  the  following  very  simple  equa- 
tions of  condition  to  be  given  :* 

X—   y  +  2z—  3  =0 

3a:  +  2y  —  5^  —   5  =  0 

4x+    y  +  42r  —  21  =  0 

—  a;  +  3y  +  32  — 14  =  0 

If  but  the  first  three  of  these  equations  had  been  given,  the 

problem  would  have  been  determinate.     We  should  find  from 

18  23  13 

them  x  =  — ,y  =  y,2  =  --,  and  we  should  have  to  accept  these 

values  as  final  ones,  with  no  means  of  judging  of  their  accuracy, 
or  of  that  of  the  observations  upon  which  the  equations  are  sup- 
posed to  depend.  A  fourth  observation  having  given  us  our 
fourth  equation,  we  find  that  the  values  of  x,y,  z  derived  from 
the  first  three  will  not  satisfy  it,  for  when  they  are  substituted  in 

Q 

it  the  first  member  becomes  —  -,  instead  of  zero.  If  we  deter- 
mine the  values  of  x,  y,  and  z  from  any  three  of  the  equations, 
and  substitute  these  values  in  the  fourth,  we  shall  find  a  residual. 
Each  one  of  the  four  systems  of  values  of  the  unknown  quantities 
thus  found  satisfies  three  equations  exactly,  and  the  fourth 
approximately;  but,  all  the  observations  being  subject  to  error, 
the  most  probable  system  of  values  can  seldom  satisfy  any  one 
of  the  equations  exactly.  Hence  the  necessity  of  a  principle  of 
computation  which  shall  lead  as  directly  as  possible  to  such  a 
probable  system  of  values;  and  this  principle  is  furnished  by  the 
method  of  least  squares. 

*  Gau88,  Theoria  Motui,  Art.  184. 
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We  are,  then,  by  Art.  29,  to  deduce  from  these  four  equations 
three  normal  equations,  and  the  values  of  x^  y,  z  which  exactly 
satisfy  these  are  to  be  regarded  as  the  most  probable  values. 

To  form  the  first  normal  equation,  we  multiply  the  first  of  the 
above  equations  of  condition  by  1  (=  a'),  the  second  by  3  (=  a"), 
the  third  by  4  (=«'")»  and  the  fourth  by  —  1  (=a*^),  and  add  the 
products.  We  thus  find  \a(i\  =  27 j  [oA]  =  6,  lac]  =  0,  and 
[an]  =  —  88. 

To  form  the  second  normal  equation,  we  multiply  the  first 
equation  of  condition  by  —  1  (=  6'),  the  second  by  2  (=  6"),  the 
third  by  1  {=  b"%  and  the  fourth  by  3  {=  b'%  and  add  the  pro- 
ducts.   We  thus  find  [a6]  =  6,  [66]  =  15,  [be]  =  1,  [6/?]  =  —  70. 

The  third  normal  equation  is  formed  by  multiplying  the  first 
equation  of  condition  by  2  (=  c'),  the  second  by  —  5  (=  c''),  the 
third  by  4  (=  c'"),  and  the  fourth  by  3  {—  c*^),  and  adding  the 
products.     We  find  [ac]  =  0,  [6c]  =  1,  [cc]  =  54,  [en]  =  —  107. 

Hence  our  normal  equations  are 

27a:  +    6y  —    88  =  0 

ex  +  15y  H-     z—    70  =  0 

y  +  54Z  —  107  =  0 

the  solution  of  which  gives,  as  the  most  probable  values, 


X  = 


y  = 


49154 
19899 
2617 


=  2.470 


=  8.551 
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19899 
which  is  the  reciprocal  of  the  required  weight.     Hence, 

p  = =  24.597 

^'        809 

In  a  similar  manner,  to  find  the  weight  of  y,  we  take  the 
equations 

27a:"  +    6^'  =0 

6a:"+  15^'+      2"— 1  =  0 
y"  +  542"         =0 
and  find 

"    737 

whence 

And  to  find  the  weight  of  z,  the  equations 

27x"'+    6y"'  =0 

6x"'  +  Iby"'  +     /"         =0 
y"'  +  54j"'  —  1  =  0 
which  rive 

y"=-^ 

2211 
and 

o=  — =  53.927 
^'       41 

Secondly.  By  the  method  of  Art  35,  we  write   our  normal 
equations  thus : 

27a:  +    6y  —    88=^ 

6a:  +  15y  +      z  —    70  =  B 

y  +  54^  —  107  =  C 

and,  carrying  out  the  elimination  as  if  J.,  J5,  and  C  were  known 
quantities,  we  find 

19899  X  =  49154  +  (809)^1—324  B+        Q   C 

737y  =    2617  —     12  il  +  (54)  5  —  C 

66332  =  12707  +        2  il  —     9  B  +  (123)  C 
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and,  therefore, 


49154     .,,  ,,  .  ,  ^  19899 

^  = with  the  weight  p,  = 


y  = 


z  = 


19899 
2617 
737 
12707 
6633 


Pm  = 


P,= 


809 
737 
54 
6633 
123 


the  same  as  hy  the  first  method. 

Thirdly.  By  the  method  of  Art.  36,  to  find  x  and  its  weight 
we  eliminate  y  and  z  from  the  equation  in  x  (the  first  normal 
equation)  hy  means  of  the  other  equations,  employing  successive 
substitutions.     The  last  normal  equation  gives 

1       ,   107 
^^-M^  +  IT 

which  being  substituted  in  the  second  gives 

.      ,   809  3673       ^ 

6x  H y =  0 

^  54  ^         54 


The  value  of  y  from  tliis,  namely, 

y 


324  3673 

809^"^    809 


being  substituted  in  the  first  normal  equation,  and  no  reduction 
being  made,  gives 

19899  _  49154  __ 

809  ^         809  "" 
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Finally,  to  find  z  with  its  weight,  we  make  the  third  normal 
equation  the  final  one.    From  the  first  two  we  find 


^  ""       123  ^  "^  128 


which  substituted  in  the  third  gives 


6633  12707       ^ 


123 


123 


where  the  coeflicient  of  z  is  its  weight,  and  its  value  is  the  same 
as  was  before  found. 

By  a  little  attention,  it  will  be  perceived  that  the  three  methods 
involve  essentially  the  same  numerical  operations. 

We  are  next  to  find  the  mean  errors  of  x,  y,  and  z\  for  which 
purpose  we  must  first  find  the  mean  error  of  an  observation, 
assuming  here,  for  the  sake  of  illustration,  that  the  absolute  terms 
of  the  given  equations  of  condition  are  the  observed  quantities, 
and  that  they  are  subject  to  the  same  mean  error.  Substituting 
in  these  equations  the  above  found  values  of  x,  y,  and  z^  we 
obtain  the  residuals  as  follows : 


No. 

V 

vv 

1 

—  0.249 

0.0620 

2 

-  0.068 

.0046 

3 

+  0.095 

.0090 

4 

—  0.069 

.0048 

m  =^  4,  Ai  =  3,      \yv\=^  0.0804 


[tn;] 


Hence,  by  (61), 


m  —  iJi 
£  =  l/0M)4 


=  0.0804 


0.284 


which  is  the  mean  error  of  an  observation,  so  far  as  this  error 
can  be  inferred  from  so  small  a  number  of  observations.  (See 
the  next  article.)  Consequently,  the  mean  errors  of  x,  y,  and  z 
are  as  follows: 

e 


=  0.057 
=  0.077 


=  -f-  =  0.039 

Vp. 


526 


APPENDIX. 


Multiplying  these  errorrs  by  the  constant  0.6745,  we  nhsiM  have 

(Art  15)  tlie  probahle  errors  as  follows: 

Probable  error  of  an  obserration  =  0.192 
"  "  X  =0.038 

"  «'  y  =0.052 

**  ''  J  ^  0.026 

39,  It  hnn  already  been  remarked  in  the  foregoing  paged,  aiid 
the  remark  is  especially  important  in  the  present  connection, 
that  the  method  of  lea^^t  squares  supposes  in  general  a  grt*at 
number  of  observationsi  to  have  been  taken,  or  a  rnimber  mifli* 
eiently  great  to  determine  approximately  the  erroi-s  to  which  the 
observations  are  liable.  Tlieoretieally,  the  greater  the  number 
of  observations  the  more  nearly  will  the  series  of  i^cdidtuils  ex- 
press the  series  of  actual  errors,  and,  consequently,  the  more 
correct  will  be  the  value  of  £  inferred  froni  these  residuals.  In 
practice,  therefore,  no  dependence  eliould  be  placed  upon  the 
mean  or  probable  errors  deduced  from  so  small  a  number  of 
observations  as  we  have  employed^  for  the  sake  of  brevity  and 
clearness,  in  the  preceding  example.  Xevertheless,  the  method 
is,  even  in  this  case,  the  best  adapted  for  determining  the  mont 
probable  valucH  of  the  unknown  quantities  deducible  fnim  the 
given  observations,  and  also  their  relative  degree  of  precision. 
Thus,  in  this  example,  the  degrees  of  precision  (denoted  by  A, 
Art.  10)  of  X,  t/,  and  r,  being  inversely  proportional  to  the  mc 
errors,  or  directly  proportional  to  the  square  roots  of  the  weights? 
are  nearly  as  the  numbers  t5,  3.7,  and  7.3,  so  that  from  the  four 
given  observ^ations  z  is  about  twice  ivs  accurately  found 
while  the  precision  of  x  falls  between  that  of  y  and  ^.  But 
can  place  but  little  dt-pendence  uivon  the  result  which  aasigfH'^^ 
0.284  as  the  mean  error  of  observation,  and  0.057,  0.077,  0.0S9 
as  the  mean  errors  of  x,  ^,  and  r,  because  this  result  is  derive 
from  too  small  a  number  of  observations. 

EQUATIONS   OP   CONDmON   FROM   NON-LINEAR   FUKCTTOITS, 

40.  Let  the  relation  between  the  observed  quantities  V%  V'\ 

V" and  the  unknown  quautitiea  X,  F,  ^.  - , .  be,  for  the  al 

servationa  severally, 

/'  (V\    X,Y,Z, )  =  0 

/'"(F'",  X,  F,^, )=0 

&e^ 


METHOD   OF   LEAST   SQUARES.  627 

Let  the  values  of  F',  F'',  V^" . . . .,  found  by  observation,  be 

3f' ,  J!f ",  J!f' " These  values  being  substituted,  we  shall 

have  the  equations 

/'"  (Jtf '",  X,  F,  ^,  ....)  =  0  [      (^) 

&c.  J 

from  which  the  values  of  X,  F,  ^ are  to  be  found.    But,  as 

we  cannot  effect  the  direct  solution  of  these  equations  according 
to  the  method  of  least  squares  so  long  as  they  are  not  linear,  we 
resort  to  the  following  indirect  process,  by  which  linear  equations 

of  condition  arc  formed.   Let  approximate  values  oiX^Y^  Z be 

found,  either  by  some  independent  method  or  from  a  sufficient 
number  of  the  equations  (64)  treated  by  any  suitable  process,  and 
denote  these  approximate  values  by  JTq,  Fq?  -^  •  •  •  •  Let  the  most 
probable  values  be 

X=X,  +  x,       Y=Y,  +  y,       z=Zo  +  ^^ 


then  x^y^z are  the  corrections  required  to  reduce  our  ap- 
proximate values  to  the  most  probable  values ;  in  other  words, 
a:,  y,  z . . . .  are  the  most  probable  corrections  of  the  approximate 
values,  and  the  method  of  least  squares  is  now  to  be  applied  in 
finding  these  corrections. 

Substitute  the  approximate  values  X©,  Y^  Z^, .  An  (63),  and 
find,  by  resolving  the  equations,  the  corresponding  values  of 
V\  V which  denote  by  Vo',  Vo' These  will  be  func- 
tions which  may  be  thus  generally  expressed : 

&e. 

Now,  the  values  of  F',  F" ....  which  result  when  the  most  pro- 
bable values  JTo  +  X,  Yo+  y^  Zo+  z  are  substituted,  and  which 
are  yet  unknown,  being  denoted  by  iV,  iV"  ....  we  have 

N'  =F'  (Xo  +  x,  Yo  +  y,Zo  +  z,..,.) 
N*'^F^\X,  +  X,  To  +  y,  Z,  +  z,....) 


and  by  Taylor's  Theorem,  when  we  neglect  the  higher  powers 
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have 


wliicli  are  supposed  to  be  very  email  quantities,  w^j 


+ 


dV*  dV"  dV*' 


dZ^ 


&c. 


dV  dV'^  dV*  dV" 

wViere  --^.  -—^  &c,,  -^.  —~,  &c.  are  simph*  tJie  valaes  of 
«Xo   0„  dio    (Ho  "^ 

derivatives   of  V\  F"  . .  • .  found  by  differentiating  (63)  with] 

reference  to  each  of  the  variables,  and  atTtenvaixls  eubstituitngj 

X„  i;,  &c.  for  X  F, . . . .  &c. 

If  now  we  denote  the  derivatives  of  V\  F" .  • . .  with  referene©  J 

to  Jfhy  a',  a"  * ... ;  their  derivativea  with  reference  to  Yhy  b\\ 

6"  • .  • .  &c, :  8o  that 

iV  =V:  +  a'a;  +  h'y  +  r'z  +  .... 


and  then  also  put 


t/  =  ivr'_  jf, 


our  equations  become 


M% 


^'x  +  «^"«/  +  c"j  +  . . ,  +  ft"  =  i/' 


in  which  a',  6' .  - ,  a",  6' 


?i"...are  all  known  quaatitiM; 


and  t?\  «?''....  are  the  residual   errora  of  observation.     Thcoa' 
equations  of  condition  are  precisely  like  tho^e  nlread\-  treated^ 
and,  being  solved  by  the  same  method,  give  the  mo^i  probabhi 
values  of  x, y,  z  . . .•,  and  hence,  aUo,  the  most  probablo  values 

of  j[y  y,  z  *  *  * , 

This  process  rests  upon  the  assumption  that  the  approxiouite  I 
values  X^^  Y^Z^ ., .  are  already  so  nearly  correct  that  the  0f{iuire«i 
of  X,  j/,  ^  . . .  may  be  neglected.     But  should  the  value*  fannd  1 
for  Xf  y,  ^  * . ,  show  that  this  assumption  was  not  admissible^  Iho 
computation  is  to  be  repeated,  starting  with  the  lai*t  found  valnei 
JCq-[-  x^  Y^  +  y,  Z^  +  z  , , ,  as  the  approximate  values ;  and  then 
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the  corrections  which  these  last  require  will  generally  be  so  small 
that  their  higher  powers  may  be  neglected  without  sensible  error. 
However,  should  this  still  not  be  the  case,  successive  approxima- 
tions, commencing  always  with  the  last  found  values,  will  at 
length  lead  to  values  which  require  only  corrections  suitably 
small. 

Even  when  the  given  function  is  already  linear,  it  is  mostly 
expedient  to  follow  the  general  method  just  given :  namely,  to 
substitute  approximate  values  and  form  equations  of  condition 
to  determine  their  corrections.  This  reduces  x,  y,  z  . . .  to  small 
quantities,  greatly  simplifies  the  computations,  and  diminishes 
the  chance  of  error. 


TREATMENT   OF   EQUATIONS   OF   CONDITION  WHEN  THE   OBSERVATIONS 
HAVE   DIFFERENT   WEIGHTS. 

41.  The  process  above  explained  assumes  that  all  the  observa- 
tions are  subject  to  the  same  mean  error,  and  hence  are  all  of 
the  same  weight.  The  more  general  case,  in  which  the  obser- 
vations are  of  different  weights,  is  easily  reduced  to  this  simple 
case.    For,  let 

a'x  +  Vy  +</z  +  ,..,  +  n'  =  1/ 

be  an  equation  of  condition  of  the  weight  p' ;  that  is,  one  formed 
for  an  observation  of  the  weight  p^.  The  mean  error  of  an  ob- 
servation of  the  weight  unity  being  e^  the  mean  error  of  the 

actual  observation,  and,  therefore,  also  of  n',  is  c'  =  — '-•  Hence 

the  mean  error  of  7i'i/p'  is,  by  Art.  20,  equal  to  t'yp',  that  is, 
equal  to  ty  If,  therefore,  we  multiply  the  equation  by  yjp',  so 
that  we  have 

«VF  •  ^  +  ^VF'  y  +  (f\/p''^  +  •  •  •  +  wyy = ryy 

it  becomes  an  equation  in  which  the  mean  error  of  the  absolute 
term  is  the  mean  error  of  an  observ^ation  of  the  weight  unity. 
Hence  we  have  only  to  multiply  each  equation  of  condition  by 
the  square  root  of  its  weight  in  order  to  reduce  them  all  to  the 
same  unit  of  weight ;  after  which  the  normal  equations  will  be 
found  as  in  other  cases. 

The  mean  error  of  observation,  found  by  (61)  from  the  equa- 
tions of  condition  thus  transformed,  will  be  that  of  an  observa- 

VoL.  II.«-3i 
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tion  of  the  weight  unity,  and  the  weights  of  the  unknown  quan- 
tities will  come  out  with  reference  to  the  same  unit 


ELIMINATION  OF  THE  UNKNOWN  QUANTITIES  FROM  THE  NORMAL 
EQUATIONS  BY  THE  METHOD  OF  SUBSTITUTION,  ACCORDING  TO 
OAUSS. 

42.  By  means  of  a  peculiar  notation  proposed  hy  Gauss,  the 
elimination  by  substitution  is  carried  on  so  as  to  preserve 
throughout  the  symmetry  which  exists  in  the  normal  equations. 
In  order  to  explain  this  method,  it  will  be  expedient  to  suppose 
a  limited  number  of  unknown  quantities.  I  shall  take  hut  four, 
but  shall  give  the  process  in  so  general  a  form  that  it  may  readily 
be  extended  to  any  number. 

The  unknown  quantities  will  be  denoted  by 

X,  y,  z,  w, 

and  their  coefficients  in  the  equations  of  condition  by 

a,  b,  Cj  d, 

respectively,  with  sub-numerals  denoting  the  number   of  the 
equation  or  observation  upon  which  it  depends,  and  by 

n^,  n,,  n„  &c. 

the  absolute  terms  of  the  1st,  2d,  3d,  &c.  equations  respectively : 
so  that  the  m  equations  of  condition  (here  supposed  to  be 
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The  value  of  x  from  the  first  equation  is 

[ah'\  [ac]         [ad^  [an] 

[aa]         [aa]         [aa]  [aa] 

K  this  is  substituted  in  the  other  three  equations,  we  shall  pre- 
serve the  symmetry  of  the  result  by  the  following  notation : 

t^^J  -  S  i:«^]=  [**1]  {dd]  -E^  lad-]  =  [ddA-] 

\Q.(l} 

[ad] 

The  three  equations  thus  become 

[66.1]y +  [6c.l]2+  [W.l]«>  +  [6n.l]  =  0 
[6c.l]y +[cc.l]i  +  icd.Y]w  -{■ 
[W.l]y  +  [cd.l]z  +  ldd.V\w  + 


M-[^[««]  =  [««i] 


[6n.l]  =  0  ) 
[en .  1]  =  0  I 
[dn.l]  =  0     j 


(67) 


The  presence  of  the  numeral  1  is  all  that  distinguishes  these 
from  original  normal  equations  in  y,  z,  and  w.  The  elimination 
of  y  will,  therefore,  be  effected  in  the  same  manner  as  that  of  x. 
Thus,  from  the  first,  we  have 


[W.l] 


[hd.Y] 
[W.l] 


[W.l] 


the  substitution  of  which  in  the  other  two  equations  leads  to  the 
following  notation : 


^'^•^^"^tI'^*''-^^^^'''-^^ 


\cd.V]. 

[dd.iy 


V>c.\] 
[W.l] 
[M .  1] 
[66.1] 


[6d.l]  =  [cd.2] 
[6d.l]  =  [<W.2] 


[<^»l]-^^[*«l]  =  [dn.2] 
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and  the  resulting  equations  are 


[cc .  2]  2  +  [c^  .  2]  tr  +  [en  .  2]  =  0 
lcd,2]z  +  [<W .  2]  M7  +  [^n .  2]  =  0 


}      (68) 


From  the  first  of  these  we  have 


z  = 


Mi^l  tr  -  l^^-l 


[cc.2]  [cc.2] 

which,  substituted  in  the  second,  leads  to  the  following  notation : 

led.  2^ 


[rfrf.2]--E^[c^.2]  =  [(W.3] 
and  the  resulting  equation  is 


ldn.2']- 


[CC.2] 


ldd,d}w+  [efn.3]  =  0 


whence 


[cn.2]  =  [rfji.3] 


(69) 


w  =  — 


Idn .  8] 
[rf<Z.3] 


Having  thus  found  ?(?,  we  substitute  its  value  in  the  first  of  (68), 
and  deduce  z.  Then  the  values  of  z  and  ir  being  substituted  in 
the  first  of  (67),  we  deduce  y;  and  finally,  substituting  the  values 
y,  z,  and  ic  in  the  first  of  (66),  we  deduce  z.  These  latter  substi- 
tutions are  made  in  the  numerical  computation,  but  it  is  not 
necessary  to  write  out  here  the  formulae  which  result  from  the 
literal  substitutions,  as  it  would  not  facilitate  the  computation. 
It  may  be  observed  that  all  the  auxiliaries  [66 . 1],  [be .  1],  [cc.  2], 
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[oa] 


«  +  b^y  + 


y  + 


lad] 


2  + 


«  + 


Z  + 


[ad] 

iaa] 

[bd.l] 

[66.1] 

[cd.2] 


w  + 


[aa] 
1] 


=  0 


(70) 


[66.1] 
[en. 2]  _ 
[cc.2]"'+[<:c.2]  ~" 
,   [dn.B]       - 
"'+[-50]  =  ^ 

As  the  nnmber  of  unknown  quantities  increases,  the  number  of 
auxiliaries  to  be  found  increases  very  rapidly.  If  we  include  the 
coefficients  and  absolute  terms  of  the  normal  equations,  the 
whole  number  of  auxiliaries  is  shown  in  the  following  scheme  :♦ 


No.  of  unknown  quantities 

1 

2 

3 

4 

5 

6 

7 
112 

8 

No.  of  auxiliaries 

2 

7 

16 

30 

50 

77 

156 

43.  For  the  purpose  of  verification,  it  is  expedient  to  repeat 
the  elimination  in  inverse  order,  commencing  with  the  last 
normal  equation  and  ending  with  the  first,  which  will  bring  out  x. 
It  will  not  be  necessary  to  wiite  out  the  formulae  for  this  inverse 
elimination,  since  when  the  form  for  computation  has  been  once 
prepared,  it  suffices  to  place  in  it  the  coefficients  of  the  normal 
equations  in  inverse  order,  and  then  to  proceed  with  the  numeri- 
cal operations  precisely  as  in  the  first  elimination.  The  unkno\\Ti 
quantities  coming  out  in  the  first  elimination  in  the  order  Wy  2, 
y,  X,  they  will  in  the  second  come  out  in  the  order  x,  y,  2:,  tc. 

This  inversion  has  also  the  advantage  of  giving  the  weights  of 
all  the  unknown  quantities  with  the  greatest  facility,  as  will 
hereafter  be  shown. 

44.  A  very  complete  final  verification,  or  "  control,"  is  obtained 
as  follows.   Substitute  the  values  of  x,  y,  z,  w  in  the  equations  of 

condition,  and  thus  find  the   residuals  r„  r,,  i\ r^,  or  the 

values  which  the  first  members  assume.     Form  the  sum 

[rr]  =  rji?j  +  v^v^  +  r.Vg  +  ....  +  vj)^ 

*  The  number  of  auxiliaries  will  be,  in  general, 

«(«  +  l)(«4-5) 
2.8 

where  t  denotes  the  number  of  unknown  quantities. 
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which  is  also  required  in  finding  the  mean  error  of  observation 
by  (61).     Also  form  the  following  new  auxiliaries : 


[nn]  =  n,w,  +  n^n^  +  n^n^  + 


r      T  i^^Y  r  n 


[nn.2]  — 
[nn.3]  — 


[en.  2]*       -       „. 

i: ±-  =  [nn .  3] 

[CC.2]  J 


[rf<Z.3] 


[i,n.4] 


then,  if  the  whole  computation,  both  of  the  normal  equations 
themselves  and  of  the  subsequent  elimination,  is  correct,  we 
must  have 

[t?i;]  =  [n».4]  (71) 

To  demonstrate  this,  we  observe  first  that  we  have  already,  by  (59), 

[ri;]  =  [t?n] 

K  now  we  go  back  to  the  equations  of  condition,  and  multiply 
each  by  its  n,  the  sum  of  the  products  is 

Ian]  X  +  [6n]  y  +  [en]  z  -f  [rfn]  w  +  [nn]  =  [rn]  =  [it] 

K  this  equation  be  annexed  as  a  fifth  normal  equation  to  the 
group  (66),  and  the  successive  substitutions  are  made  in  it  as  in 
the  others,  beginning  with  x,  it  evidently  becomes,  successively, 

[6n.l]y  +  [cn.l]z  +  [Jn.l]to  +  [nn.l]  =  [rr] 

[en. 2]  2:  +  [rfn.2]  w  +  [wn.2]  =  [w] 

[rfn.3]  IT  +  [nn.3]  =  [rr] 
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equation,  and,  the  coefficient  of  to  being  then  Idd.  8],  it  follows, 
by  Art  36,  that  the  weight  of  the  value  of  w?  is 

In  the  inverse  elimination,  in  the  order  rf,  c,  6,  a,  the  coefficient 
of  X  in  the  final  equation,  which  would  be  denoted  by  [aa .  3], 
will  be  the  weight  of  x,  or 

Now,  if  a  third  elimination  were  carried  out  in  the  order  x,  y,  w^  ^, 
or  a,  6,  rf,  c  (the  third  normal  equation  now  taking  the  last  place), 
we  should  have  the  same  auxiliaries  as  in  the  first  elimination, 
so  far  as  those  denoted  by  the  numerals  1  and  2 ;  and  the  equa- 
tions (68)  would  still  be  the  same,  but  in  the  following  order : 

ldd.2'\  w  +  lcd,2'\  z  +  [rfn.2]  =  0 
[erf  .2]  M?  +  [cc .  2]  2r  +  [en .  2]  =  0 

The  value  of  w  given  by  the  first  of  these  is 

[erf. 2]^^       [rfn.2] 
[rf(i.2]  [(W.2] 

which,  substituted  in  the  second,  gives  for  the  coefficient  of  2, 

[CC.3]  =  [CC.2]  -  \S^l:^  |;c^.2]  =  [rfrf.3]  X  ^^^^ 
"•       -*       ^       -*       [rfrf.2]  "-        J       *-        J  ^  [rfrf.2] 

Therefore  we  have 

In  the  fourth  supposed  elimination,  in  the  order  rf,  c,  a,  6,  the 
auxiliaries  denoted  by  1  and  2  would  be  the  same  as  in  our 
actually  performed  second  elimination ;  but  in  the  final  equation 
in  y  we  should  have  for  the  coefficient  of  y  the  quantity 

[66.3]  =  [66.2]  —  Mi^  {ah.t'X  =  [aa.3]  X  ^^^-1?! 
*■■''"-'        [aa.2]  *"        -*      *■        -^      [aa.2] 

and,  therefore, 

^'      ■■       •'[aa.2] 
Thus,  when  the  elimination  has  been  once  inverted,  we  have 
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found  the  weighti^  of  two  of  the  iinknown  quantities  direc 
and  the  weiglits  of  the  other  two  in  terms  of  the  auxiliaries  pre- 
viously used,  and  in  a  form  adapted  for  logarithmic  computatioii. 

46.  In  order  to  give  the  above  method  greater  generality,  m 
that  the  reader  may  be  enabled  to  extend  it  to  a  greater  number 
of  unknown  quantities,  we  remark  that  the  product  of  the  forai 

P^laa-]  [bbA]  Ice, 2}  [rf«f.3].,,,. 

has  the  same  value  whatever  order  maybe  followed  in  the  elimi- 
nation.   This  18  the  same  as  saying  that  it  is  a  symmetncal  func- 
tion of  flf,  i,  c^  d .  , ,  which  is,  consequently,  not  aflected  in  valuil , 
by  tlie  pcrmntatiou  of  these  letters.*    Suppose,  then,  four  ordenj 
of  elimination,  in  which  each  unknown  quantity  in  turn  becomet 
the   last,   while   the   order   of  the   remaining  three   quantities 
remains  the  same ;  and,  to  distiugaish  the  auxiliaries  which  occur 
in  each  elimination,  let  the  letter  which  occurs  in  the  last  auKilimr  ^ 
be  annexed  to  each  of  the  others ;  the  above  constant  product 
may  thus  be  expressed  in  the  following  four  forms : 

=  laal\_bbAUdd.2llcc,^ 
=  [nalleeAU^d.2],ihb.B] 
=  lbiq^lrcAUdd,2Xlaa,^ 

l^oWy  it  Is  evident  that  each  time  a  new  unknown  qiuintity  iJ 
made  the  last,  we  do  not  cliange  ail  the  auxiliaries,  but  only , 
those  which  involve  the  letter  which  has  become  the  lost  in  the 
new  order.  It  is  readily  seen,  therefore,  that  if  we  annex  ft  letter 
to  those  auxiliaries  only  which  have  a  different  vahte  fnun  that 
which  is  denoted  by  the  same  symbol  in  the  first  elimination,  we 
shall  have,  simply, 

P  =  laa]  [hb .  1]  [cc  ,  2]  [dd .  3] 
=  lmt}  [6/>,l]  [<iif.2]  Ice  ,8] 
=  [rtrt]  lee  A}   [dd/I\lbh,Z] 


♦  The  cjnantity  P  is,  in  fact,  nothing  more  thin  th<?  e<»miTiiin  d^ntunittAior  «f  th«| 
Tftlues  of  z,  y^  7,  fc,  when  these  Talnea  are  reduced  to  fiinetioni  of  the  known  qoi 
titles  ttnd  In  the  form  of  simple  fractiona :  and  thU  common  denominafor  niutt«^ 
dentlj  linre  the  taroe  Talue  whatever  order  of  eUmination  ta  followed. 
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from  which  we  deduce 

p=[65.3]  =  [66.1].£^2J.f^^ia  )     (72) 

^'         ^  J         L  J    j.^^  ^     ldd.2\  ' 

r         0-,         r      -.     [^^1]     ^^-2]      [dd.Sl 

^'        *■         J       L     J      [66]      [cc.l].  [rfcZ.2]. 

If  this  method  is  applied  in  the  case  of  six  unknown  quantities, 
we  shall  in  each  of  two  eliminations  have  the  weights  of  three 
of  the  unknown  quantities  by  computing  each  time  but  one  new 
auxiliary,  and,  therefore,  the  weights  of  all  six  when  the  second 
elimination  is  the  inverse  of  the  first.  In  the  case  of  but  four 
unknown  quantities,  by  inverting  the  elimination  we  can  find 
the  weights  of  z  and  y  twice,  and  thus  verify  our  work. 

47.  If  we  have  but  three  unknown  quantities,  the  weights  are 
determined  at  the  same  time  with  x,  y^  and  z  themselves,  by  a 
single  elimination  in  the  order  a,  6,  c,  in  which  z  comes  out  first 
with  the  weight 

i>,  =  [cc.2] 

and  then  y  and  z,  with  the  weights 

[CC.2] 


p^=:  [66.2]  =  [66.1] 


j).  =  [aa.2]=[aa] 


in  which 


[ce.l] 
[66.1]   [cc.2] 
[66]    \cc.lX 


[cc.l].  =  [cc]-M[6,] 

INDEPENDENT   DETERMINATION   OF   EACH    UNKNOWN   QUANTITY  AND 
ITS   WEIGHT,    ACCORDING   TO   GAUSS. 

48.  Let  the  four  equations  (70)  be  multiplied  respectively 
by  1,  A' J  -4",  ^'",  and  let  these  factors  be  determined  by  the 
condition  that  in  the  sum  of  the  products  the  coefficients  of  y, 
Zj  and  10  shall  be  zero.  Also,  let  the  last  three  equations  of  (70) 
be  multiplied  respectively  by  1,  -B",  -B'",  and  let  these  factors 
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be  determined  by  the  condition  that  in  the  sam  of  the  products 
the  coefficients  of  z  and  w  shall  be  zero.  Finally,  let  the  last 
two  equations  of  (70)  be  multiplied  respectively  by  1,  C",  and 
let  C"  be  determined  by  the  condition  that  in  the  sum  of  the 
products  the  coefficient  of  w  shall  be  zero.  The  conditions 
which  determine  these  factors  are  then 


(73) 


\aa\     ^  \hb.\-\      ^ 
0  =  M       ■    [M.l]  [cd-2] 

\aa\     ^[66.1]      "^  [cc.2]       "^ 

[W.l]  ^ 

[W.l]^[cc.2]        ^ 

[cc.2]^ 

and  the  final  values  of  x,  y,  z,  w,  in  terms  of  these  fiactors,  are 
given  as  follows : 
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regard  them  when  wo  invert  the  process  and  reeompose  the 
equations  (70)  from  (74).   If,  then,  we  multiply  the  equations  (74) 

respectively  by  1,  p-^,  ^^,  7— J,  and  add  the  products  in  order 
•^     -^     '  iaa]  [aa]   [aa^  ^  ^ 

to  reeompose  the  first  of  (70),  the  coefficient  of  [ayil  will  be  z — ^,-» 

but  the  coefficients  of  [bn .  1],  [en .  2],  &c.  must  severally  be  equal 
to  zero.  The  same  principle  will  apply  when  we  reeompose  the 
second  equation  of  (70)  from  the  last  three  of  (74),  &c.  Hence 
we  have 

'    [aa] 

'    [aa]  '    [aa] 

^  [aa]         ^  [aai^         '   laa^ 

[bell  )    (7^) 

0  =  5"+  ^-^ 

[6*1]  [6ft  .1] 

^[cc.2] 

According  to  this  scheme,  we  first  find  A',  B",  C"  from  the 
equations  in  which  they  occur  singly ;  then,  with  these  factors, 
we  find  the  values  of  A",  B'",  from  the  equations  involving  two 
factors,  &c. 

50.  Again,  let  us  write  the  3d,  5th,  and  6th  equations  of  (75) 
in  the  following  order : 

A"'J^^J}^B"'+i^C"'    +E^      =0 
\aa\  [aa]  [aa] 

^  ihh.Y]       ^[66.1] 

^[cc.2] 

Comparing  these  with  the  first  three  of  (70),  we  at  once  infer 
that  A'",  B'",  C"  are  those  values  of  x,  y,  z,  respectively,  which 
we  should  obtain  from  our  first  three  normal  equations  by  putting 
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to  =-1  and  omitting  the  terms  in  n  /  or,  going  back  to  (66),  that 
A'"y  B"\  C'  may  be  determined  by  the  following  conditions : 

[aa]  A'"  +  [aft]  5'"  +  \ac\  C"  +\ad\  =  0 
[a6]  A"'  +  [66]  B'"  +  [6c]  C"  +  [6<f ]  =  0 
[ac]  A"'  +  [6c]  B'"  +  [CO]  C"  +  [c<f ]  =  0 

If  now  we  multiply  the  normal  equations  (66)  by  -4'",  £'",  C", 
and  1,  respectively,  and  add  the  products,  the  conditions  just 
given  will  cause  z,  y,  and  z  to  disappear,  and  the  resulting  equa- 
tion m  10  must  be  identical*  with  (69) :  so  that  A'",  ^'",  C" 
must  also  satisfy  the  following  condition : 


[an]  ^'"  +  [6n]  5'"  +  [en]  C"  +  [rfn]  =  [<fn .  3] 


(76) 


The  second  and  fourth  equations  of  (75)  being  written  as  follows, 

[aa]       ^  [aa] 

^        [^cjj_ 
^[66.1] 

and  compared  with  the  first  two  of  (70),  we  infer  that  -4",  B" 
are  those  values  of  x  and  y  which  we  obtain  from  the  first  two 
normal  equations  by  putting  z  =  1^X0  =^Qj  and  omitting  the 
terms  in  n;  that  is,  A"  and  B''  must  satisfy  the  conditions 

[aa]  A"  +  [a6]  B"  +  \ac\  =  0 
[a6]  A"  +  [66]  B"  +  [6c]  =  0 


Therefore,  if  we  multiply  the  first  three  normal  equations  (66)  by 
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According  to  Art.  34,  the  reciprocal  of  the  weight  of  x  is  that 
value  which  we  obtain  for  x  if  we  put  \an\  =  —  1  and  [6n]  =  \m\ 
=  [dri]  =  0.  But,  under  these  conditions,  the  equations  (76), 
(77),  (78)  give 

[(?n.3]  =  — il'",        [en. 2]  =  —  A",        Ibn.l]  =  — ^' 
In  order,  therefore,  that  the  value  of  x  given  by  the  first  equa- 
tion of  (74)  may  become  — ,  we  have  only  to  substitute  —A''\ 

—  A",  —  A\  —  1,  respectively,  for  \dn .  3],  [en .  2],  \hn .  1],  [art]. 
In  the  same  manner,  the  weight  of  y  being  found  by  putting 
[6n]  =  —  1  and  [an]  =  [en]  =  [dn]  =  0,  we  have  to  put 

[€171.3-]  =  — B"',        [cn.2]  =  —B",        [bn. 1]  =  —  1 

in  the  second  equation  of  (74),  in  order  that  we  may  put  —  for  y. 
For  the  weight  of  z  we  have  to  put 

[dn.S]  =  —  C",  [en. 2]  =  —  1 

in  the  third  equation  of  (74),  and  —  for  z. 
For  the  weight  of  w^  we  have  to  put 

[(in. 3]  =  —  1 
in  the  last  equation  of  (74),  and  change  w  to  — 

■Pw 

The  final  formulae  for  the  weights  are,  therefore, 
1  1         ,     A' A'     ,    A" A"    ,    A'' A'" 

+   ruu    1-.   +   r 1^   + 


i>,       [aa]      '    [66.1]    '    [ee.2]    '    [dd^Z] 
1  1        .    F'F'        B"B'' 


i>,       [66.1]       [ee.2]       [dd  .Z] 
1  1  C""(7'" 


(79) 


i>,       [ec.2]       [dd.Z] 

11 

i>,~[rf4.3] 

MEAN   ERROR   OF   A   LINEAR  FUNCTION  OF  THE  QUANTITIES  Z,  y,  ^,  W. 

50.  To  find  the  mean  error  of  the  function 

X=fx  +  ^y  +  Az  +  iM?  +  /  (80) 

xohen  Xy  y,  Zy  w  are  dependent  upon  the  same  observations. 
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The  quantities  r,  y,  2,  w  not  being  directly  observed,  thdr^ 
mean  erroi'S  cannot  be  treated  as  independent,  as  wae  done  in 
the  case  of  directly  observed  quantities  in  Art*  22.     We  might 
proceed  by  tbo  method  of  Art,  23;  but,  as  we  here  suppose  1 
x^y^z,  w  to  Ijave  been  determined  from  the  normal  equations 
{^&)^  we  can  obtain  a  more  convenient  method  by  the  aid  of  the  ■ 
auxiliaries  which  have  been  introduced  in  the  general  elimini^ 
tion.     The  quantities  :r,  y,  2,  w  being  ftinctions  of  the  directly 
observed  quantities  ?i',  ??/',  ?i'",  . . ,  the  mean  error  of  J[  can  be 
readily  obtained  by  the  principles  of  Art.  22,  if  we  first  reduce 
X  to  a  function  of  these  observed  quantities.    For  thiis  purpose^ 
if  the  values  of  jt\  y,  2,  w  deduced  from  (70)  be  substituted  in  -T, 
we  shall  have  an  expression  of  the  form 

X^  ^,  lan\  +  *,  [bn .  1]  +  k^  {en ,  2]  +  ft.  [«fn .  3]  +  /       (81) 

in  which  the  coefficients  k^^  k^,  k^^  k^  are  functions  of  [a^],  [ai]^ 
&c.  In  order  to  determine  these  coefficients,  let  us  substitute  in 
this  expression  the  values  of  [an],  [fin .  1],  &c.  given  by  (70).  We 
find 

JC  =^—  [art]  k^,x  —      lab]  kj/  —      [ac]  k^  —      {atf]  k^w  + 1 
—  ibb  .  1]  k,i/  —  Ibc .  1]  k^z  —  [bd .  1]  k^w 
—  lce.2}k^—[cd.2]kjtfi 
—  IdH.^k^w 

which  becomes  identical  with  (80)  by  assuming 


laajk^-^^f 

b^b]k,-^lbbA}k^^^^ 

[ac  ]  k^  +  lbcA}  k^  +  [CO .  2]  ft,  =  —  A 

lad]  k,  +  [^>^.  1]  k^  +  led. 2]  ft,  -i-  Idd.S]  ft,  = 


(B2) 


These  equations  fully  determine  the  coefficients.  We  find  ft^ 
directly  from  the  first,  and  then  ft^,  ft^,  ft^,  by  successive  subdtitu* 
tions  in  the  others. 

Now,  to  find  the  mean  error  of  X  under  the  form  (81),  let  the 

mean  error  of  each  of  the  observed  quantities  ?*%  n",  n''' be 

denoted  by  £  (these  observed  quantities  being  supposed  of  eqoat 
weight,  or,  rather,  the  equations  of  condition  being  supposed  to 
have  been  reduced  to  the  same  weight)^  and  let  the  corredpood* 
ing  mean  errors  of 

[an],        IbfiAl        [rn.2],        [rfn.S],        .1; 
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be  denoted  by 

-^OJ  ^V  ^99  ^v  (*-^)' 

Since  we  have 

\an\  =  a'n!  +  a''n"  +  a'"n!"  +  . . . . 

we  have,  by  Art  22, 
Again,  we  have 

[*n.l]  =  m  -  f\  [-]  =^  \{l>  -  f\  aXn] 
\ad]  -^  L\  \ad]     /  J 

and  hence 

=  \hb .  1]  £* 

In  a  similar  manner,  we  have,  also, 

JE?,*  =  [cc.  2]  £*,  ^,«  =  [(fci.3]e« 

The  quantities  a:,  y,  ^,  i(?,  being  determined  from  the  equations 
(70),  their  mean  errors  involve  those  of  the  quantities  [an\^  [6n.  1], 
[en .  2],  [dn .  3],  precisely  as  if  the  latter  had  been  independently 
observed  quantities  affected  by  the  mean  errors  just  determined. 
Hence  also  in  (81)  we  regard  [an],  [bii .  1],  &c.  as  independent ; 
and  it  then  follows  directly  from  the  principles  of  Art.  22  that 

(e^)«  =  V  J^o*  +  ^'^i'  +  K^:  +  K^.' 
or 

(eX)«  =  (V  [aa\  +  V  [bh .  1]  +  k*  [cc .  2]  +  A*,'  [dd .  3])  e»  (83) 

51.  From  the  preceding  article  we  may  easily  find  the  for- 
mulffi  (74)  and  (79).  The  function  JT  becomes  x  when  we  assume 
/=1,  ^  =  A  =  i  =  Z  =  0;  and  then  (81)  gives  x  while  (83)  gives 

ejj  and  hence  the  weight  =  — .     This  hypothesis  gives  in  (82) 

[aa]  Z:^  =  —  1 ;  and  the  remaining  equations  of  (82)  are  identical 
with  the  first  three  of  (73)  if  we  put  [66  .1]  i'l  =  —A\  [cc.2']  A-, 
=  —  A"y  [dd .  3]  ^3  =  —  A'";  and  then  (81)  becomes  identical  with 
the  first  of  (74),  and  (83)  with  the  first  of  (79).  In  a  similar 
manner  we  may  deduce  the  remaining  equations  of  (74)  and  (79). 
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Example. — In  order  to  exhibit  tlie  numerical  operations  whirl 
the  preceding  method  requires,  in  tiieir  proper  order  and  \rithiaj 
the  limits  of  the  page,  I  sek^ct  an  example  involving  but  threifJ 
unknown  quantities.     The  foUoii^nng  equations  of  condition  wertj 
proposed  by  Gacss  {Theoria  3Iotif^  Chrp.  OkL^  Art.  184)  to  iUw 

trate  his  method; 

(1)  x^    y-^2z^    3 

(2)  3j:  +  2j/  — 5^=    5 

(3)  Ax+    y  +  4^  =  21 

(4)  ^2j;  +  6^  +  62^28 

of  which  the  fir^st  three  are  supposed  to  have  the  weight  unity,' 
while  the  hist  has  the  weight  },     Muhiphing  the  last  by  \  i  =| 
(Art.  41),  the  equations  of  eonditiou,  reduced  to  the  same  weight, 

are — 

(1)  X  —    y  +  2^  —    3  =  a 

(2)  3a:H-2y  — 62—    5  =  0 

(3)  4  jr  +    y  +  4z  ~  21  =  0 

(4)  -*  X  +  3y  +  3j  -- 14  ^  0 

The  next  step  is  to  form  the  coefficients  [aa\  {ab'\,  tc,  of  th^ 
normal  etpiations.  In  the  present  example  this  can  be  done  vriy 
easily  without  the  aid  of  logarithms;  but,  in  order  to  exhibit  thei 
work  usually  required  in  practice,  I  shall  give  the  fonufi  for 
logarithmic  computation.  The  sums  of  the  coefficients  of  tbo 
unknown  quantities  will  be  employed  as  checka,  aecordifig  to 
Art.  30.  Their  logarithms,  together  with  those  of  a,  ft^e,  n^  4ire 
given  in  the  following  table : 


logs 

log* 

log. 

log. 

kg. 

0.00000 

nO.OOOOO 

0.30108 

0.30108 

ii0.47n2 

0.47712 

0.30103 

rO.69897 

—  » 

nO.0OS97 

0.00206 

0.00000 

0.60206 

0.95424 

i«l.S2222 

nO.OOOOO 

0.47712 

0.47712 

0.69897 

n1.1461S 

It  id  important^  where  many  operations  are  to  be  performed,  to^l 
write  down  no  more  figures  than  are  necesaary  for  the  clear  prose- 
cution of  the  work.  Hence,  in  comhining  the  prroediii||J 
logarithms  it  will  be  found  expedient  to  proceed  a«  fullowB^I 
Write  each  log  a  upon  the  lower  edge  of  a  flip  of  ptip4*r;  tlicOyj 
placing  this  slip  so  tlmt  log  a  shall  stand  over  log  a,  h>g  ft,  h))ir^( 
&c.,  of  the  Bame  borizonud  line,  in  succe^ou^  add  togetliidr  tli#j 
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two  logarithma  mentally y  and,  with  the  sum  m  the  head,  take  from 
the  logarithmic  table  the  corresponding  natural  number  (oa,  oi, 
acj  aSj  or  an)^  which  place  in  a  column  appropriated  for  the  pur- 
pose. Then  write  log  b  in  the  same  manner,  and  form  66, 6c,  65, 
671,  and  so  proceed  to  form  all  the  coeflBlcients  of  the  normal 
equations,  as  in  the  following  table: 


[aa] 

m 

[ocj 

[as] 

[an]        1 

m 

M            1 

+ 

+ 

— 

+ 

— 

+ 

— 

4- 

— 

4- 

+ 

— 

1.0 

1.0 

2.0 

2.0 

3.0 

1.0 

2.0 

9.0 

6.0 

15.0 

0.0 

15.0 

4.0 

10.0 

16.0 

4.0 

16.0 

36.0 

84.0 

1.0 

4.0 

1.0 

3.0 

8.0 

5.0 

14.0 

9.0 

9.0 

10.0   4.0 

18.0 

18.0 

38.0 

60 

14.0 

102.0 

13.0 

12.6 

+  27.0 

+  e 

.0 

0 

0 

-f  ^ 

^.0 

~ko 

-f-15.0 

+ 

1.0 

M 

m 

M 

[«] 

[en] 

[«J 

[nn] 

+ 

— 

+ 

— 

+ 

+ 

— 

+ 

— 

+ 

— 

+ 

(1) 

2.0 

3,0 

4.0 

4.0 

6.0 

6.0 

9.0 

(2) 

0.0 

10.0 

25,0 

0.0 

26.0 

0.0 

25.0 

^ 

9.0 

2L0 

1G.0 

36.0 

84.0 

189.0 

441.0 

w 

15.0 

l.U 

8.U 

42.0 

y.o 

15.0 

42.0 

70.0 

196.0 

24.0 

70 

55.0 

0.0 

25.0 

132.0 

0.0 

265.0 

+  2 

2.0 

—  ' 

0.0 

+  64,0 

+  ^ 

>5.0 

—  1 

07.0 

—  265.0 

+  671.0 

BJAving  ascertained  that  the  results  satisfy  the  test  equations 
(48),  we  can  write  out  the  normal  equations  as  follows: 

27  x+    6y  —    88  =  0 

6x+-  15y +-      2-—    70  =  0 

y  +  54;3r  -_  107  =  0 

We  proceed  to  determine  the  values  of  x,  y,  Zj  according  to 
our  general  formulse,  still  carrying  out  the  work  with  logarithms 
for  the  sake  of  illustration.  Here,  again,  system  and  concise- 
ness are  indispensable.  The  whole  computation  is  given  below 
nearly  in  the  form  proposed  by  Encke.  This  form  corresponds 
to  the  group  of  equations  (70).  It  is  divided  into  three  principal 
compartments,  corresponding,  respectively,  to  the  first  three  equa- 
tions of  (70),  each  beginning  one  column  farther  to  the  right.  In 
the  first  compartment  the  first  line  of  numbers  contains  the  values 
of  [aa]y  [a6],  &c.,  the  second  line  their  logarithms,  and  the  third 
line  the  logarithms  of  the  coefficients  of  the  first  equation.  The 
logarithms  in  this  third  line  are  formed  by  subtracting  the  first 
log.  in  the  second  line  from  each  of  the  subsequent  ones,  for  this 
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purpose  writing  the  first  logarithm  upon  the  lower  edge  of  a  si] 
of  paper. 

Ill  the  second  compartment,  the  first  line  contains  the  valii€ 
of  [i^]j  [6c],  &c, ;  the  second  line,  the  quantities  subtmctive  firou 
these,  according  to  the  foromljo  in  Art.  42.     To  form  these  »ab-^ 

tractive  quantities,  Tv^-ite  the  logarithm  of  ~J  (which  is  here 

9.34679)  upon  the  lower  edge  of  a  slip  of  paper,  and  hold  it  auo- 
eessivcly  over  log  [fjhj  and  each  of  the  subsequent  logarithms  in 
the  same  line;  add  the  two  logiirithnu^  mentallj  in  each  case,  takfl 
the  corresponding  natural  number  from  the  logiirithmic  tabli 
and  write  it  in  its  phice  below*  Subtracting  these  numbers,  w| 
have  the  vahies  of  [ii,l],  [/^t?.l],  &e.  The  fourth  line  contuiiM 
the  logarithms  of  these  quantities;  the  fifth,  the  logarithms  of  iht' 
coefficients  of  our  second  equation,  formed  by  subtracting  the 
fii-st  logarithm  of  the  preceding  line  from  each  of  the  subsequent 
ones  in  that  line. 

In  the  thh-d  compartment  we  have — first,  the  values  of  [ce]^  Ac,  j 
secondly,  the  values  of  the  sub  tractive  quantities  formed  IVoB 
the  last  line  of  the  first  eompiutment  as  before ;  thirdly, 
remaindci*a  which  are  the  values  of  [t*t%l],  &c.  The  fourth  lin 
contains  the  values  of  the  quantities  which  are  subtraetive  fron 
the  preceding  and  are  formed  from  the  last  line  of  the  secoo 
eumpartment  by  adding  the  first  logarithm  of  tliat  line  to  ti 
logarithm  immediately  above  it  and  to  each  of  the  suhsequeiri 
logarithms  in  the  same  line;  the  fifth  Hue  contains  the  romatii* 
clers  which  are  the  values  of  [cc.2],  &c. ;  the  sixth  line,  the  logihj 
rithms  of  tliese;  and  the  last  line,  tlie  logarithms  of  the  coei 
cieuts  of  our  third  equation* 

For  control,  we  carry  through  the  operations  upon  {a$J,  [fcrj 
&c.,  precisely  as  upon  the  other  quantities;  and  then,  accordic 
to  the  arrangement  of  the  scheme,  we  should  have,  if  we  hat 
computefl  correctly,  each  sum  containing  s  equal  to  tlie  aam  < 
the  quuntities  on  it^  left  in  the  same  line,  together  with  thoae  ' 
the  same  oi^er  in  a  vertical  column  over  the  first  number  in  i 
line.    Thus,  we  must  have,  in  the  present  case, 


[?n  ,  1]  ^  On /I]  +  [m.l) 
Isn .  2]  ^  [en .  2] 


relations  easily  proved  by  meaus  of  the  formulas  of  Art*  42  * 
hined  with  (48). 
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The  columns  [m]  and  [wn]  are  added  to  the  third  compart- 
ment in  order  to  form  the  quantity  [nn.  3],  from  which  the  mean 
error  of  observation  is  to  be  deduced,  as  will  be  shown  hereafter. 


[aa] 

4-  27.000 
1.48136 


—  88.000 

0.000 

4-  21.306 


—  66.695 
fil.82409 
logx  =  0.89278 


[ah] 

+  6.000 
0.77815 
9.84679 


[ac] 

0.000 

—  oc 

OD 


m 

-f  16.000 
4-    1.833 


-f  18.667 
1.18566 


—  50.444 
4-    1.916 

—  487528 
nl. 68599 

logy  =  0.55083 


[6cJ 

-f  1.000 
0.000 


-I-  1.000 
0.00000 
8.86434 


[cc] 

-f- 54.000 
0.000 


-h  54.000 
-h    0.073 


-h  63.927 
1.73181 


[as] 

-f-  83.000 
1.51851 
0.08715 


[bi] 

4-22.000 
4-    7.333 


4-  14.667 
1.16638 
0.03067 


4-66.000 
0.000 


4-  56.000 
4-  1.073 


4-  58.927 


[an] 

—  88.000 
nl. 94448 
n0.51312 


Pm] 

70.000 
19.656 


-  60.444 
nl.70281 
n0.56715 


[en] 

—  107.000 
0.000 


—  107.000 

—  3.691 


-  103.309 
n2.01414 


265.000 
—  107.655 


—  167.445 
64.135 


—  108.810 


log  (-_  z)  =:  wO.  28233  [nn .  3]  =  4- 


[«n] 

4-  671.000 
4-  286.813 
-f-  3847187 
4-  186.191 
+1977996 
+  197.909 
0.087 


After  z  has  been  found,  its  value  is  substituted  in  the  second 
equation  of  (70),  and  y  is  deduced.  Then,  the  values  of  y  and  z 
being  substituted  in  the  first  equation,  we  find  x.  The  numerical 
computations  are  given  above  in  the  margin. 

Then,  for  the  weights,  by  Art.  47,  we  have  first  to  find  the 
additional  auxiliary 

[cc.l].=  [cc]-[^][6c] 


and  by  the  formulae  of  that  article  we  have — 

log[cc.2]  1.73181 

log[cc.l]  1.73239 

log[cc.l]a  1.73185 


m 

M 

+  15.000 

+  1.000 

1.17609 

0.00000 

8.82391 

M 

+  54.000 

+    0.067 

[cc.la]  = 

:  +  53.933 

log[W.l]    1.13566 
log  [W]         1.17609 


1.43136 
9.95957 
9.99996 


1.39089 
log  J'. 


1.13566 
9.99942 


1.13508 
logP, 


1.73181 
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APPENDIX, 


x^  +  2.4702  with  tbo  weight  24.597 
y  =  +  3.5508     '^  *^       13,648 

z  =  +lMb7     <'  *»       53.927 

It  only  remains  to  substitute  the  values  of  x,  y,  and  r  in  the 
original  equations  of  condition,  to  form  the  residuals  i%  and  from 
these  to  determine  the  mean  error  of  observation.  Since  here 
there  are  but  three  unknown  quantities,  we  have,  by  (71), 

[ru]  =  [nn .  3] 

and  hence  the  mean  error  of  an  observation  of  the  weight  unity, 
is,  by  (61),  m  being  the  number  of  equations  of  condition. 


=V(l^V»-^ 


The  direct  computation  of  the  residuals  is,  therefore,  not  neceasanr 

for  determining  e:  nevertheless,  it  m  desirable  in  most  eases  to 
resort  to  the  direct  substitution  also,  not  only  for  a  final  verifica- 
tion, but  in  order  to  examine  the  several  observations,  and  to 
obtain  the  data  for  rejecting  any  doubtful  one  by  the  use  of. 
Pkirce's  Criterion,  to  be  given  hereafter.     This  direct  subi^titia- j 
tiou  has  ah-eady  been  carried  out  for  this  example  on  p.  525,  * 
where  we  have  found  [rr]  =  0.0804^  which  agrees  with  the  abovis 
value  of  Inn .  3]  as  nearly  as  can  be  expected  with  the  use  of  fiv©- 
deeimal  logarithms. 

52.  It  not  nnfrequently  happens   that  one  of  the  unknown 
([nantities  is  such  that  the  given  observations  cannot  detertniiie 
it  with  accumcy.     For  example,  in  the  reduction  of  a  nnnihuf  i 
of  observations  of  an  eclipse,  one  of  the  unknown  quantities  is  ft  I 
correction  of  the  moon's  parallax;  but,  unless  the  places  of  ob- i 
servation  be  remote  from  each  other,  the  correction  will  be  very 
uncertain,  and  this  uncertainty  will  affect  all  the  other  quantitiea 
whicli  enter  into  the  equations  of  condition.     In  such  a  ea^e,  tUi* 
unknown  quantity  w^ill  come  out  with  a  small  coefficient,  which 
of  itself  will  reveal  the  existence  of  the  uncertainty  when  it  h 
not  otherwise  anticipated.     In  order  that  this  uncertainty  may , 
not  affect  those  quantities  which  are  well  de6ned  by  the  ob^er-  j 
vations,  it  is  expedient  to  determine  all  the  latter  as  f\inatiofis  of 
the  uncertain  quantity,  which  for  tbat  purpose  must  he  madetbt 
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last  in  the  elimination.  Thus,  with  four  unknown  quantities 
x,  y,  r,  ?(?,  we  proceed  only  as  far  as  the  auxiliaries  denoted  hy 
the  numeral  2;  then,  having  found  the  foctors  A'^  A",  j4'",  J5", 
B''\  C",  by  (73)  or  (75),  if  we  put 

[66.1]  ^[cc. 2]  (     ^    ^ 


—  2'  = 


[en .  2] 


[CO.  2] 

these  will  give  the  values  of  the  unknown  quantities  which  we 
should  obtain  from  the  first  three  nonnal  equations  if  the  last 
unknown  quantity  were  disregarded  or  put  =  0.  Then,  by  (74), 
the  final  values  of  x,  i/,  z^  as  functions  of  the  uncertain  quantity 
W7,  will  be 

x  =  x!  +  A"'w  \ 

y  =1/  +  B"'w  \      (85) 

z  =z!  +  C"'w  ) 

The  values  of  x',  y%  z\  will  thus  be  well  determined,  and  a  sub- 
sequent independent  determination  of  w  will  enable  us  to  find 
the  final  values  of  x,  y^  z.* 

Having  found  the  weights  of  x',  y^,  z*  (which  is  done  as  if  they 
were  the  only  quantities  under  consideration),  and  their  mean 
errors  tj^  e^^  e/,  then,  when  the  quantity  w  is  afterwards  found, 
the  mean  errors  of  the  final  values  will  be 

as  we  find  from  the  equations  (79),  or  by  Art  20. 


CONDITIONED    OBSERVATIONS. 

53.  In  all  that  precedes,  we  have  supposed  that  the  several 
quantities  to  be  found  by  observation,  either  directly  or  indirectly, 
were  independent  of  each  other.  Although  they  were  required 
to  satisfy  certain  equations  of  condition  as  nearly  as  possible,  yet 
they  were  so  far  independent  that  no  contradiction  was  involved 
in  supposing  the  values  of  one  or  more  of  them  to  be  varied  without 


*  For  an  example  in  which  three  unknown  quantities  are  thus  determined  as 
functions  of  two  uncertain  quantities,  see  Vol.  I.  p.  640. 
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YiirjiDg  the  otliers.     By  such  variations  we  should  oliteiu 
temg  of  values  more  or  less  jirohahlc,  hut  all  po»sihlt\ 

There  is  a  second  class  of  pr<>l»h*ins,  in  which,  besides  the 
equations   of  condition  which  the   nnkiJo\^Ti  quantities  are  to 
satifify  tipproxiniatelyj  there  are  ako  equations  of  condition  which  J 
they  must  satisfy  exactly:  so  that  of  all  the  systems  of  valuer] 
wlijeh  may  be  selected  as  approximately  satisfyiug  the  first  kiuAl 
of  equations,  only  those  can  l)c  admitted  as  possible  which  sutislyl 
exactly  the  equations  of  the  second  kind.     The  number  of  these 
rigorous  equations  of  condition  must  be  less  than  the  number  of 
unknown  quantities;    otlierwise  they   would    determine    these 
quantities  indepetidently  of  all  obser\^ations.      These  rigorous 
equations^  thcnj  may  he  satislieJ  l>y  various  possible  systems  of  I 
values,  and  we  can  therefore  express  the  problem  here  to  be  co»-J 
sidercd  as  follows :  Of  all  the  possihk  st^siems  of  vabu^^  which  exocttgl 
sati.sfi/  Ike  ryjorous  equadons  of  comlUion^  to  find  the  most  profjablt^  or  ^ 
that  sf/stem  which  best  saiisfies  the  approrimatc  equations  of  rontfithju 

The  folh^wing  lire  simple  examples  of  conditioned  observation,4»  , 
The  sum  of  the  tlu^ee  angles  of  a  plane  triangle  must  be  IHU**:  tio  | 
that  if  we  observe  each  angle  directly,  and  the  sum  of  the  ol>fiervett 
vahies  differs  from  180°,  these  values  must  be  corrected  so  as  ttt  j 
gatisfy  this  condition.     The  sum  of  the  angles  of  a  sphorical  I 
triangle  must  be  180°  +  spherical  excess.     The  sum  of  all  the  i 
angles  around  a  point,  or  the  sum  of  all  t!ie  difSerenees  of  azimath 
observed  at  a  station  upon  a  round  of  objects  in  the  liorizon.  mti«l 
be  360^, 

The  approxi?nato  conditions  in  these  cases  are  expressed  by 
the  observations  themselves;  for  the  final  vahies  adopt.c<l  mii#t 
correspond  as  nearly  as  possible  to  the  observed  values.  The 
corrections  to  be  applied  to  the  observed  values  are  to  be  re- 
garded as  residual  errors  with  tlieir  nigns  changed  ;  and  the  solu- 
tion of  our  problem  is  involved  io  the  following  statement:  Of 
all  the  s^sienis  of  correctiatis  which  satisf*/  the  rigorous  equatitrnx^  thai  \ 
system  is  to  be  reeeiwd  as  the  most  probable  iii  which  the  sum  of  the 
squares  of  the  residuals  in  the  approxinmte  ajwitioiis  is  *t  nuulinutn^ 


54,  The  general  problem  ns  alcove  stated  may  Ifc  retluced  t« 
that  of  unconditioned  observations,  alreudy  etmsid%*red.  For  l*^t 
\\^  suppose  there  are  m'  rigorous  equations  of  condition,  and  m 
unknown  qnantities.  From  these  m'  equations  let  the  %-aIuea  of 
m*  unknown  quantities  be  obtained  in  terms  of  the  n^nmlntn^ 
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m  —  m'  quantities,  and  let  these  values  be  substituted  in  all  the 
approximate  equations  of  condition ;  then  there  will  be  left  in  the 
latter  only  m  —  m'  quantities,  which  may  be  treated  as  independ- 
ent, so  that,  the  approximate  equations  being  now  solved  by  the 
method  of  least  squares,  we  have  the  values  of  the  m  —  m'  quan- 
tities, with  which  we  then  find  the  values  of  the  first  m'  quan- 
tities. This  is  a  general  solution  of  the  problem;  but  it  is  not 
always  the  simplest  in  practice.  I  shall  illustrate  it  by  a  simple 
example,  before  giving  a  method  applicable  to  more  complicated 
cases. 

Example. — ^At  Pine  Mount,  a  station  of  the  U.  S.  Coast  Survey, 
the  angles  between  the  surrounding  stations  1,  2,  3,  4  were 
observed  as  follows: 


1.2 
2.3 
3.4 
4.1 


Joscelyne— Deepwater 65°  11'  52".500 

Deep  water— Deakyne 66    24  15  .553 

Deakyne— Burden 87      2  24.703 

Burden— Joscelyne 141    21  21  .757 


weight 
3 
3 
3 
1 


There  are  here  four  unknown  quantities  subjected  to  the  single 
rigorous  condition  that  their  sum  must  be  860°.  But,  instead  of 
taking  the  angles  themselves  as  the  unknown  quantities,  we  shall 
assume  approximate  values  of  them,  and  regard  the  corrections 
which  they  require  as  the  unknown  quantities. 
"We  assume 


1.2 
2.3 
3.4 
4.1 


Joscelyne— Deepwater,  65*"  11'  52".5  +  m 
Deepwater — Deakyne,  66  24  15  .5  -f-  a: 
Deakyne— Burden,  87      2  24  .7  +  y 

Burden— Joscelyne,        141    21  21  .8  -f  jr 


the  sum  of  which  must  satisfy  the  condition 

359<>  59'  54".5  +  u7+a?  +  y  +  -2r  =  360*> 
or 

M,  +  a?  +  y  +  -2r  —  5".5  =  0 

The  difference  between  the  assumed  value  and  the  observed 
value  in  each  case  gives  us  a  residual;  and  the  approximate 
equations  of  condition  are,  therefore, 

wj— 0  =0 
X  —  0.053  =  0 
y  —  0.003  =  0 
;5r  +  0.043  =  0 
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We  have  here  but  one  rigoroos  condition  (or  m'  =  1\  and  to 
eliminate  this  we  have  only  to  find  from  it  the  value  of  one  un- 
known quantity  in  terms  of  the  others,  and  substitute  it  in  the 
approximate  equations  of  condition:  thus,  substituting  the  value 


U?: 


—  X  —  y  —  -2?  +  5".5 


our  equations  of  condition,  containing  now  three  independent 
unknown  quantities,  are 

weight 
—  a:  — y  — 2^  +  5".5     =0 
X  —  0  .053  =  0 

y         —  0  .003  =  0       3 
2  —  0  .043  =  0        1 

The  normal  equations,  applying  the  weights,  are  then 

6x  +  3y  +  a?  —  16.659  =  0 
3a:  -f  6y  +  3z  —  16.509  =  0 
ar  +  3y  +  4j  —  16.457  =  0 


which,  being  solved,  give 


whence  also 


X  =  +  0".9675 
y  =  +  0  .9175 
2  =  +  2  .7005 

to  =  +  0.9145 


and  the  corrected  values  of  the  angles  are 
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for  a  more  condensed  process,  let  the  most  probable  values  of  a 
number  (m)  of  directly  observed  quantities  be 

F',  F",  F'",  &c.  ...F^-« 
Let  the  observed  values  be 

M%  M",  W\  &c. . . .  Jf  <«> 
Let  these  observations  have  the  weights 

/,    f,    f\    &c.  ...;><"> 

Let  the  equations  which  the  most  probable  values  are  required 
to  satisfy  rigorously  be  expressed  by 

^'  =/'   (F',F',F'",...)  =  0 
^"  =/"(F',F",F'",  ...)  =  0 

^ni  ^  fw  ^  y,^  Y'',  F'",  . . .)  =  0  (     C^"^) 

&c. 

and  let 

rnf  =  the  number  of  these  conditions. 

Let  the  most  probable  corrections  of  the  observed  values  be 

t/,t/',t/",&c.  ...!;<-> 
so  that 

V'=M'+  i/,        F"  =  Jf "  +  t/',         F"'  =  Jf '"  +  v'",  &c. 

Let  the  values  of  f ',  f ",  f '" . . .  when  the  observed  values  are 
actually  substituted  be  n\  n",  n'"  ...  or 

/'  (Jf',  ilT',  Jbf"',  ...)  =  n' 
/"(ikf',  itf",  ^'",  ...)  =  n" 
/'"  (ikf',  M",  M'", . . .)  =  n!"  \      (^^) 

&c. 

do'      d€D*  da>**     do'* 

Let  the  differential  coefficients  -j^^y  t^'  &c.,  -t??;*  -tft,'  &c.  be 

a  K     a  V  a  V     a  V 

formed ;  substitute  in  them  the  values  M',  M'\  Jf' ...  for  V% 
V\  V'"^  and  denote  the  resulting  values  by  a',  a",  &c.,  6',  6'', 
&c. ;  that  is,  put 

d9'  _  ^,  dip'   _   „  diff  _   „,  . 

^  =  V,       -^:^^",       -^  =  6-,&c. 
dV         '        dV"  '        dV"  ' 

^'-^    ^?::l-c"    ^^-c^"&c 

dF'~    '         dV"  ^    '        dV"'"     ' 
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These  values  of  the  differential  coefficients  will  generally  be  suf- 
ficiently exact ;  but  if  Jtf ',  M"^  M'"  ...  are  found  very  greatly  in 
error,  a  repetition  of  the  computation  might  be  necessary,  in 
which  the  more  exact  values  found  by  the  first  computation 
would  be  used. 

The  values  of  Jtf ',  M"^  M'"  . . .  being  assumed  to  be  so  nearly 
correct  that  the  second  and  higher  powers  of  the  corrections  r', 
r",  v'" . . .  may  be  neglected,  we  have  at  once,  by  Taylor's 
Theorem,  as  in  the  similar  case  of  Art.  40, 


/  =  n'  +  aV  +  a' V  +  a"V"+  . . . .  +  a<-^t7<->  =  0 
^"  =  n"  +  6V  +  6"i;"  +  6"  V"  +....  +  b'^^v^  =  0 

&c.  &c. 


(89) 


which  m'  equations  must  be  rigorously  satisfied  by  the  values  of 

I/,  I'     ,17        ••.. 

The  equations 


r'  —  M'= 0,      v"  —  -If" = 0,      F'"  —  iir'" = 0, 4c. 

are  the  approximate  equations  of  condition ;  or,  more  strictly, 

r'-'M'  =  r',        F"  —  Jtf "  =  r",        F'"  —  Jif '"  =  r"',  Ac 

are  the  equations  of  condition  which  are  to  be  satisfied  by  the 
most  probable  system  of  residuals  r',  i;",  r"' ....  These,  reduced 
to  the  unit  of  weight  by  Art.  41,  become 


(  r  —  M')  y/p'  =  i^i/p\        ( V"  -  3f ")  i/f'  ^  r'V  y ,  Ac.       (90) 
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is  here  conditioned  by  the  equations  (89).    If,  then,  we  differen- 
tiate (89),  the  equations 

a'dv'  +  a"dr"  +  a"  V?;"'  +....  =  0 
h'dv'  +  h"dv"  +  «»"'(?  i/"  +....  =  0 
cfdv'  +  c"cZi;"  +  cf"dv"'  +  ....=  0  (    (^2) 

&c. 

must  coexist  with  (91). 

The  number  of  the  equations  (92)  is  m',  while  the  number  of 
differentials  is  m;  and  since,  by  the  nature  of  the  case,  we  must 
have  m  >  rw',  we  can,  by  elimination,  find  from  (92)  the  values 
of  m'  differentials  in  terms  of  the  remaining  m  —  w!  differentials. 
Let  us  suppose  this  elimination  to  be  performed,  and  that  the 
values  of  the  first  tn!  differentials,  found  in  terms  of  the  others, 
are  then  substituted  in  (91) ;  we  shall  thus  have  an  equation  in 
which  the  remaining  m  —  m'  unknown  quantities  can  be  regarded 
as  independent,  and  the  coefficients  of  these  m  —  m'  quantities 
in  this  final  equation  will  then  severally  be  equal  to  zero.  We 
can  arrive  directly  at  the  result  of  such  an  elimination  and  sub- 
stitution as  follows.  Multiply  the  first  equation  of  (92)  by  A^  the 
second  by  JB,  the  third  by  C,  &c.,  and  also  the  equation  (91)  by 
—  1,  and  form  the  sum  of  all  these  products.  Then,  if  -4,  JB, 
C....are  determined  so  that  m'  differentials  shall  disappear 
from  the  sum  (and  they  can  be  so  determined,  since  it  only 
requires  m'  conditions  to  determine  m'  quantities),  the  final 
equation  obtained  will  contain  only  the  m  —  m'  remaining  differ- 
entials. But,  the  latter  being  independent,  their  coeflicients  must 
also  be  severally  equal  to  zero :  and  hence  we  have,  in  all,  the 
following  m  conditional  equations : 

a' A  -\-VB  -\-cfC  +....— pV  =0 
a'A  +  h"B  +  c"(7  +  . . . .  — /V  =  0 
a!" A  +  5'"^  +  c^'C  +  . . . .  —  /V"  =  0  (    (^^) 

&c.  &c. 

a*  a" 

If  we  multiply  the  first  of  these  by  — » the  second  by  — »  &c.,  and 

add  the  products,  we  have,  by  comparison  with  the  first  equation 
of  (89), 

[y?+[f]^-[T]"+-+»'=» 
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in  which  the  usual  notation  for  sums  is  followed.  In  this  way 
we  can  form  rn!  normal  equations  containing  rn!  quantities^ 
namely, 


+  ■ 
+  . 

+ 


+  n'  =0 
+  n"  =  0 
+  n'"=  0 


(94) 


Ac. 


If  the  observations  are  of  eqaal  weight,  we  have  only  to  put 
p  =  1,  or,  in  other  words,  omit  p. 

The  factors  A,  B,  C are  called  by  Gacss  the  correlaiirts  of 

the  equations  of  condition. 

The  equations  (94)  being  resolved  by  the  usual  method  of 
elimination  (Art.  42),  the  values  of  the  correlatives  found  are 
then  to  be  substituted  in  (93),  whence  we  obtain  directly  the 
required  corrections. 


ff  =y{afA  +brB  +</C  +....) 
tr=l-Aa"A+b"B+<f'C +  ....) 
t/"  =  If,  {(^"A  +  V"B  +  c'T  4- . . . .) 


(95) 
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We  have,  first, 

0'  =  a"  =  rt'"  ==  a»^  =  1 

and  when  M'y  M"^  &c.  are  put  for  F',  F",  4;c.,  we  have  (88) 

n'  =  —  6".487 

As  we  have  but  one  condition,  we  have  also  but  one  correlative 
A;  the  equation  of  condition  is,  by  (89), 

—  5".487  +  v'  H-  t/'  +  t/"  +  v»^  =  0 

and  the  single  normal  equation  may  be  constructed  according  to 
the  following  form : 


p 

a 

an 
T 

3 

1 

i 

8 

1 

i 

3 

I 

i 

1 

1 

1 

[t]= 


2^- 

-5" 

.487  =  0 

A  = 

=  + 

2".7435 

ce,  by  (95), 

Corrected  valnes. 

t/  =  4-  0.9145 

T  =   65<'  11'  53".4145 

t/'  =  +  0.9145 

F"=   66    24  16  .4675 

t/"=  +  0.9145 

F"'=    87     2  25  .6175 

»«'=  4-  2.7435 

r"'=141    21  24  .5005 

360      0     0 

agreeing  with  the  result  found  by  the  much  longer  process  of 
the  preceding  article. 

66.  The  further  prosecution  of  this  branch  of  the  subject 
belongs  more  especially  to  works  on  Geodesy.  For  more  ex- 
tended examples,  see  the  special  report  of  Mr.  C.  A.  Schott  in 
the  Report  of  the  Superintendent  of  the  U.  S.  Coast  Survey  for 
1854,  from  which  the  above  example  has  been  drawn.  Consult 
also  Bessel*8  Gradmessung  in  Ostpreussen  in  1838 ;  Bosenberger, 
in  the  Astronomische  Nachrichieny  Nos.  121  and  122 ;  Bessel,  ibid. 
No.  438 ;  T.  Galloway,  Application  of  the  Method  to  a  Portion 
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of  the  Surrey  of  Eiigbiid,  in  tlie  3Temoirs  of  the  Soi/al  Astronomi- 
cal Socicfj/y  VuK  XV. ;  J,  J.  B-eyeu*s  Kiistcnvenncssmiff  ;  Fischer's 
Geodmsk;  Gkeling's  AusgUkhimgs  Bcchmmgcn ;  Diisnger's  Aus- 
fjlekhmg  der  Beobaektungsfihlcr ;  Liagre,  Calcid  dca  Probabilith; 
and  Gauss,  Suppkmentum  (heorim  comhimttionis^  &c. 


CRITERION    FOR   THE   REJECTION    OF   DOUBTFUL   OBSERVATIONS. 

57<  It  haB  been  already  remarked  (j).  490)  that  the  number  of 
large  errors  oeciirring  in  practice  usiiiilly  exceeds  that  given  by 
theory,  and  tliat  thitj  dii^icrepancy,  instead  of  invalidating  the 
theory  of  purely  ''accidental"  crroris,  rather  indicates  a  douree 
or  sources  of  error  of  an  abnormal  character,  and  calls  for  a 
criterion  by  which  such  abnormal  observations  maybe  exclnded. 
The  criterion  proposed  by  Pix>f.  Peirce*  will  be  given  here  with 
the  iuverftigation  nearly  in  the  words  of  its  author,  and  with  only 
some  slight  changes  of  notation. 

58,  ''In  almost  every  true  ecries  of  observations,  some  are 
foirnd  which  diiFcr  so  much  from  the  others  as  to  indicate  some 
abnormal  source  of  error  not  contemplated  in  the  theoretical 
discussions,  and  tlie  inti*odnction  of  which  into  the  investigations 
can  only  serve,  in  the  present  state  of  science,  to  perplex  and 
mislead  the  inquirer.  Geometers  have,  therefore,  been  in  the 
lialiit  of  rejecting  those  observations  which  appeared  to  them 
lialile  to  unusual  defects,  altbough  no  exact  criterion  has  been 
proposed  to  test  and  authorize  such  a  procedure,  and  this  delicate 
subject  has  been  left  to  the  arbitrary  discretion  of  individual 
computers.  The  object  of  the  present  investigation  is  to  produce 
an  exact  rule  for  the  rejection  of  observations,  which  shall  be 
legitimately  derived  from  the  principles  of  the  Calculus  of  Pro- 
babilities. 

''  It  is  proposed  io  determine  m  a  series  of  m  obsermiions  the  linvt  efi 
error  J  begofid  irhlch  all  observations  involving  so  great  an  error  mag  < 
rejected^  provided  there  are  as  niang  as  n  suck  observations. 

"  The  principle  upon  which  it  is  proposed  to  solve  this  problem  ' 
is,  that  the  proposed  observaiions  should  be  7rjeetai  whni  the  j^rohahiUtg 
of  the  system  of  errors  obtained  bg  7*etaimng  them  is  less  than  that  of 
(he  .ystem  of  errors  obtaincif  hg  their  rejection  multiplied  hg  tfie  proba- 
bilitg  of  making  so  mangy  and  no  more^  abnormal  observaMons. 

♦  Aiifommkal  Journal  (Cftmbridge^  Majs.)^  Vol.  n.  p.  16L 
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"  In  determining  the  probability  of  these  two  systems  of  errors, 
it  must  be  carefully  observed  that,  because  observations  are 
rejected  in  the  second  system,  the  corresponding  observations  of 
the  first  system  must  be  regarded,  not  as  being  limited  to  their 
actual  values,  but  only  as  surpassing  the  limit  of  rejection." 
Let 

fi  =  the  number  of  unknown  quantities, 
771  =  the  whole  number  of  observations, 
n  =  the  number  of  observations  proposed 

to  be  rejected, 
n'=m  —  n,  the  number  to  be  retained, 
J,  J',  J", . . .  J^*^  =  the  system  of  errors  when  no  observa- 
tion is  rejected, 
Jj,  Jj',  Jj", . . .  Jj^*'^  =  the  system  of  errors  when  n  observa- 
tions are  rejected, 
e,  e^  =  the  mean  errors  of  the  first  and  second 
system,  respectively, 
y  =  the  probability,   supposed  unknown, 
of  such  an  abnormal  observation  that 
it  is  rejected  on  account  of  its  magni- 
tude, 
y'  =  1  —  y  =  the  probability  that  an  ob- 
servation is  not  of  the  abnormal  cha- 
racter which  involves  its  rejection, 
X  =  the  ratio  of  the  required  limit  of  error 
for  the  rejection  of  n  observations  to 
the  mean   error  e,  so  that  xe  is  the 
limiting  error. 

The  probability  of  an  error  A  in  the  first  system  will  be,  by  (14) 
and  (21), 

f>j  =  — j==  e    2€« 
ey*Zn 

and  the  same  form  will  be  used  for  the  second  system. 

The  probability  of  an  error  which  exceeds  the  limit  xe  will  be 
expressed  by  the  integral  (Arts.  8  and  12) 

9  MA 
or,  denoting  this  by  if'X, 

2  y%A*iOP       Ali 

4rx  =  — =^^  I       ^    2^dA 
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which,  by  putting  i  ==  —zj  becomeg 


^*=hS\"'' 


*-« 


and  this  may  be  found  directly  from  Table  IX.  by  sabtracting 

n 
the  tabular  number  corresponding  to  i  =  — r^  from  unity. 

The  probability  of  the  first  system  of  errors,  embodying  the 
condition  that  n  observations  exceed  the  limit  xe,  b 


€-'(2r)i-' 


e ui      (4x)» 


in  which  IJ*  =  J*  +  J'*+ (i<">)*;  and  by  (61)  we  have 

2*4*  =  (m  —  /i)  e*,  whence 


'(2r) 

The  probability  of  the  second  system  of  errors  is 


.,-'(2»)l' 


,i(-i.'+rt 


whence 


Putting  then 
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I/—  —  l/— ?^ 


^  ^  wi-  V  (96) 


R   =e*(-'-^)(4x) 


} 


the  limiting  value  of  x,  according  to  the  above  inequality,  must 
be  that  which  satisfies  the  equation 


ili^  R^  =  T^ 


which  giv«8  the  required  criterion. 

The  relation  of  e^  to  e  must  depend  on  the  nature  of  the  equa- 
tions which  correspond  to  the  rejected  observations;  but  it  will 
give  a  sufficient  approximation  to  assume  that  the  excess  of  Id^ 
over  Id^  is  only  equal  to  the  sum  of  the  squares  of  the  errors  of 
the  rejected  observations,  which  gives  the  equation 

(m  —  ft)  c»  —  nxV  =  (m  —  M  —  w)  V 
whence 

\  e  I       m  —  /I  —  n 
which  combined  with  the  above  equation  gives 
m  —  fi  —  nx*      /!r\_?i_ 

Putting,  for  brevity, 


'■•=(!)- 


n 


(97) 


we  find 


x«  —  1  =  ^ ft — ?  (1  ^  ^«)  (98) 


Table  X.A  gives  the  logarithms  of  Tand  i?,  computed  by  (96) 
with  the  aid  of  Table  IX.  We  can,  therefore,  by  successive 
approximations,  find  the  value  of  x  which  satisfies  the  equations 
(97)  and  (98).  Since  i?  involves  x,  we  must  first  assume  an  ap- 
proximate value  of  X  (which  the  observed  residuals  will  suggest), 
with  which  A*  will  be  computed  by  (97),  and  hence  x  by  (98). 

Vol.  IL— 36 
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With  tliis  first  approximate  value  of  x,  a  new  value  of  log  R  will 
be  taken  from  the  table,  with  which  a  second  approximatioD  to 
X  will  be  found.  Two  or  three  approximations  will  usually ' 
found  sufficient. 

In  the  application  of  this  criterion,  it  ia  to  be  remembered! 
that  it  must  not  be  used  to  reject  ?i  observations  unless  it  has  i 
previously  rejected  n  —  1  observations.    Hence  we  must  fij«t  de- 
temiine  the  limiting  value  of  x  for  the  hypothesis  of  one  doubtfu 
observation,  or  n  ^  1,  and  if  this  rejects  one  or  more  observipl 
tions,  we  can  pass  to  the  next  byjiothesis,  n  =  2,  orn  =  8,  tc ; 
and  so  on  until  we  arrive  at  the  limit  which  excludes  no  more 
observations. 

The  above  arrangement  of  the  tables  is  nearly  the  eame 
that  given  by  Dr.  B.  A.  Gould,*  who  was  the  first  to  prej 
such  tables  and  thus  render  the  criterion  available  to  practic 
computers.     The  only  difterence  is  in  my  table  of  Log,  T^  whicl 
I  have  found  in  practice  to  be  more  convenient  than  the  cor 
sponding  one  of  Dr.  Gould. 

Example. — "To  determine  the  limit  of  rejection  of  one  or 
two  observations  in  the  case  of  fifteen  observations  of  the  vcrtit^J 
semidiameters  of   Vmus^   made   by  Lieut.  Herkdon\  with   tl 
meridian  circle  at  "Washiugtonj  in  the  year  1846/'    In  the  redoc 
tion  of  these  observations,  Prof.  Peikce  assumed  two  aoknon 
quantities,  and  found  the  following  residuals  {v) : 


—  0".30 

—  0".24 

—  1".40 

4-  0".18 

—  0  .44 

+  0  .06 

—  0  .22 

-f  0  .89 

+  1  .01 

+  0  .63 

—  0  .05 

+  0  .10 

-j-0  .48 

—  0  .13 

+  0  .20 

We  have  here  m  =  15,  /*  =  2,  [t?r]  =  4,2545,  whence 
4.2645 


«>  = 


18 


=  0,a27a,  e  =  0"-572 


We  first   try  the  hypothesis  of  me  doubtful  observfttioti,  or 
n  =  1.     Assuming  x  =  2,  the  successive  approximatioiis  tamf^ 
be  made  as  follows : 


*  Eeport  of  the  SiiperiDt«ndent  of  the  U.S.  Coast  Sunrejr  for  1864,  App«aJl2,  |b 
181*;  also  Attron.  jQumaly  VoL  IV.  p.  81, 
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2n 


m — n 


m  —  ft.  —  n 


=  12 


l8t  Approx. 
Table  X.A.  log  T    8.404 
«       «      log  12    9.809 

log-    9.096 


log  A»      9.871 
log(l— ^')  9.410 

log  12    1.079 
log(x«  — 1)  0.489 


logx«  0.610 
X  2.02 


2d  Approz. 
8.4044 
9.3062 

9.0982 

9.8712 

9.4098 

1.0792 

0.4885 
0.6106 
2.020 


Hence  xe  =  1".16,  which  excludes  the  residual  1".40. 

We  may  now  try  the  hypothesis  n  =  2.     CommenclDg  again 
with  the  assumption  x  =  2,  we  have- 


log 


_2n_ 
m — n 


m  —  ft- 


18 


logT 
log^ 
T 
B 
logA« 
log  (1  -  X'-) 

n       11  ,11 

-  =  -2  ^^S^ 

log(x'-l) 

logx* 

X 


l8t 

Approz. 

2d 
Approz. 

8d 
Approz. 

8.7210 

8.7210 

8.7210 

9.309 

9.3622 

9.3544 

9.412 

9.3688 

9.3666 

9.819 

9.8027 

9.8051 

9.631 

9.5624 

9.5582 

0.740 

0.7404 

0.7404 

0.271 

0.8028 

0.2986 

0.457 

0.4788 

0.4756 

1.69 

1.784 

1.729 

4th 
Approz. 

8.7210 
9.8553 

9.3657 

9.8048 
9.5587 

0.7404 

0.2991 
0.4758 
1.7295 


Hence  xe  =  0".989,  which  excludes  the  residuals  1''.40  and  1".01. 
If  we  now  try  the  hypothesis  n  =  3,  we  shall  find,  in  the  same 
manner,  xe  =  0".887,  which  does  not  exclude  the  residual  0".63 : 
so  that  the  residuals  1".40  and  1''.01  are  in  this  case  the  only 
abnormal  ones.  Rejecting  these  residuals,  we  shall  now  find 
e,  =  0".339.* 

59.  In  order  to  facilitate  the  application  of  Pbircb*s  Criterion 


*  For  another  ezample,  in  which  there  were  four  unknown  quantities,  and  in 
which  the  criterion  was  very  usefUl,  see  p.  207  of  this  Tolume. 
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in  the  cases  most  commonly  occurring  in  practice,  Table  X.  (first 
given  by  Dr.  Gould)  has  been  computed  by  the  aid  of  the  log  T 
and  log  -R,  according  to  the  preceding  method. 

The  first  page  of  this  table  is  to  be  used  when  there  is  but 
one  unknown  quantity  (ji  =  1),  or  for  direct  observations.  It 
gives,  by  simple  inspection,  the  value  of  x*  for  any  number  of 
observations  from  3  to  60,  and  for  any  number  of  doubtful  obser- 
vations from  1  to  9. 

The  second  page  is  used  in  the  same  manner  when  there  are 
two  unknown  quantities  (ji  =  2). 

Example. — Same  as  in  the  preceding  article. — Having  found, 
as  above,  e*=  0.3273,  we  first  take  from  Table  X.  for  /ti  =  2  the 
value  of  X*  corresponding  to  m  =  15  and  n  =  1,  and  find 

x»  =  4.080,  whence  xV  =  1.3854,        xe  =  1".16 

which  rejects  the  residual  1".40. 

Then,  with  m  =  15,  n  =  2,  we  find,  from  the  same  page. 


X*  =  2.991, 


xV  =  0.9790, 


xf  =  0".989 


which  rejects  the  two  residuals  1".40  and  1".01. 
Passing,  then,  to  the  hj^pothesis  n  =  3,  we  find 

x*  =  2.403,  xV  =  0.7865,  x<  =  0".887 

which  does  not  exclude  any  more  residuals. 

60.  The  above  inveatiEratiDn  of  the  crit<iric 
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(the  value  of  which  is  given  in  Table  IX.  A)  represents,  in  general, 
the  number  of  errors  less  than  a  =  rt'  which  may  be  expected  to 
occur  in  any  extended  series  of  observations  when  the  whole 
number  of  observations  is  taken  as  unity,  r  being  the  probable 
error  of  an  observation.  If  this  be  multiplied  by  the  number  of 
observations  =  wj,  we  shall  have  the  actual  number  of  errors  less 
than  rt'\  and  hence  the  quantity 

m  —  m.  e{pt')  =  m  [1  —  e(j}t')'\ 

expresses  the  number  of  errors  to  be  expected  greater  than  the 
limit  rt\  But  if  this  quantity  is  less  than  J,  it  will  follow  that 
an  error  of  the  magnitude  W  will  have  a  greater  probability 
against  it  than  for  it,  and  may  therefore  be  rejected.  The  limit 
of  rejection  (/a  single  doubtful  observation^  according  to  this  simple 
rule,  is,  therefore,  obtained  from  the  equation 

i  =  m  [1  ~  0(/>r)] 
or 

©0'*')=?^  (99) 

If  we  express  the  limiting  error  under  the  form  xe,  e  being  the 
mean  error  of  an  observation,  we  shall  have 

X  =  ^  =  0.6746r  (100) 

With  the  value  of  ©(/><')  given  by  (99),  we  can  find  t'  from  Table 
IX.A,  and  hence  x  by  (100). 

Example. — To  find  the  limit  of  rejection  of  one  of  the  obser- 
vations given  on  p.  662.  We  there  have  m  =  16,  e  =  0".572 ; 
and  hence,  by  (99),  Q{pt')  =  0.96667,  which  in  Table  IX.A  cor- 
responds to  <'=  3.165,  whence,  by  (100),  x  =  2.128,  xe  =  1".22, 
which  agrees  very  nearly  with  the  limit  found  by  Peirce's 
Criterion. 

By  the  successive  application  of  this  rule  (with  the  necessary 
modifications),  it  may  be  used  for  the  rejection  of  two  or  more 
doubtful  observations,  and  I  have,  by  means  of  it,  prepared  a 
table  which  agrees  so  nearly  with  Table  X.  that,  for  practical 
purposes,  it  may  be  regarded  as  identical  with  that  table.  For 
the  general  case,  however,  when  there  are  several  unknown 
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quantities  and  several  doubtful  observations,  the  modifications 
which  the  rule  requires  render  it  more  troublesome  than  Pbibce's 
formula,  and  I  shall,  therefore,  not  develop  it  further  in  this 
place.  What  I  have  given  may  serve  the  purpose  of  giving  the 
reader  greater  confidence  in  the  correctness  and  value  of  Peirce's 
Criterion. 


TABLES. 


For  the  explanation  of  the  construction  and  use  of  these  tables,  con- 
sult the  articles  referred  to  below. 

Table    I.  Mean  Eefraction.    (Explanation,  Vol.  I.  Art.  107.) 

"       II.  A,  B,  C,  D,  B,  and  F,  Bessel's  Eefraction  Table.  (Vol.  I. 
Arts.  107,  117,  119;  and  Vol.  II.  Arts  294,  295.) 

"     III.  Eeduction  of  Latitude  and  Logarithm  of  the  Earth's 
Eadius.    (Vol.  I.  Arts.  81,  82.) 

«      IV.  Log  A  and  Log  B,  for  computing  the  Equation  of  Equal 
Altitudes.     (Vol.  I.  Arts.  140,  141.) 

"       V.  Eeduction  to  the  Meridian.    Values  of 

tn  = =—      and      n  = ^— 

sinl"  sinl" 

(Vol.  L  Arts.  170, 171.) 

"     VI.  Logarithms  of  m  and  n.    (Vol.  I.  Arts.  170, 171.) 

"    VII.  A  and  VII.  B.  Limits  of  Circummeridian  Altitudes.    (Vol. 
L  Art.  175.) 

"  VIII.  and  VIII.  A.  For  reducing  transits  over  several  threads 
to  a  common  instant.    (Vol.  II.  Arts.  173, 187.) 

'*      IX.  and  IX.  A.  Probability  of  Errors.   (Appendix,  Arts.  12, 14.) 

X.  and  X.  A.  Peirce's  Criterion  for  the  Eejection  of  doubtful 
Observations.    (Appendix,  Arts.  58, 59.) 
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TABLES  FOR  CORRECTINQ   LUNAR    DISTANCES. 

"      XI.  Dip  of  the  Sea  Horizon.    (Vol.  I.  Art.  124.) 

*'    XII.  Augmentation  of  the  Moon's  Semidiameter.    (Vol.  I.  Art. 
130.) 

«  XIII.  Correction  of  the  Moon's  Equatorial  Parallax.    (Vol.  I. 
Art.  97.) 
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Table  XIV.  Mean  Reduced  Refraction  for  Lunars.    (Vol.  I.  Art.  249.) 

"  XIV.  A.  Correction  of  the  Mean  Refraction  for  the  Height  of 
the  Barometer.    (Vol.  I.  Art.  249.) 

"  XIV.  B.  Correction  of  the  Mean  Refraction  for  the  Height  of 
the  Thermometer.     (Vol.  I.  Art.  249.) 

"  XV.  Logarithms  of  A,  B,  C,  D,  for  correcting  Lunar  Dis- 
tances.   (Vol.  I.  Art.  249.) 

"  XVI.  Second  Correction  of  the  Lunar  Distance.  (Vol.  I.  Art 
249.) 

<«  XVn.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dis- 
tance  for  the  Contraction  of  the  Moon's  Semidiameter. 
(Vol.  I.  Art  249.) 

«  XVIII.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dis- 
tance for  the  Contraction  of  the  Sun's  Semidiameter. 
(Vol.  I.  Art.  249.) 

"  XIX.  For  finding  the  value  of  N  for  correcting  Lunar  Dis- 
tances  for  the  Compression  of  the  Earth.  (Vol.  L 
Art.  249.) 

^*  XX.  Correction  required  on  account  of  Second  Differences  ol 
the  Moon's  Motion,  in  finding  the  Greenwich  Time 
corresponding  to  a  Corrected  Lunar  Distance.  (VoL 
I.  Art.  66.) 


n 
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P 
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^^^^1 

20 
40 

0  58.0 
0  59,6 

40 
&0 

'   57'» 
1  sii 

40 
60 

5    'r^ 

3  >8'4 

60 
66 

5  «f » 

5  i*7! 

60 
66 

9  36  » 

9  440 

^H 

46    0 

t     0,3 

64     0 

I   58.0 
t   59.8 

74    0 

3  105 
3  22.6 

80     0 

5  »9'* 

85     0 

9  5* 

^^^1 

20 

1        I.O 

10 

10 

6 

5  21.7 

m  0 

ti  44 

^^^^^ 

40 

1     1.7 

20 

2    0.7 

20 

3  *4^8 

10 

S  *4-3 

87     0 

\t\l 

^^^^^ 

47     0 

1     2.4 

m 

2     1.6 

30 

3  »7't 

16 

5  *7'0 

88     0 

^^^^^^ 

20 

1     3.2 

40 

2      2.5 

40 

3  19  4 

20 

5  29.6 

89     0 

*4  54      ' 
36  29 

^^^^1 

40 

I     3-9 

&0 

a     3-4 

60 

3  317 

26 

5  3M 

90     0 

^^^H 

46    0 

1     4-7 

65     0 

2    4.4 

75     0 

3   34^' 

80  SO 

5  3S  » 

^H 

k 

m 

t 

tabu:  n,    Bessel's  Befraotion  Table. 


A. 

B* 

C, 

Arg.  App,  Z.  D. 

Arg.  True  E,  D, 

Ai^,TTw%.n. 

Log* 

A 

A 

Log.' 

A' 

V 

Loe." 

A^ 

k' 

0^  if 

1.76156 

2. 

S 

10 

1.76143 

6 
>3 

6  44S«    ! 

10    0 

1^76154 

1.76141 

m  0 

1.76149 

176115 

6  4456    . 

6-4451  ; 
6-4449  i 

30     0 

1,76139 

9 

1.76122 

35     0 

1.76130 

I.76112 

10 

40    a 

I.76119 

1 1 
"5 

1 1  76099 

*3 
19 

6,4446  3 

45     0 

1.76104 

4 
4 
4 
S 

5 

5 
6 
6 

i.oozS 

1,76080 

5 
S 

1,0015 

6-4441    ^ 
6  4419    - 

6-4437    , 

i^oos 

46     0 

1,76100 

1.0019 

1-76075 

I.OOI] 

•.OQS 

4T    0 

K76096 

1.0019 

1,76070 

1.0014 

:.i2 

48     0 

K76092 

1,0020 

1.76065 

5 

6 

6 

6 

7 
8 
8 

1.0015 

64436    ^ 
6.4434 

64433    a 

40    0 

1.76087 

rooii 

1.76059 

1.0015 

1.004 

50     0 

1.76082 

1.0023 

1.76053 

1.0016 

t.oo4 

'  51     0' 

1,76077 

1.0025 

1.76047 

1. 0017 

6-4431    a 

t,oc-» 

52     0 

1,76071 

1.0026 

J. 76040 

1,0018 

64419    , 
6.4418    ; 

1,007 

53    0 

1,76065 

7 

1.0027 

1.76032 

1.0019 

i.oqI  r 

54    0 

1.76058 

1,0029 

1/76024 

1. 0021 

6.4425    ^ 

t.oof 

8 

10 

55     0 

1.76050 

8 

1,00^1 

1. 76014 

10 
11 
12 
*4 

1.0024 

6.4422 
6.4419    I 

l.«09 

50     0 

1  76042 

9 

10 

1,0034 

1.76004 

1,0026 

f  -ir  '! 

57     0 

1,76035 

1.0037 

1-75993 

1.0028 

64416    I 

6.4411  2 

;  1 

'  5B     0 

1.76013 

It 

1,0040 

1.75981 

1.0030 

i.ji; 

50     0 

1,76012 

1,0043 

1.75967 

t.0052 

I.OI| 

II 

14 

60    0 

1,76001 

'3 
»5 

16 

1.0046 

|>-7S953 

16 
18 

1.0035 

6  44<H    . 
6-44<»0    * 
6-4195    \ 
6.4390    1 
6  43^4    ^ 

1.014 

61     0 

i.759«8 

1.0049 

1*75937 

1.0038 

1.015  1 

tn   0 

'•75973 

1.0054 

i.759"9 

20 

1.0041 

^   t  Cl6    1 

03    <» 

''7S9S7 

18 

1,0058 

1,75899 

1,0044 

ICI* 

04     0 

>  75939 

I.oo6| 

1.75877 

1.0048 

I.OI9  , 

%Q 

*5 

65     0 

1.75919 

22 

1,0068 

1,7585a 

28 

t.0052 

64378    J 
6.4370    • 

i.QilO 

60    0 

1,75897 

26 

1.0075 

1.75824 

V 
36 

40 

1.0058 

l»Ott 

67     t) 

1.75871 

29 

33 

1,0083 

«  75793 

1.0064 

^436*    ' 
6-4351  \l 
6  4SI9  '* 

•  .«H 

1  68     0 

1.75841 

1.0091 

1-75757 

1.0071 

t.M* 

6t»     0 

1.75809 

1.0101 

1-75717 

1.0079 

i.mS 

3» 

47 

1] 

70     0 

1  7577" 

45 
5' 

60 

I.Ot 11 

1.75670 

55 

63 
74 
88 

t.oc88 

6-4J16 

Msit  J 

6.419*  I? 

top  ■ 

71     0 

1.75726 

1.0124 

1. 75615 

1.0099 

I-D)4 

rz    0 

1-75675 

1,0139 

1  7555* 

t.oito 

1,03*    , 

7:i    0 

<  75615 

72 

1.0156 

1.75478 

1.0123 

6-4171  l[ 
6.4i4<*^ 

|.^ 

74     U 

*  7S543 

1.0175 

1-75390 

1.0140 

t.Of]    ^ 

86 

106 

a 

75     0 

'•75457 

16 

t.0197 

1*75184 

«9 
20 

1.0155 

6.4ii«      1 

6  4114  i 
6.4210  J 
6.4*05    I 
6.4200    1 
64194 

1.047 

10 

I  7544" 

16 

1.020Q 

1-75165 

1.0158 

i.04i  \ 

2t> 

«-7S4i5 
1-75408 

17 

i7 
iS 

1.0204 
1.0208 

"'75145 
1.7^115 

20 
21 

i,oi6i 
t.0164 

»  049  1 
1.050 

40 
50 

'7519* 
1-75373 

i.oiia 

].02t6 

1-75104 
t.7S>82 

22 

1,0167 
1.0170 

I.OJ2 

1 8 

»3 

70     0 

10 
20 

i«'75355 
'75336 
i.753»6 

'9 

10 

1.0220 

1.0225 
1.0230 

1-75159 
1,75136 
1-75111 

13 

1  OI71 
I.OI77 
t.oiSo 

6.4188 
6.4181    ^ 
64174    I 

lo$4 

1  055 
1  017 

80 

'75^95 

21 
21 
22 

1.0235 

1.75087 

27 
*7 

1,0184 

641^    I 

'  i&a 

40 

1,75274 

1. 0241 

1,75060 

i.oi88 

6,4160    I 
6,4151    ^ 

1  «^>9 

60 

1.75151 

1.0246 

1-75033 

1.0191 

l.c^l  1 

*3 

18 

a.997,  t  o42  \ 

77     0 

1.75229 

1.0026 

1,0252 

J.  7  5005 

0.9975 

1,0197 

64145 

»fS 


^^^           TABT.E  II.    Beasel's  Refraction  Table.             ^f^^^^B 

Il 

A. 

H. 

c. 

^H 

Zcfi, 
I>i«t. 

Aric.  Ari>.  K.  D, 

Arf;.  True  7..  Di 

Arjf.  Tmi!  Z.  D, 

I 

I*ff«         ' 

A 

k     ' 

Log  a' 

A' 

A' 

Log  a'' 

A*' 

A"      ' 

7T°  0' 

«*7S"9    ,. 

1.0026 

1.0253 

».75oo5 
1  74976    J 
1-74945    :. 

0.9975 

1,0197 

6.4145    - 
6.4138    I 
6.4130    I 

0.997' 

1.061 

10 

»-75ioS    j^l    10026 
1.75180    ^5     ,0037 

i.75»SS    J     1.0027 
»-75»^9    -g     *.oo28 
1.75101         1    f.0029 

1.0258 

0.9974 

1.0202 

0997 

1064 

^^^^H 

2r> 

1.0264 

0.9973 

1.0108 

0.997 

1,066 

^^^^H 

m 

1.0272 

1-74914    ^, 
1,74882    3^ 
1.74848    34 

0.9971 

2.0213 

0,996 

1.067 

^^^^H 

40 

1.02$1 

0,9971 

1,0219 

6.4114    I 

6.4106    ^ 

0.996 

t.069 

^^^^H 

60 

t.0290 

0.9970 

1.0126 

0.996 

1. 071    ' 

^^^^H 

29 

35 

9 

^^^^^^H 

T8     0 

'•7507*            1-003Q 

1.0299 

1.74813      6 
'-74777    3^ 

t-74740  ^; 

0.9970 

1.0234 

6,4097 

0.996 

1.073 

^^^^H 

10 

' -75043    ,2'    *''^°>'' 

1.030^ 

0.996^ 

1.0241 

6.4088    9 
6.4078  \l 
64067 

0.996 

1,075 

^^^^1 

20 

r. 75013    ^_     i'Ooji 

1.0318 

0.9968 

1.0149 

0.996 

1.076 

^^^^H 

m 

« -74981    I.     1.0032 

1,0318 

1-74701  I] 

0.9967 

1.0157 

0.996 

1.078 

^^^^H 

40 

1-74947    ;^     J  0033 

1.0338 

1.74660  I 
1^74617  *^ 

09967 

1.0265 

6,4056  ; 
6.4044'" 

0,996 

1. 080 

^^^^H 

50 

1. 74911    35     1,0034 

1.0347 

0.9966 

1.0273 

0.995 

t.o8a 

^^^^H 

36 

44 

12 

^^^^^^1 

70     0 

1.74876 

1.003s 

1.03S7 

^•74573  ^ 

'•745^7    ll 
'-74478    ^l 
1,74418    11 

0,9^65 

1.0281 

6,4019  ] 

6  39V    t 

'■J976    5 
6.396Z  •♦ 

0.995 

1,085 

^^^^1 

10 

K74839    37 
»• 74799    X. 
» '74757    ;, 

1.0036 

i.0367 

0,9964 

1.0289 

0.995 

1.087 

^^^^K 

20 

1.0037 

1.0377 

0,9963 

1,0196 

0.995 

1.089 

^^^^H 

30 

1,0038 

1.0387 

0.9962 

1.0304 

0-995 

1.091 

^^^^H 

40 

.  747i4    ^ 
1.74670    ^ 

1.0039 

1.0398 

1-74376    5J 
1,74321     55 

0.9961 

1.0311 

0.995 

1.094 

^^^^H 

50 

1.0040 

1.0409 

0.9960 

1.0320 

0.994 

1.096 

^^^^H 

"♦7 

.       58 

■5 

^^^^^H 

go    0 

»  746^3 
i-74573    1^ 

.74468       3 
»  7435* 

1.0041 

1.0420 

1  74163     ^3 

0.9958 

10329 

*  "+7  16 

0,994 

1,099 

^^^^H 

10 

1.0042 

1.043 1 

1.74103     11 

09957 

1.0337 

«-393'    ! 

0.994 

1  101 

^^^^H 

2ri 

1.0043 

1.0442 

1.74H1    l^ 

0-995S 

1,0346 

«39i4    ' 
«.3«95    ' 
6.3876'' 
6.3856" 

0,994 

M05 

^^^^H 

ao 

i.oo45[ 

1.0454 

174075 

1-74005  ; 

1-73933    ^ 

0.9954 

1,0354 

0.993 

1,108 

^^^^H 

40 
50 

1,0046 
1.0047 

t.0466 
1.0479 

0.9952 
0.9951 

t.0363 
1.0372 

0.993 
0.993 

I. Ill 

t.115 

^H 

H 

0        76 

10 

^^^^^^H 

it     0 

1.74-88 

1,0049 

1.0493 

1-73857    g 

0.9949 

1,0382 

'■3!jSo 

0.993 

1. 119 

^^^^H 

m 

1.0050 

1.0508 

1.73777  Vt 

0.9948 

1.0393 

6.58.6^° 

0.992 

1.123 

^^^^H 

20 

'74155   " 

..74o«3    ^^ 
1  74007    11 

i.o<:>52 

1.0523 

I  73691    ll 

-73605  ^; 

^•735*4    ^i 

0.9946 

1,0404 

«-379s! 

6.3774  ;i 

0.992 

1.117 

^^^^H 

80 

1.0054 

1.0540 

0,9944 

1,0416 

0.992 

1.131 

^^^^^ 

40 

1.0056 

i.05S<; 

0.9942 

1,0429 

6.37S»" 
6.3718  ** 

0.991 

1.136 

^^^^H 

1         50 

1.739^8    79 

J. 0058 

t.0579 

1.73417    9/ 

0,9940 

1.0444 

0.991 

1.141 

^^t 

83 

103 

36 

^^^^^^M 

B2     0 

1  7384s    go 
I  73757    " 
'•73663    11 

1.0060 

1.0600 

» -7  3107;°; 

0.9938 

1.0459 

6.5674" 

0.991 

1.146 

^^^^H 

10 

t.0062 

1,0622 

0.9936 

1.0476 

0.990 

1.151 

^^^^H 

20 

f.0065 

1.0646 

'•73095      t 

0.9934 

t.0493 

6.36435; 
6.J6..3* 

0.990 

1.156 

^^^^H 

30 

1  73564,^^ 

1.0067 

1,0671 

i.71974  ;^ 

i -71846  :! 
1.72711  '^^ 

0,9931 

1.0511 

0.989 

1,161 

^^^^H 

40 

'•73459    ^5 

1^73347*' 

1.0070 

1.0697 

0.9929 

1,0531 

6-3S7S  11 
6.3544  '♦ 

0.989 

1,167 

^^^^H 

60 

1,0073 

1.0725 

0.9926 

1.0552 

0.988 

\  1.171 

^^^^H 

118 

,  141 

.J6 

1 

^^^^^H 

83     0 

1  73^19,,. 

1.0075 

1.0754 

1 71569... 

0.9924 

10573 

6.3508  „ 

0.987 

'1,178 

^^^^H 

10 

»  73105    't 

J. 0078 

1.0784 

1.714«S    5' 

1-71156    J^ 

0.9920 

1.0574 

6.3469]' 
6.34»7** 

0.986 

..183 

^^^^H 

iiO 

I  74974  , |_ 

1.0081 

1.0815 

0.9917 

1.0617 

0.985 

I.t88 

^^^^H 

30 

«  7x832    ^J 
,.7a68r     SI 

1715*9 

1.0084 

1.0846 

1.71083    7 
1. 71902'** 
1,71708'^ 

0,9913 

1.0640 

6.3184*° 

0.984 

»  >93 

^^^^M 

40 

t.oo88 

1,0879 

0,9909 

1.0664 

0.983 

1-199 

^^^^H 

50 

1.0092 

1.0914 

0.9905 

1.0688 

0.982;  1.104 

^^^^H 

^'73 

1                ao9 

53 

1 

^^^^^^H 

81     0 

t-72346  ^,|    1.0096 

1.0951 

i-71499.^. 

0.9901 

I  0715 

6.3»3'  „ 

0,981 

1  '^^09 

^^^^H 

lu 

171160  ;J 

1    I. 0100 

1.0992 

,,71176  "3 

0,9897 

1.0742 

63'74" 

0.980 

1  214 

^^^^H 

20 

.7.96.  n 

1 71 749  „_ 

1.0105 

1.1036 

..7.037^^ 

0.9893 

*  1.0771 

63"5| 
6.305»4J 
6.987*1 
6.1919 

0.979 

1. 219 

^^^^1 

30 

I.OtIO 

t.ioSi 

1.70782^55 

0.9888 

t.oSoi 

0,977 

,  1  114 

^^^^H 

1 

40 

1.71^79 

i  1.0115 

1.1130 

1-70509:;^ 

0.9881 

1.0834 

0.976  1.228 

^^^^H 

JK) 

i     I.OllI 

1.117a 

,1.70216^93 

0.9876 

1.0868 

0.974 

1.231 

^^^^H 

259 

1 

314 

7» 

i 

^^^^^^H 

85     0 

1.71020 

1.0127!  J. 1229 

1.69902 

0.9870 

1.0903 

6.»g47 

0.973;  1.137 

1             ' 

^H 

^^H 

TABLE  n.    Bessel's  Refraction  Table. 

D.  Factor  lirpenrling  upon  the  Barometer. 


VagB 

Logi» 

Fri'nrli 

ho^M 

rgwA 

1-t* 

315 

—  P.0144S 

27.5 

—  0.03191 

0.725 

—  0.01560 

0.7W 

-f  6.OQ4IS 

3111 

—  o.oajo? 

27,ft 

—  0.03033 

0.726 

—  0.01500 

o,7ei 

H-  ^00545 

317 

—  0»01170 

27,7 

—  0.01876 

0.727 

—  0.01440 

o.7ra 

4-  0.00^01 

318 

0»020J5 

27,8 

—  0.01720 

0.728 

—  0.01380 

(I.7M 

-h  0.00459 

310 

—  0.01897 

27,0 

—  0.01564 

0.720 

—  0.01311 

0.7M 

-f-  OwO0?t4 

3'iO 

—  0.01761 

28.0 

—  0.02409 

O.730 

—  0.01161 

0.7«& 

4-  0,0077^ 

321 

—  0.0161; 

28,1 

—  0.01254 

0.731 

^  0.01201 

0.764I 

4-  o.ocf  ;* 

32i 

—  0,014.^ 

28/2 

—  0.01099 

0.732 

—  0.01141 

0,7«T 

4^  o.C'i-ii* 

323 

—  0,01356 

28,3 

—  0.01946 

0.733 

—  0.01083 

o.76a 

4^   OwC-vfl 

321 

^  o.oiast 

28,4 

—  0.01793. 

0.734 

—  0.01024 

0,7W 

4-  «xoo99^ 

32.> 

^^  0.01088 

28.5 

—  0.01640 

0.735 

—  0.00965 

0,770 

4^  CI01C34 

326 

—  0.00954 

28.fi 

—  0.01488 

0.73fi 

—  0. 00906 

0.771 

4-  0.01111 

327 

—  0.00821 

28.7 

—  0.01336 

0.737 

—  0.00S47 

o*rrm 

4-  e.ctfM 

328 

—  0-00689 

28.8 

—  0.01185 

0.738 

—  0.00788 

a,77« 

4-  0.01 11 5 

32!1 

—  0,00556 

28.0 

—  00103^ 

O.730 

—  0.00719 

O.TT# 

4-  0,Cir*i 

330 

—  0.00415 

20.0 

—  0.00885 1 

0.7  10 

—  0.00^70 

O.T7^ 

4-  o.ctir 

331 

—  0.00293 

20,1 

—  0.00735 

0.741 

—  0.00612 

0,770 

-h  ooijfj 

332 

—  0.00161 

20.2 

—  0.00586 

0.742 

—  0.00553 

0.777 

4.  0.01449 

333 

—  0.00031 

20.3 

—  0.00438 

0.743 

—  0.00494 

0.77II 

4-  a.ai,'=; 

334 

-f"  0,00099 

20.4 

—  0.00290 

0.744 

—  0.00436 

0,77t 

4-  o.oif^- 

335 

-f  0.00118 

20,5 

—  0.00141 

0.743 

—  0.00378 

0.7M 

4-  0.01  ^.i> 

330 

-h  0.00358 

20.G 

-f-  a.00005 

0.745 

—  0.00319 

0.781 

4-  C,  C  3  ^  -  ; 

33T 

H-  0.00487 

20.7 

4-  0.001 5 1 

0.717 

—  0.00261 

0.783 

4-  ©CI-;- 

33<^ 

-j-  o.oc6i6 

20.8 

-J-  0,00197 

0,748 

—  0.00103 

0.783 

4-  O-C  1  '  *  : 

3311 

-h  0.00744 

20.0 

+  0.00443 

O.740 

—  0.00145 

0.784 

-^    0    C  J  *   T  » 

340 

■j-  0.00S71 

30.0 

+  0.00588 

0,750 

—  0.00087 

0,785 

::;    ".  1  «   .4 

311 

-f  0  00999 

3a,i 

4-  ao0732 

0.75 1 

—  0.00029 

O.7M0 

—    C    ^|-y4y     j 

342 

-j-  0.01117 

30,2 

4-  0.00S76 

0.752  1 

4-  0.00018 

0.787 

-^   O.CICC4 

343 

f  0.01253 

30.3 

4-  0.01010 

0.753 

4-  0.00086 , 

0.788 

-f  OWCIQ59 

341 

-f  0.01380 

30.4 

-j-  0.01163 

0,754 

4-  0,00144 

0,780 

4-  0.c:iu 

315 

-f-  0.01506 

30.5 

4-  0.01304 

0.755 

-f   0.002CI   , 

0.700 

4*  iOuciit', 

3-16 

-j-  o,oi6p 

ao.a 

-h  0.01448 

0,756 

-\-  0.00259  j 

0,701 

4-  o-c:::^ 

347 

-1    0,017^7 

:io,7 

-f  0,01589 

0.757 

4-  0,00316 

0.702 

4-0-I-- 

348 

-f  0.01882 

30.8 

+  0.01731 

0.758 

-f  aoo|74 

0.703 

-Ko.c:-4 

340 

4-  0.01007 

30.0 

H-  0.01871 

O.750 

+  0.004J1 

0.704 

-h  o,c:-,»  . 

3r>o 

4"  0.02131 

31.0 

-|-  0.02012 

Ow7fM> 

4-  0.00488 

0.705 

-L  0  :-.*4^ 

E>  Factor  depend tnf^  upon  the  A f inched  ThtrmmnHer, 


CT.>  F^rrnhrlt.    (K.)  Rteamar.    (CL)  Cctiticm^ik. 

F. 

i^r 

R. 

Wf 

c. 

wr 

—  30** 

4-  0.00242 

—  35° 

+  0.00308 

—  35° 

+  0,0014^ 

—  20 

4-  0.00103 

—  30 

4-  0.00264 

—  30 

+  o.ooiit 

—  10 

4-  0.00164 

—  25 

4-  O.OOIJO 

—  25 

4-  0.00176 

0 

4-  0.00115 

—  20 

4-  0.00176 

—  20 

4-  0,00140 

+  10 

4^  0.00086 

—  15 

4-  0.0Q131 

—  15 

+  0.00105 

20 

4-  0.00047 

-*  10 

-h  0.00088 

—  10 

+  O.OOOTO 

30 

4-  0.00008 

—    5 

+  0.00044 

—    5 

+  0,00035 

40 

—  0.00031 

0 

0,00000 

0 

0,00000 

50 

—  0.00070 

+     5 

—  0,00044 

+     5 

—  0.000|| 

I          60 

—  0.00109 

10 

—  0,00088 

10 

O.0OOTO 

7a 

—  0.00148 

15 

—  0.00131 

15 

—  0^00105 

80 

—  0.00186 

20 

—  0.00175 

20 

—  0.00140 

00 

—  0,00115 

25 

—  0.00118 

%& 

^•0.00171  1 

100 

—  0.00164 

30 

—  0,00162 

30 

—  0,00110 

35  . 

*—  0.00305 

33 

—  0.00144  \ 

Log  ^  ^  log  ^  +  k»f  r. 
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■ 

i          TABLE  n.    Bessel 

's  Refraction  Table. 

■ 

B^^^ 

F.    Factor  dtfenilht^^  i*pon 

(he  Extertial  Utcrnwmeier. 

^^^H 

(7.)  Fttlirtuhert,    <R-)  R^nmur.    (C)  OntJgnMfc. 

^M 

F, 

LcMir 

F. 

i^y 

R. 

1^7 

a 

U«t 

H 

-20« 

+  0.06279 

«^ 

4-  0.0H85 

-35« 

4-  0.08990 

—  35° 

4  0,07373 

—  IS 

-\-  0.061 8 1 

30 

4-  0,01098 

—  30 

+  0.07829 

—  30 

4-  0.C6476 

^^^^H 

—  IB 

-1-  0.06083 

37 

4-  O.OIOII 

—  25 

+  0.06698 

—  25 

-H  0,05596 

^^^^H 

—  IT 

+  0.05985 

38 

4-  0.00924 

—  24 

4  0.06476 

—  24 

4    0.05423 

^^^^H 

—  10 

+  0.05887 

39 

+  0.00837 

^23 

-h  0.06254 

—  2:1 

-f  0.05249 

^^^^H 

—  15 

-f  0.05790 

40 

4-  0.00750 

—  22 

4-  0.06034 

—  22 

4  0.05077 

^^^^H 

—  14 

-f  0.05693 

41 

-j-  0.00664 

—  21 

4-  0.05815 

—  21 

4-  0.04905 

^^^^H 

—  13 

-h  0  05596 

42 

-f  0.00578 

-^20 

H   0.05596 

—  20 

4  0.04734 

^^^^H 

—  18 

+  0.05500 

43 

4-  0.00492 

—  19 

4-  0.05379 

—  10 

+  0.04564 

^^^^H 

—  11 

4-  0.05403 

44 

-j^  0.00406 

—  18 

4  0.05163 

—  18 

-f  0.04394 

^^^^H 

—  10 

+  0.05307 

45 

4-  0.00320 

—  17 

4-  0.04948 

—  17 

-f  0.04225 

^^^^H 

—    9 

-f  0,05211 

40 

-f  0.00234 

«  10 

-h  0,04734 

—  10 

-h  0.04057 

^^^^H 

—    8 

4-  0.05115 

47 

4"  0.00149 

—  15 

-(-  0.04522 

—  15 

+  0.03889 

^^^^H 

—     7 

•j-  0.05020 

48     ' 

4-  0.00064 

—  14 

-f  0.04310 

—  14 

4-  0.03722 

^^^^H 

—    6 

+  0.04924 

49 

—  0.0002 1 

--  13 

4  0.04099 

—  13 

+  0.03556 

^^^^H 

=-     5 

-h  0.04829 

50 

—  o.ooto6 

—  12 

4  0.03889 

—  12 

H-  0,03390 

^^^^^H 

—    4 

+  0.04734 

51 

—  0.00191 

—  11 

4  0.03681 

—  11 

4  0.03225 

^^^^H 

—     3 

H-  0.04640 

52 

—  0.00275 

—  10 

+  0.03473 

—  10 

4-  0,03060 

^^^^H 

-^    % 

+  0.04545 

53 

—  0.00360 

—     0 

4  0.03266 

—    0 

-f  0.02896 

^^^^H 

—     1 

-h  0.04451 

54 

—  0.00444 

—    8 

4-  0.03060 

—    8 

4  0.02733 

^^^^H 

^ 

-h  0.04357 

55 

—  0.00528 

—    T 

-f  0.02855 

—    7 

4-  0.02570 

^^^^H 

+     J 

-f-  0.04163 

50 

—  0.00612 

—    0 

4-  0.02652 

^     0 

4-  0.02408 

^^^^H 

2 

4-  0.04169 

57 

—  0.00696 

—    5 

-\-  0.02449 

—     5 

4  0.02247 

^^^^H 

3 

4-  0.04076 

m 

^  0.00780 

—    4 

4  0, 02247 

^     4 

H-  0.02086 

^^^^H 

4 

-j-  0.03981 

59 

—  0.00863 

—    3 

4-  0.02046 

—     3 

4-  0.01916 

^^^^H 

& 

-f  0.03889 

m 

—  0.00946 

—    2 

4-  0,01846 

—    2 

-f  0.01766 

^^^^H 

6 

4-  0.03796 

01 

—  0,01029 

—     1 

4-  0.01646 

—     1 

4-  0.01607 

^^^^H 

7 

4-  0.03704 

02 

—  O.OII12 

0 

4  0.01448 

0 

4-  0,01448 

^^^^H 

S 

-f  0.03611 

03 

—  0,01195 

+    i 

-|-  0.01251 

+     1 

4-  0.01290 

^^^^H 

H 

+  0.03519 

04 

—  0.01278 

2 

-\-  0.01054 

2 

4-  0.01133 

^^^^H 

10 

-f  0.03427 

05 

—  0.01360 

3 

-h  0,00859 

3 

-i-  0,00976 

^^^^H 

11 

-f  0.0333s ' 

00 

—  0.01443 

4 

4^  0.00664 

4 

-j-  0,00820 

^^^^H 

12 

4-  0.03243 

07 

—  0.01525 

5 

-j-  0.00470 

5 

4-  0.00664 

^^^^H 

13 

4-  0.03152 

08 

—   0.01607 

0 

4  0.00277 

6 

4  0.00509 

^^^^H 

14 

4-  0.03060 

00 

—  0,01689 

7 

-f  0.00085 

t 

4-  0,00354 

^^^^1 

15 

-f  0.02969 

70 

—  0.01770 

8 

—  0.00106 

8 

4-  0.00200 

^^^^H 

le 

+  0.02878 

71 

—  0.01852 

9 

—  0,00197 

9 

4-  0.00047 

^^^^H 

IT 

+  0.02787 

72 

—0,01933 

10 

—  0.004*6 

10 

—  0.00106 

^^^^H 

18 

H-  0.02697 

73 

—  0.0201 5 

11 

—  0.00675 

11 

—  0.00259 

^^^^H 

19 

4-  0.02606 

74 

—  0,02096 

12 

—  0.00863 

12 

—  0,00410 

^^^^H 

2Q 

4-  0.02516 

75 

—  0.02 177 

13 

'—  0.01050 

13 

—  0.00562 

^^^^H 

HI 

4-  0.02426 

70 

—  0.02257 

14 

—  0,01236 

It 

—  0.00713 

^^^^H 

22 

4-  0.02336 

77 

—  0.02338 

15 

—  0.01422 

15 

—  0.00863 

^^^^1 

23 

4-  0.02247 

78 

—  0.02419 

10 

—  0.01607 

10 

—  0,01013 

^^^^H 

24 

4"  0.02157 

79 

—  0.02499 

17 

—  0.0179 J 

17 

-  0.01 161  ' 

^^^^H 

25 

4-  0.02068 

80 

—  0.02579 

IB 

-  0.01974 

18 

—  0,01311 

^^^^H 

26 

4-  0.01979 

61 

—  0,02659 

10 

—  0.02156 

10 

—  0.01459 

^^^^H 

27 

-f  0.01890 

82 

—  0.02738 

20 

—  0.02338 

20 

—  0.01607 

^^^^H 

28 

-f  0.0 180 1 

83 

—  0.02819 

21 

—  0,02519 

21 

—  0.01754 

^^^^H 

29 

4*  0.01713 

84 

—  0.02898 

22 

—  0.02699 

22 

—  0.01901 

^^^^M 

30 

4-  0.01624 

85 

^  0,02978 

23 

—  0.02879 

23 

^  0.01047 

^^^^H 

31 

4"  0.01536 

80 

—  0.03057 

24 

—  0.03057 

24 

—  0.02194 

^^^^H 

32 

4-  0.01448 

87 

—  0.03136 

25 

—  0.03235 

25 

—  0.01338 

^^^^H 

33 

-^  Q.0J360 

88 

—  0.03216 

30 

—  0.04**4 

30 

—  0.03057 

:^^^^H 

34 

-1-  0.01273 

80 

—  0,03294 

35 

—  0.04976 

35 

—  0.03765  ' 

^^^^H 

35 

4-  0,01185 

90 

—  0.03373 

^^1 

k 
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Table  HI.    Eeduction  of  Latitude  and  Logarithm  of  the  Earth's  RadiuB< 

0'  1^  Oeoceutric  Latitude.  p  ==  E^rtli**  Rudiua. 


1 

*-*' 

Diir. 

\^P 

Uiff. 

^ 

^-^' 

mu,  I 

Ipgp 

Piir. 

a        t 

^       tt 

n 

0 

, 

t          t* 

» 

45     0 

10 

I]   30.65 

1          3°-65 

0.00 

9.999  2766 
2723 

43 

55 

0 
10 

"  tnt 

1.38 

9.999  0275 
0235 

40 

2t> 

30-63 

,02 

2681 

42 

20 

46.97 

1.39 

0195 

40 

3t> 

30-5** 

.05 

2639 

42 

30 

4S'5S 

1.42 

01 5  J 
0116 

40 

40 

30.51 

.07 

2v96 

43 

40 

44.U 

1.49 

39 

50 

3041 

.09 
.11 

^554 

42 
42 

50 

42,651 

0076 

4« 
39 

40     0 

11  30-3' 

9.9992512 

51^ 

0 

10  41.16 

9.999  0037 

10 

3«>-»7 

:\t 

2470 

4* 

10 

30.65 
36.58 

1.51 

9.998  9998 

39    ' 

20 

30.01 

2427 

43 

2ft 

>'52 

9958 

40 

.in 

zqM 

.19 

nH 

42 

30 

1,5s 

9919 

39 

40 

1          29.61 

.21 

2343 

42 

4ft 

35.01 

1.60 

1.61 

9880 

39 

t             f.0 

29.38 

■XI 

2300 

43 
4^ 

50 

334" 

9841 

39 
39 

47     0 

11   %<iA% 

28.S5 

g.999  2258 

57 

ft 

10  31.80 

1*66 
1.67 

9.998  9802 

38 

10 

.27 

221  6 

4^ 

10 1 

30,16 

9764 

20 
."JO 

28.54 
18.ZZ 

.31 

.32 

2174 
2112 
2089 

42 
42 

20 
♦^0 

28.50 
26.83 

97»5 
9686 

39 

3« 
39 

40 

27*87 

-'^^ 

43 

40 

25.13 

1.70 

9648 

50 

27.50 

'37 
.40 

2047 

42 
41 

bi\ 

2340 

'•73 
1.74 

9610 

48     0 

tl   27.10 

9.999  2005 

58 

0 

10  21.66 

1,76 

9.998  9571 

'I 

Ifl 

26.69 

-41 

1963 

41 

1ft 

1990 

9533 

2(1 

26.24 
25.78 

■M 

1921 

'     4^ 

20 

iK.ir 

1.83 
1.8c 
1.86 

9495 

;vo 

1879 

1     42 

30 

16.31 

94  57 

4n 

25*19 
24.78 

*49 

i«37 

4- 

4ft 

14.48 
12.63 

9419 

;iO 

,51 

-54 

1795 

42 

&0 

9382 

li 

49     0 

11   24.24 
23.69 

1 

9.999 1753 
I7II 

42 

50 

0 
10 

'°  'Ul 

1.89 

9.998  9344 
9307 

li 

20 

23.11 

1669 

42 

20 

6,97 

1.91 

9269 

:jo 
io 

22.50 
21.87 

2t.22 

1627 

1586 

>S44 

4^ 

4> 
42 

M 
40 
50 

lit 

i.it 

t.96 
1.97 

9232 

9'9S 
9158 

37 
37 
37 

-67 

42 

1.99 

37 

50     0 

Ifi 

11    20,  C  5 
19.85 

.70 

9.9991502 

1460 

42 

60 

0 
0 

9   S9'i» 
9  4674 

12.38 

9.998  Qt2I 

8902 
8688 

219 

20 

19.13 

ilt9 
17.63 

•7» 

1419 

4t 

iU 

0 

9  33^65 

13.09 
13.80 
»4'49 

^H 

40 

:?t 

'377 
1335 

42 
4^ 

m 
Gi 

ft 

tl 

9   19.8J 

2    536 

8   50.21 

8479 
8275 

209 

]^ 

193 

SO 

16.84 

:i? 

1294 

4« 
42 

65 

(1 

15.81 

8077 

51     0 

tt   16.02 

.88 
.90 

9.999  1152 

06 

0 

8  3440 

16.43 

17.0S 
17.63 
18.21 

9.998  7884 

1 80 

2i) 

15.19 
'4-33 

111  1 
1 170 

4" 
4« 

07 

68 

ft 

1^ 

8   17.97 
8     0.92 

7697 
75»7 

:           30 

4(1 

n-45 

irC5 
11.62 

1128 
1087 

42 
4" 

6a 

70 

ft 

7  43»9 
7   ivo^ 
7     6.33 

7341 
7174 

\U 

50 

•93 

1046 

4r 

71 

ft 

18.75 

7013 

t6i 

*95 

41 

19.27 

"54 

52     II 

u   10.67, 

9.999  1005 

72 

ft 

6  47  06 

19.78 

9.998  6859 

146 

10 

III 

'97 

0963 

42 

73 

ft 

6   27.28 

6713 

20 

.99 

0022 
0881 
0840 

4' 

74 

ft 

6     7.03 

^0.25 

6573 

140 

3€ 
40 

1.02 

!       1-09' 

4' 
41 

75 
70 

0 
0 

5  46.33 
5  25,20 

20.70 
21.13 

6441 
6317 

>3» 
tog 

sn 

5.60 

0800 

40 
41 

77 

0 

5     3-67 

21.53 
21,90 

6201 

53     {) 
Itl 

rt     4.51 

3.40 

I. II 

9*999  0759 
0718 

41 

1% 
711 

0| 
0 

4  4«'77 
4  '?-53 
3  56  96 

22.24 

9.998  6093 
5993 

100 

20 

a.27 

1.13 

0677 

41 

ao 

0 

22.57 
22.86 

W,l 

tl 

:jo 

1. 12 

Ml 

1.20 
1.22 

0637 

40 

Mt 

l» 

3   34-'° 

40 

:»o 

10  50.94 

5S-74 

0596 
0556 

41 
40 
41 

83 

0 

ft 

3   ^<>f 

^  47.63 

23.12, 

*3'3S 
23.56 

un 

2^ 

57 

54    0 

10  57.52 

9,9990515 

HI 

0 

2  24.07 

9.998  5619 

10 

56.28 

\\t 

0475 

40 

85 

0 

2     0.33 

23.74 
23.89 

5570 

49 

20 

55.02 

043  s 

40 

80 

w 

I   36.44 

553° 

40 

no 

S3'73 

1.29 

039s 

40 

87 

0 

I   12.43 

24.01 

5498 

3» 

40 

52.42 

1.31 

035^ 

40 

8B 

0' 

0  48.34 

14.09 
24.16, 
M*t8 

5476 
54^3 

22 

50 

51.09 

1.33 
i*3S 

0315 

1     40 
1     40 

80 

0| 

0  24,18 

>3 

5 

55     0 

10  49.74 

9.9990275 

00 

0 

0        0,Q0 

9,998  54 58 

1 
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^^^^^^^^^^         TABLE  T7.    Log  A  and  Log  B.             ^^^^^| 

For  Computing  tbe  Kijuaiion  of  C(|unt  AliiiuJcii,                                         ^M 

'ZxuSiJbtTA +]                   ARGCMENT  =  KLAI'SEU  TIME.                         {mmiwiT*'- 

1 

0 

0* 

1* 

:i* 

8* 

4* 

y 

Log^ 

tog5 

hagA  I   UeS 

l^A 

L^B 

LoK^ 

t^B 

UmA  1  l^B 

1^4  '  I^JI 

g^^^sg 

94059 

9.4072'  9.4034 

94109 

939S9 

94>7» 

9.3828 

94260^  9.3615 

9-417-i   ')  \'iH 

1 

.4059 

.4059 

4072 

.4034 

.4110 

•1957 

4«73 

.3825 

.42611   .3631 

43* 

^1 

3 

*4059 

•4059 

4073 

•4033 

4111 

*395S 

4174 

,3812 

4»^3     .36»7 

43^ 

^M 

3 

.4059 

4059 

4073 

4032 

4112 

•3953 

4175 

.3820 

42661    .3620 

•43' 

^M 

4 

.4059 

.4059 

4074 

4031 

1    -4«n 

•395» 

4>77 

•38'7 

,41  > 

■ 

5 

9.40C9 
.4060 

9.4059 

94074 

94030 

9  4' 13 

9-39SO 

94»78 

9.38H 

94268  9.^^   -          - 

H 

e 

.4059 

4074 

4019 
4028 

4114 

.3948 

4t79 

.3811 

4270I    r, 

^M 

7 

.4060 

4059 

4075 

411 1 
4116 

•394^ 

4l8I^    .33^09 

4272     .3- 

i^H 

H 

.4060 

.4059 

4075 

.4027 

•3944 

41 8^;    .3806 

4273     ^%t,^ 

4i4^«|     -ll-Ti 

i^H 

0 

.4060 

•4059 

4076 

4026 

4>I7 

*3943 

4183;    .3803 

4275     .3600 

4191 1     iwl 

l^M 

10 

9.4060 

9.4059 

4.4076 

94025 

94"  8 

9.394> 

9,41  «A  9.3800 
4186     .3797 

94277  9.J596 

9419^!  t-lfll 

^M 
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8.7942 

9.6879 

9.1183 
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^H 
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,8015 

.6887 
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^1 
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■6934 

,1468 
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-7458     '3593 

.8016 
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.8i- 

^M 

13 

•6100 

.0627 

'6495 

,8498 

.6941 

.1507 

.8027 
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^M 

14 

.6to6 
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.6502 

^8564 

.6950 

1547 

,8037 

ti 

^M 

15 

9.6112 

lia6o 

,9,6500 
1    .6516 

8.8628 

9.695S 

9.MS6 

9-74671  9-3623 

9.8047 

9.5*74 

^M 

10 

.6119 

•M47 
.1816 

,8692 

.6966 

,1625 

.7476     .3653 

.8058 
,8068 

,5300 
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^H 

17 

.6125 

.6523 

.8756 

■6974 

,1664 

.74*5  S     ,36*^3 
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IH 

.6131 

.1071 

1    .6530 

.8818 

.6982 

'I703 

•7494     -3713 

.8078 
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S 

^^M 

ly 

'6^7 
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.6538 
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.1741 

-7503     -174^ 

.8o»9 
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j^M 

20 

9.6144 

8.2541 

9.6545 

8,8941 

9,6998 

91779 
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9.8099 
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-.♦ 

^H 
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^7^9 

.6552 

.9002 

.7006 

.1117 
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-* 
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.7014 
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^^1 

23 

1    .6163I    .3iti6 
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.7022 

1^93 

.8131 
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*^H 
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.61691    .3357 
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-7549     .S»^9 
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23 
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.6l»2 

HV 

.65S8 

,9295 

.7047 

.2004 

.5.    t 

^M 

'27 

.biU 

.3887 

im 

•93Sa 

•7055 
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.9627 

.21^61 

,7614     .4<*90 
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.7104 
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■ 
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40 
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S.6707 
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91*39 
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■ 
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.1871 
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.2905 
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■ 
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7173 
.7281 
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56 
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.7316   .3098 
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.851;^  X                ■ 

50 
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^^^^^^^^       TABLE  IV.    Log  A  and  Log  B.            ^^^^^^^J 

For  CotiipiKitig  Uie  J^quiKiuu  of  Dqual  Altiuides, 

^M 

i-;^  nXkiCA  +  }        ARGUMENT  =  ELAPSED  TIME.           { uUghu  B^ 
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w 

w 

W 

21* 

22* 

2S* 

U*gA 

Log /I 

Uig  J 

LogB 

0,1249 

UigJ? 

Log-I 

Uiglt 

L.*gJl  1  Log  1? 

Leg/ 

\*^B 

■1 

0 

9.92S7 

9,7782 

0*0171 

9.9167 

0.0625 

0.1613 

0.1179 

0.4523  0.4372 

0.7689 

0.7651 

1 

.9500 

.7804 

.0188 

,9190 

.1169 

.0650 

.1649I  .1309! 

.4562   .4414 

•7765 
.7842 

■  7719 

^^1 

2 

91U 

.7K27 

.0204 

.9213 

.1290 

.0676 

.2676 

.1339 

.4601   .4455 

,7807 

^^1 

:i 

93^7 

.7850 

.022 1 

-9137 
.9260 

.1310 

.0701 

.2702 

1370 

.46AO   .4497 1 
.4680   .45401 

.7920 

.7886 

^^1 

4 

■934* 

^7«73 

.0237 

.1330 

^0727 

.2729 

.2401  , 

.8000 

.7967 

^H 

5 

'%Ul 

9*7»96 

0.0253 

9.9284 

0.1351 

0-0753 

0.2756 
.1783 

0.1431 
.2462 

0,4720  0.4582 

0.8081 

0.8049 

^H 

6 

.7919 

.0270 

9307 

.1371 

.0779 

.4761   .4625 

.8163 

.8218 

^^H 

7 

.9^81 

-794» 

.0286 

■933* 

.1392 

.0805 

.2810 

.2493 

.4801 

.46681 

,8247 

^^1 

8 

•9396;  .796; 

.9410I  .798« 

.0303 

■9355 

.1412 

.0830 

.2838 
.2865 

.2524 

:t»tl 

,4711 

.8333 

,8305 

^^1 

ft 

.0319 

-937* 

'<433 

.0856 

.2556 

-4755 

.8420 

•8393 

^H 

m 

9,9424^.8011 

0.0336 

9.9402 

0.1454 

0.0882 

0.2893 

0.2587 
.2619 

0,4926  0.4799, 

0.8508 

0,8483 

^H 

ij 

9437 

.8034 

■0351 

.9426 

•H7| 
.1496 

.0909 

.2921 

.4968  ,4844 

.8599 

•8574 
,8667 

^^1 

12 

.94  j  I 

.8057 

.0370 

*9449 

.0915 
.0961 

.2949 

.2650 

.5010  .4889 

iHl 

^^1 

13 

9465 

.8oJ<o 

.0386 

•9473 

.1517 

.2977 

.26i»2 

•5053  -4934 

.8786 
.8882 

.8763 

^^1 

14 

-9479 

.8103 

.0403 

•9497 

.1538 

.0987 

,300s 

.2714 

.5097  .49*^0, 

.8860 

^H 

15 

9-9493 
,950* 

9.8126 

0.0420 

9-95" 

0.1559 

0.1013 

0.3034 
.3063 

0,2746 

0.5 1  JO 

.5»»4 

0.5026 

0.8980 

0.8959 

.9060 

^H 

141 

.8149 

.0437 

:956t 

.1581 

.1040 

^1778 

-S«»7a| 

.9080 

^^1 

IT 

.9511 

.S171 

.0454 

.1601 

.1066 

.3091 

.2811 

.5229 

.5118, 

til 

.9164 

^^1 

IB 

.9536 

.8218 

.0472 

.9616 

.1623 

.1093 

,3120 

f4l 

•5^74 

'S^^S 

.9270 

^^1 

10 

.9550 

.0489 

.1645 

.1119 

.3150 

-53»9 

•5»>3, 

.9396 

,9378 

^H 

20 

9.9564 

9.82AJ 

,82?+ 

0.0S06 

9.9640 

0.1667 

0. 1 1 46 

0,3179 
,3208 

0,2909 

0.5365;  0,5261 

0.9506 
.9618 

0.9489 

^H 

21 

-9579 

.0513 

.9664 

.1689 

.1173 

.2942 

.5411 

.5300 
-535S 

.9603 

^^1 

22 

•9593 
.9007 

.8287 

,0541 

.96H7 

.1711 

.I200 

fdl 

.2975 

.5458 

'9734 
•9853 

.9719 

^^1 

23 

.8310 

■o55f 

.9711 

•1733 

,1226 

.300S 

5505 

,5407 

-9839 
.9961 

^^1 

24 

,9622 

.8333 

.0576 

-9735 

.1755 

•"53 

.3298 

.3041 

•5553 

•5457 

■9975 

^^1 

K 

9-9636 

9.8356 

ao593 

9.9760 

0.1777 

0,1280 

0.3328 

0.3075 

0.5601 

0.5507 

1. 01 00 

1.0087 

^H 

20 

.9665 

.8379 

.061 1 

.974 
.9808 

■1799 

.1308 

•3359 
.3389 

.3109 

■$^ 

•5J57 

.0228 

.02 1 6 

^^1 

27 

.8401 

.0628 

.1821 

-'335 
.1362 

•3M3 

.5608 

.0361 

.0350 
.04^7 

^^H 

2S 

,9680 

.842J 
.8448 

.0646 

.9832 

Win 

-34^0 

*3«77 

.5748;  .sf^to 

'*^Pl 

^^1 

20 

9695 

.0664 

.9856 

,1389 

■345> 

.3211 

.5798  .5712^ 

,0638 

.0628 

^H 

30 

9.97091  9.8471 

0.0682 

9.9880 

0.1889 

o.i4»7 

0.3482 

0.32A5! 
.32801 

0.5848'  0,5764 

1,0783 

1,0774 

^1 

31 ; 

.97x4'  .8494 

.0700 

9904 

.1912 

1444 

•35*4 

.5899 

,5817 

,0934 

,0925 

^^1 

32 

■9739 

,8517 

.0718 

.9929 

.193= 
.195^ 
.1981 

.1472 

■3545  •33'5| 

595' 
.6003 
.6056 

.5^71 

,1089 

.1081  ^ 

^^^^1 

33 

■9754 
.9769 

.85^0 

.0736 

9953 

.1499 

•3577 

•335<3 

•59^5 

.1250 

.1242 

^^^^^1 

34 

.$sh 

■0754 

•9977 

.1527 

.3609 

.33^5 

•5979 

.1416 

.1409 

^^^H 

35 

9.9784 

9.8C86 

.8609 

0.0771 

0.0002 

0.2004 
.201^ 

0'555 

0.364' 

0.3410 

0.61 10 

0.6034 

1,1590 

1.1583 

^^^^1 

m 

.9798 
.9813 

.0790 

.0026 

.1582 

.3674 

.3456 

,6164 

,6090 

.1770 

.1764 

^^1 

37 

.8632 

.0809 

,DO<;i 

.2051 

,1610 

.3706 

^349 « 

.6218 

.61471 

.1958 

.1952 

^^1 

3S 

.9819 

.865; 

.0827 

.0075 

.1075 

,1^38 
.1667 

•3739 

•35J7 

.6273 

.6204 

,2154 

.1149 

^^1 

39 

.9844 

.867^ 

.0845 

,0100 

.2098 

■3771 

.3563 

.6329 

,6261 

•*359 

•^354 

^H 

1  40 

9.9859 

9J70T 

0  0864 

0.0124 

0.2121 

0.1695 

0.3805 

"■.im 

0.6386 

0.6319 

i'i573 

1.2569 

^H 

41 

.9889 

.872+ 

.0883 

.0149 

.2146 

-I7»3 

.3839 

•f443 

,6378 

.2799 

•^795 

^^1 

42 

.874*t 

.0901 

.0173 
.0198 

.2170 

.I75> 

•3873 

,3673 

.6501 

.6438 

.3037  .3033 
.3288  ,32*5 

^^1 

43 

.9904 

.8771: 

.0920 

.2194 

.2218 

,1780 

-3907; 

.3710 

.6560 

.6498 

^^1 

44 

.9910 

-«794 

.0939 

.0223 

.1808 

■394» 

-3747 

.66i9|  .6559 

•3554  -355* 

^H 

45 

9-9935 

9.8817 

0,0958 

0.0248 

0.2243 

0.1837 
.1S66 

0.3975 

0.37*4 

0,6679^  0.6621 

1.3837  1.383^ 

^H 

411 

.9966 

.8840 
,8863 

-0976 

.0272 

.2167 

.4010 

.3821 

.6740  .6684 

.4140,  .4138  1 
•44^5  -44^3 

^^1 

47 

-0995 

.0297 

.2292 

.189^ 

^4045 

•3«S9, 

,6802 

.6747 

^^1 

4H 

.9982 

,8887 

.1015 

.0322  i 

.2316, 

.1924 

.4080 

.3S97 

.6865 
.6928 

.6811 

-iSlJ  -4^14  1 

^^^^k 

49 

,9998 

.8910 

,1034 

.0347 

.2341 

-»953 

,411s 

.3936 

.6876 

.5196 

-S>95| 

^^^H 

30 

0.0013 

9*8933 

D.1053 

0.0372 

0,2366 

0,1982 

0.4151 
.4187 

0,3974 

0.6993 
.7058 

0.6942 

1.5613 

t,j6l2 

.6073 

^^^H 

31 

.0029^  .8956 
.0044!  .8980 
.0000   .^OJ 
,0076  .9026 

.1072 

.0397 

.2391 

.2011 

^013 

,7008 

tsli 

^^^^1 

52 

.1092 

.0422 

.2416 

.2040 

,4223 

.4052 

.7124 

■7076 , 

.6S»7 

^^1 

S3 

.ini 

■0447 

.24AI 

.1070 

.4260 

4091 

.7191 

•7144 

.7171 

.7171 

^^H 

54 

.1131 

•0473 

.2467 

.2099 

.4197 
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.7259,  .7214! 

.7844 

•7843 

^H 

55 

0,0092'  9.9050 

0. 1 1 50 

0.0498 

0.1493 
,2518 

0.1129 

0-4334 

0.4170 

0.7328 

0.7284 1 

1,86381 

1.8638 

^1 

50 

.oio8|  .9071 
.0124  -9096 

.1170 

.0511 
.05481 

.1159 
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.4371 

.4210 

.7398 

-7355 

.9610  .9610 

^^H 

57 

-1190 

•»S44 

.4408 

,4250 

.7469 

-74»» 

2.0863'  2.0863 

^^^H 

58 

«ot40  .9120 

.1209 

•OS  74 

.2570 

,2219 

.4446 

,4291 

7541 

,7501 

.26271  .2627 

^^^^H 

59 

*oi56,  .9143 

.1119 

.0599 

.2596 

,2249 

.4331 

.7615 

•7576 

2,5640'  2,5640 

^^^1 

00 

0.0172I  9.9167 

0.1249 

0.0625 

0.2623'  0.2279  1 

0.4523 

0.43  7i 

0.7689  0.7651 1 

lu/.         Uf.      1 
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h 
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■ 
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■ 
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IfiduGtion  to  the  Meridian. 

1 

^H 

2  Bin*  )  1 

■ 

i 

m  = 

fiinr 

1 

$ 

•- 

1- 

!r- 

$- 

1- 

5- 

^ 

ir 

1 
*^** 

t* 

ft 

w 

tf 

» 

1 

^ 

«• 

1       ' 

^ 

o.oo 

1.96 

7.8c 

d 

I7.f7 

31,68 

49'09 

70.68 

96.i«. 

ii}^5 

116.17 

^1 

1 

o.oo 

a.03 

17.87 

494> 

1%xrf 

96.64 

^H 

2 

O.OQ 

a.io 

18.07 

1»94 

4974 

7ii6 

»7-li 

;    126.70 

^^1 

3 

0,00 

^16 

8.2s 

18.27 

31.20 

50.07 

U'^ 

j    117^* 

^H 

t 

O-OI 

^.^l 

8.19 

1847 

3M7 

50.40 

72.16 

,      «»7T5 

^1 

& 

O.Ol 

*^i 

8,52 
8,66 

'IP 

31.74 

50-73 

72.66 

?8.50 

'     iii^a 

1^1 

6 

o^oi 

M« 

18,87 

33.01 

51,07 

7306 

9897 

•18J1 

^^H 

7 

]            0.02 

1-45 

8,80 

19.07 
19.28 

13»7 

5140 

]\t 

9^-11 

»»9^34 

^^H 

a 

0.03 

i.p 

9.08 

33.S1 

5*74 

9990 

119.47 

^^1 

0 

0.04 

Z.60 

19.48 

5*-'>7 

74^ 

100.37 

13040 

^1 

10 

0,0  J 

O.OD 

1.67 

9.1a 

19.69 

34.05 

14}^ 
34.64 

51.41 

74-66 

loat^ 

•30^ 

^1 

II 

*i5 

9,36 

19.90 

S»75 

75.06 

101.31 

•3»47 

^^H 

12 

o.oS 

1.83 

950 
9,64 

20,11 

5309 

75'47 
7j.8i 
7619 

101.7* 

•  3101 

^^H 

13 

0.09 

2.91 

20.32 

14.9> 

5343 

1021^ 

«l»-54 

^^H 

U 

0.1 1 

1.99 

9-79 

20.5  3 

3S*»9 

53*77 

102.71 

«3309 

>^H 

15 

o.ia 

3.07 

9*94 

20.74 

3546 

5411 

76,69 

]03.9i» 

■13-6  J 

1^1 

16 

0,16 

315 

laog 

20.9J 
21.16 

3574 
36.01 

Itlt 

77.10 

103.67 

•14^17 

.^H 

11 

laj 

10.24 

77'5» 

104.15 

IHTI 

^^1 

• 

m 

o.ti 

S.31 

10.39 

21.60 

36.30 

55»5 

77  93 

78.34 

104^3 

"141? 

^^H 

19 

0.10 

3.40 

10.54 

36,58 

5550 

105.10 

115  lo 

'^^ 

20 

o.a.z 

349 
S,76 

10.69 

21.82 

36,87 

56.19 

78.75 
79.16 

\V^ 

;?tft 

'^1 

21 

0.IA 
0.2b 

10,84 

22.a| 

37<5 

^^1 

XI 

11.00 

2225 

3744 

5655 

79.58 

80,00 

10655 

»3r4i 
•37^ 

^H 

23 

0.28 

11. IS 

22.47 

37-7* 
38,01 

56.90 

107.03 

^H 

24 

0.31 

3.8s 

IKJI 

22.7a 

S7»5 

80.41 

107.51 

»1M3 

^1 

25 

0,34 

194 

11^7 
11.63 

12,91 

38.30 

5760 

80,84 

\m 

>39^*» 

^^H 

26 

0.37 

4,03 

1314 

ISII 

57.96 
58.12 
58.68 

!'jS 

•39*6t 
l4€»-lt 

^H 

2T 

0.40 

412 

ti.79 

13  6q 

8 1,68 

108.97 
10^46 

^^H 

2m 

0.4J 
0.46 

4.22 

11.95 

19.«7 
39-46 

82.10 

■  4e.T4 

^^H 

i 

20 

4^1* 

12.11 

23.«2 

59.03 

«.i. 

109.^5 

14119 

i^H 

^^^ft 

30 

0.49 

44* 

12.17 

It'll 

39.76 

5940 

8381 

110.44 

•41'ti 

^H 

^^^^P 

31 

O.S2 

Ul 

I2.A3 
12,60 

40.05 

mi 

•  to^n 

1414^ 

^^1 

^^^^ 

3i 

0.56 

»4'it 

40.  J  5 
40,65 
40.9s 

11143 

MH!6 

!^^| 

■ 

3^1  1 

O.J9 

til 

12.76 

11.93 

a4-74 
14.9I 

ttl 

Mil 

iit^i 
11141 

■415; 

»44-^ 

■ 

^^ 

3r» 

0.67 

4,9a 

13.10 

15.11 

41.15 

61.10 

8509 

iii.90 

^1 

^^^^B 

3tl 

0.71 

5,05 

13.27 

Itti 

41.55 
41.85 

61.57 

85.51 

US - 

'    -  1^ 

^^1 

^^^^H 

37 

0.75 

$n 

nA4 
1361 

6T.94 

8595 

86ii 

115 

■♦ 

^^1 

^^^^B 

38 

0.79 

5.24 

lUl 

41.  ly 

!*H 

tl4  - 

:3 

^H 

^^^H 

39 

aSj 

534 

•379 

4M5 

^1.68 

114.^ 

W^^9 

^H 

^^^H 

10 

0.87 

545 
5.78 

13.96 

1640 

16,64 
i6.83 

4»-7^ 

63.0? 

87.26 

t  i  ^  4f> 

U-46 

^H 

^^^^H 

41 

0.91 

14.13 

43.06 

63.41 

8T.70 
8814 

IK 

•1 

^^1 

^^^^H 

42 

0.96 

14.31 

tm 

63.73 

11^ 

-^ 

^^1 

^^^H 

43 

t.OI 

14.49 

»7*t» 

64.16 

88.57 

116.^^ 

MA^i" 

^^1 

^^^1 

44 

i^ 

590 

14.67 

»7-37 

43-97 

64.54 

H^i 

II74I 

t49  74 

^^1 

^^^B 

15 

I, to 

6.0] 

14.85 

*^-Sj 

44-30 

4461 

64^91 

t945 

89^9 

tt7  9» 

iv    tl 

^1 

^^^^H 

4U 

1.15 

«'i 

15.03 

17.86 

65.19 

11*43 

Ivrl^ 

^H 

^^^^B 

47 

I.IQ 

^:5J 

154II 

44-9» 

65.67 
6«.05 

90?* 

«*8«H 

>'»43 

^H 

^^^^H 

IH 

f.z6 

*S39 

U:li 

45.«4 

11^  4  J 
119^ 

Is— 3 

^^1 

^^^B 

4t) 

J.3I 

M« 

»S-57 

45*55 

66.41 

91.13 

152^1 

i^l 

^^^1 

5(1 

K36 

6.60 

15-76 

18.85 

:i:!J 

66,8 1 

91.68 

ti*47 

i5Vtf 

1^1 

^^^^H 

^1 

'*+; 

6.7* 

«S9S 
16,14 

19«0 

67.19 
675* 

91  ti 

•<•  *• 

^^H 

^^^^K 

52 

i.48 

fe.8A 

6.9< 

19.  j6 
19,61 

tin 

9^r 

121  4^ 

^H 

^^^^B 

53 

»  SI 

16,3a 

6796 
64.35 

9302 

t21,0| 

^^ 

■ 

51 

1.59 

7.09 

i6«5t 

19.86 

47.14 

V347 

lliil 

H 

55 

r,65 

7.11 

t6.70 

16^9 
17.0; 

50.it 

474< 

f  73 

93f; 

tmi^f 

H 

on 

171 

7.34 
7j6 

3o.2« 
50.64 

47*79 

69.11 

94.18 
94^*3 

11157 

^1 

^^^^B 

57 

«-77 

4;at 

f9  5» 

•M^ 

^1 

^^^^B 

5H 

1.S3 

17.18 

31^9? 

i^l 

S9-9<* 

95»> 

114^61 

^H 

^^B 

50 

I.K9 

77* 

•747 

51,16 

70.19 

9S-74 

•»^.n 

-'  '  1 

■ 

^ 

ta 

^ 

m 

J 

1 

1 

Table  ?.    Eeduction  to  the  Meridian. 

m 

1 

1 

«-» 

t^ 

11- 

ir» 

is- 

Urn 

IS"* 

10™ 

* 

0 

1 59.0Z 

196.32 

m 

482.68 

ft 

33»'74 

384«74 

ft 
441  *fl 

504,46 

1 

159,61 

196.97 

18347 

33159 

'P'! 

441*61 

503.50 

^^^^1 

2 

160.20 

I98!ii 

438,98 

484,46 

333*44 

443*60 

504-55 

^^^^^ 

3 

160.80 

439.70 

485,04 

334*19 

387.48 

444*58 

505.60 

^^^^H 

t 

161.39 

198.94 

440.44 

485,83 

335*«S 

388.40 

445-56 

506.65   1 

^^^1 

5 

161.98 

199,60 

241.14 

486.64 

336.00 

389.3* 

446.55 

507-70 

^^^1 

0 

»63-s8 

S00.46 

441.87 

487.41 
488,40 

336.86 

390.44 
391.16 

447*54 

508.76 

^^^^1 

^^ 

7 

163.17 

200  91 

244,60 

33858 

448.53 

509.81 

^^^^H 

B 

8 

1^)3.77 

201.59 

M33J 
444.06 

489.00 

392.09 

449*51' 

510.86 

^^^^1 

I 

0 

164.37 

302.45 

489.79 

339-44 

393.01 

450-50 

511.94 

^^^1 

1 

10 

164-97 

202.91 

444.79 

490.58 

340.30 

393.94 
394.86 

45i'5«' 

514,98 

^H 

■ 

11 

165.57 

203.58 

H5.5* 

491.38 

341.16 

451*49 
453*4»! 

51403 

^H 

■ 

12 

166.17 

204,25 

246.25 

491,18 

344.04 

395-79 

515.09 

^^1 

1 

t;i 

166.77 

204,92 

246,98 

492.98 

341*88 

396,74 

454-48 

516,15 

^H 

It 

167.37 

405.59 

447.72 

493.78 

34375 

397.65 

455-47 

517.41 

^H 

15 

»67.97 

206.46 

248.45 

494.58 

344.62 

398*58 

456.47 

518,47 

^1 

10 

i6i*.5i* 

206.93 
207.60 

449,19 

495.38 
496.18 

345*4? 
346,36 

399.51 

457-47 

519*34 

^^1 

17 

169.19 

249.93 

400.4c 
401.38 

458*47 

520.40 

^^1 

18 

169.80 

408.27 

450.67 

496.99 

347.13 

45947 

460.47 

521.47  1 

^^1 

Jil 

170.41 

408.94 

251,41 

197-79 

348*10 

402.34 

5«-53 

^H 

*20 

171.02 

209.64 

252.15 

298.60 

348.97 
349.84 

403.46 

461.47 

543.60 

^1 

Ml 

171.63 

no. 30 

252.89 

399,40 

404,40 

464.48 

544.67  I 

^^1 

**» 

J72.Z4 

210.98 

253.63 

300,21 

350.71 

406.08 

463.48 

515*74 

^^1 

iTi 

I7i.«s 

21  J. 66 

^54-37 

301,04 

35.58 

464^48 

526.81  1 

^^1 

21 

'73-47 

412.34 

455.14 

301.83 

354.46 

407.04 

465-49 

547.89  , 

^H 

'^5 

174-^8 

413*04 

45|.87 
456.64 

3o2,6a 
303-46 

35334 

407.96 
408.00 
409.84 

466.50 

548.96 

^H 

2ri 

«74  70 

413,70 

354.42 

467,51 

530.03  ' 

^^H 

27 

1753* 

414.38 

*5737 

304.47 

355->o 

468,54 

53'  "  I 

^^1 

2H 

J  76.56 

415*07 

458.14 

305.09 

356.86 

410.79 

469*53 

532.18 

^H 

2*J 

415,75 

458.87 

1        $^S'9^ 

4»i-73 

470*54 

533.46  1 

^H 

:*t» 

177*18 

416.44 

459.64 

306.74 

357*74 

414.68 

47155 

534*33 

^H 

:u 

177^80 

417*»1 

460.37 

307.54 

358,64 

413*63 

471.57 
473.58 
474,60 

535-41 

^^1 

:iJ 

178.43 

'  418,50 

461,14 

308,36 

359-51 
360,39 
361.48 

4*459 

536*«;o 

^^1 

:t:t 

179.05 

46t.88 

309.18 

415.54 
416.49 

537*58 
534,67 

^^1 

ai 

179*68 

■     4i9'9 

464.64 

310.00 

475-61 

^H 

;*r> 

180.30 

419.88 

263.39 

310,84 

361.17 

417.44 

476.64 

539*7  S 

^1 

35 

180.91 
181.56 

420,58 

464.15 

311.65 

363.07 

418.40 

477*65 
476.67 

540.83 

^^1 

1     a7 

4JI.27 

464.91 

312.47 

363.96 
364,85 

41935 

541-91 

^^1 

,     m 

'f^-i^ 

421,97 

46^.68 
266.44 

3«1-30 

410*3  > 

479*70 
480.71 

543.00 

^^1 

39 

iSz.H 

424,66 

314.14 

365-7$ 

441.17 

544-09 

^H 

JU 

,83.46 

443.36 

467.40 

3 '4.95 

316,61 

366.64 

411*13 

481*74 

S4S-18  ' 
546,47 

^H 

41 

184,09 

424,06 

467,96 

367*53 
36^42 

443.19 

481*77 

^^1 

4'J 

iHi^ 

42476 

468.73 

414*1 5 

483*79 

547-36 

^H 

43 

185-is 

425,46 

469.49 

3»7.44 

369*3* 

415*11 

446.07 

484.84 

548,45 

^H 

44 

J85.99 

446,16 

470,46 

318.47 

370.41 

48^.85 

549*55 

^H 

45 

186.63 

426,86 

471.04 

319.10 

37t.n 

447.04 
4i8.ot 

486,88 

550.64 

^1 

4a 

187,47 

1^7^57 

471.79 
474,56 

31994 

340.78 

374.01 

*!Z'^' 

1       55173 

^^1 

4T 

187.91 

228.17 

371*91 
373*84 

418*97 

48894 

55«-83 

^^1 

48 

428.98 

173-14 

341,64 

449*93 

489.97 

553-93  1 

^^1 

40 

l«9'»9 

449.68 

474.11 

344,4s 

374.72 

430.90 

491*01 

55503 

^H 

;k» 

l«9'8| 

430.39 

474.88 

343.49 

37J.64 
376.54 

431*87 

494.0J 

493,08 

SS6.«3 

^H 

di 

190.47 

431.10 

175.65 
176.43 

314'n 

431.54 

55714 
558.34 

^H 

^2 

191.12 

431.81 

3»4-97 
315*81 
326,66 

377.43 

43381 

494.14 

^^1 

03 

191  76 

232.54 

477-40 

378*34 
379*16 

434-79 

495-15 
496*19 

5S9-44 
560.5s  1 

^^1 

^ 

I9*.4i 

43JM 

177.98 

435-76 

^H 

(K^ 

193.06 

Ji33'9! 

178.76 

347.50 

380,17 

436.73 

49S.48 

561,65 

^1 

50 

«93*7l 

13467 

179-55 

328.35 

381.08 

437*7' 
438.69 

56476 

^^1 

5T 

194,36 

i3Jl8 
436.10 

*^1 

349.19 

381.99 

499-3  i 

563*8^ 
566.08 

^^1 

»fl 

t950t 

181.12 

330.04 

384.90 

439.67 

500.37 

^^H 

611 

195.66 

436.84 

481.90 

330.89 

383.82 

440.6J 

1        501.41 

H 

■ 

A 

F 

Table  V. 

Eeduction  to  the  Meridian, 

■ 

^ 

1 

II, 

m  == 

2  sin*  1  < 

4 

t 

j    ir" 

18** 

!»-' 

nor 

21* 

n^ 

»« 

«♦* 

»■ 

1* 

w 

(N 

f* 

1* 

t» 

m 

* 

I                 •     1 

0 

^fZ'* 

635.9 

708,4 

lit! 

l^} 

9496 

»037.« 

1119.9 

*        flljf 

^ 

1 

568.3 

pi:: 

709,7 

951.0 

I039.t 
1040.8 

1131^ 

1127  5 

■ 

2 

569.4 

710.9 

790.1 

868.0 

95M 
953.8 

9553 

1133.0 

'        12292 

■ 

3 
4 

570.J 
571.6 

640,6 

7I2.I 

7U*4 

g2t 

1042.2 
1043.8 

1134-^ 

1136.^ 

iilc-4 
j      '*3M 

1 

5 

571^8 

641,7 

714-6 

79>4 

;7».. 

956.7 

104J.J 
104U 

1137.8 

1      nut 

^ 

H 

5739 

641.9 

7«S9 

791.7 

Jri-j 

958.1 

1139.3 

«i-5^ 

7 

8 

S7|.o 
576.1 

644.1 

?4S3 

717^1 
714 
719,6 

794,0 
795-4 
796-7 

B 

P?;? 

1048,1 
1049.8 

1140-9 
1144.5 

,    i»r". 

■           lll'fC 

^ 

D 

577.1 

646.5 

961.5 

1051.3 

11440 

1140» 

^ 

lo 

57M 

5*1^^ 

710.9 

798.0 

tn.o 
1I0.4 

SSii 

963,9 

1052.8 

tt4S-^ 

fl4Ll 

11 

579  5 

64».9 

721.1 

799-3 

800,7 

^i 

1054.3 

1148.8 

»H3-9 

1 

n 

650.0 

7^3^4 
724-6 

1055.9 

I3i^-* 

■ 

13 

58K7 

651.1 

801.0 

«J.. 

& 

1057^ 
1058.9 

11504 

1          i.4-^ 

■ 

14 

58X.9 

^SM 

7»S-9 

803.3 

M4.6 

tIflJO 

\         *^*^    , 

■ 

15 

584.0 

6S1.6 

717.1 

804.6 

SU.O 

97K1 

1060-4 

1153^1         13|07 

■ 

17 

5^6,1 

656.0 

718.4 
719.7 

806.0 

liu 

un 

97^7 
9741 

1062,0 
1063,5 

1 

iR 

5!l'^ 

657.1 

730-9 

l^l 

*      975.5 

lo6cvO 
to66.s 

IIS«.1 

13  r:  ; 

^ 

10 

5«8,5 

6sM 

731,2 

809.9 

(9t.« 

977*0 

»«59^ 

1        tl^—  1 

20 

589.6 

659.6 

733-5 

811,5 

8iii 

«»»•«» 

97«5 

tc68.t 

ti6t.f 

tlT*    J 

J 

'^1 

590,« 

660.8 

734-7 

Itti 

979.9 
9«i4 

1069.6 

s  161.1 

|r*^_    . 

■ 

'22 

591.9 

661.0 

736.0 

813.9 

1071.1 

it6j.7 
1166.3 

1:^1: 

■ 

TS 

5950 

663.2 

737-3 

815.2 
8t6.6 

^l 

982,9 

1071.6 

net  r 

■ 

U4 

594^^ 

664.4 

738-5 

9«4^ 

1074.S 

1167.9 

"•i  5 

■ 

•r> 

>9;-5 

665.6 

739-8 

817.9 

900.0 

985.8 

1075-7 

1169.5 

11*^  t 

■ 

2a 

666.JS 
668.0 

74»  » 
7413 
743^ 

819.1 
820.5 

901^ 
902.8 

m 

1077.1 

10717 
1080^3 
io8i.t 

li-ri.i 
if7t.7 

1 

"J  v 

669.1 

811,9 

904.2 

^} 

1174-1 

1271  r 

■ 

',i* 

670^ 

74+9 

823.1 

9Q5-6 

ti7f.9 

ii^V 

^ 

3U 

601,0 

6716 

746.1 

814.6 

B 

991-a 

:P 

»tT7.S 

ll'S^4 

31 
32 

6oi.i 

672.8 
674.1 

irr 

«»S-9 
8174 
828.6 

m 

v.p 

l2-«i 

^ 

33 

6o4,j 
605,6 

5751 

750.Q 

911.1 

9976 

toiy^ 

llS^.| 

12*0-4 

■ 

34 

75>»1 

8199 

912.6 

999^1 

1089^5 

IS$f^ 

Iffj^i 

■ 

35 

606.S 

677-7 
67i9 
6So.t 

75*-$ 

!^'-; 

914.0 

1000.6 

io9t«o 

••!« 

lift! 

■ 

3<i 

607.9 

7$1.» 

831.6 

9>55 
916.9 

1002.1 

1092.6 

1187.1 

nil? 

IS»<   i 

■ 

37 

609.1 

75M 
7577 

;35'9 

1003,5 

t«>94» 

ir*-  > 

■ 

:i8 

610.2 
611^ 

6Si.t 
682.6 

JSJ 

918.3 
919^7 

tooc.o 
1006.5 

i09$.7 
t097.t 

■  •9*^1 
091^ 

i«9c^4 

1 

4i^ 

61S.5 

683.8 

759^0 
760.2 

ltl.e 

921,1 

f  008.0 

■090 

•  m-f 

1:9^  1 

■ 

^1 

6iA.t 
610.0 

685.0 
686,2 
687H 

fw-J 

921.5 

1009^ 

IIOOw) 

1198 

!1   ,t    f 

■ 

43 

43 

761,5 
761,8 

842^ 

9*39 

•010.9 

I0I2«4 

|tOK9 

1 103-1 

T  T  D  ;    ?, 

^ 

It 

61 7.1 

688.7 

764.1 

•♦J-l 

1013.9 

iio$.o 

•  •99 

4.-1 

61S.3 

6 1 9.  J 
620.6 

6I9.9 
691.1 

765.4 

766.7 

s»: 

9182 
9296 

1015,4 

1016.9 

iio6.f' 
1108.1 

1201.5 
•  103.1 

1  :;  r^  I 
1  5€1.  1 

17 

691^ 
69  ji 
694-« 

768.0 

931.0 

loi8«| 

1109.6 

1104,7 

«TOl^ 

i 

4tl 

6tt.S 
623,0 

7691 

770.6 

ni^ 

1019.9 
toiii.4 

•  •ii.tj 
tiis.9 

1144 

1^«^6 
»3^  3 

1 

1     6a 

624.1 

696.0 

77t'9 

•,..« 

nil 

iOllJ 

Ilt4.| 
iiii  • 

1109-* 

1309  c 

■ 

^A 

6al€ 

617.4 

&i 

773« 

«S»-» 

1014^1 

1025,1 

If  «f  1 

t^io^' 

■ 

» 

774-$i 

S54-S 

938.1 

lit' 

. 

■ 

>       Jfc3 

H9^7 

77S7 

•ss-t 

fr9  5 

102  ■•.3 

I02t.i 

111 ' 

■ 

1     w 

62JLS 

701  ,«i 

777-1 

«$».t 

940.9 

111:  , 

■ 

S3 

6^1  » 

7«-2 

7»1'5 

rfU 

779^7 

P 

861. t 

943* 

toso^t 

1031.1* 

Its8^ 

8IIT.T 

11.-^ 

1 

57 

^ll  t 

764.7 

7«i.o 

^ti 

1033.1 

«c>34.t; 

ltl|-l 

liSlwOr 

fjioJ  1 

M 

*n  ?: 

7^5-9 

^l 

862.$ 

ltli.7 

tll9.i> 

tT»«  1 

■ 

S« 

65^-; 

?07-t 

863.9 

941*1 

1036.3 

111S.3 

1224^1' 

1314.1  1 

1 

^ 

M 

^ 

1 

P 

■ 

Table  ?. 

Eeduction  to  the  Meridian  1 

■ 

m 

t  5in3 1  ( 

2  sin*  }  t 

^^M 

w*  ==  —     .* 

For  rate.          1 

^^^^^^H 

Bia  1" 

"  ~    sin  r' 

■ 

t 

jf 

ti" 

»• 

w^ 

t      , 

n 

t 

^ 

RnU. 

ho^k           1 

1               V 

» 

tr 

H 

t* 

m   *  1 

m     f  1 

» 

g 

a 

1315.0 

1317.6 
1329.5 

J  419. 7 

'537-5 

1649.0 

0  11 

0.00 

20  0 

'49 

—  no 

9999  6985 

^^^^H 

i      i 

143 1.4 
1433.1 

1539-3 
1541.1 

1650.9 

1651.8 

1  (1 

2  « 

0.00 
0.00 

20 

1J4 
1.60 

29 

2» 

708  c 
7,86 

^^1 

I'       :i 

1331.0 

14349 
1436.7 

1541.Q 
15448 

i656!6 

3  (1 

0.00 

ati 

1.65 

27 

7186 

^^^^H 

i         4 

'33^-7 

4  (] 

0.00 

40 

1.70 

24) 

7387  : 

^^^^H 

5 

'334-4 
1336.1 

1438*5 

1546.6 

1658.5' 

\     5  (1 

0.01 

50 

1.76 

Uf» 

7487  1 

^^H 

e 

14403 

'S4«.4' 

1660.4 

0  i\ 

0.01 

21    0 

t.82 

24 

nil 

^^^^H 

7 

1337.8 

1442.1 

1550.1 

1632.3 

7  (1 

0.01 

10 

1.87 

23 

^^^^H 

8 

'3395 

1443? 
1445.6 

'55*' 

1064.1 

i      %  (1 

O.OA 
0.06 

20 

1.93 

22 

mi 

^^^^H 

9 

.341-1 

1553-9 

1666,1 

9  0 

;^o 

1.99 

21 

^^^^H 

lO 

1341.9 

1447-4 

t555.f 

1668.0 

,    10  ^ 

1    11   a 

0.09 
0.14 

40 

60 

2. 06 
2.11 

20 

7990 

^^H 

11 

1  344*^ 

1449-1 

1557^6 

1669.9 

19 

8090 

^^^^^H 

VI 

'346.3 

1451.0 

'559-5 
1561.3 

l67I.q 

16738 

12  (^ 

0.19 

22  0 

2.19 

18 

819, 

^^^^H 

13 

1348,0 

i45i-» 

10 

0.20 

10 

2.25 

17 

8291 

^^^^H 

11 

1349.7 

'4S4-S 

1563.1 

1675.7 

20 

0.11 

20 

1.31 

113 

8391 

^^^^H 

15 

1351.4 

1456.3 

1565.0 

1677.6 

30 
40 

0.13 
0.14 
0.15 

SO, 
4(1 

1.39 
1.46 

1  54 

15 

849*  t 

^^H 

IG 

nn-* 

1458.1 

1566.9 

1679.5 

50 

50 

14 

!l^^ 

^^^^H 

17 

»3?49 

1 46 1 .6 

1568.7 

1681.4 

13 

8693 

^^^^^H 

IS 

,356.6 

1570.5 

1683,3 

13  0 

0.16 

23  0 

2.61 

12 

8794 1 

^^^^H 

10 

M58-3 

1463.4 

1571.4 

i685.i 

10 

0.18 

10 

2.69 

11 

8894 

^^^^1 

20 
*il 

1360.1 
1361.8 

1465.1 

1466.9 

J  574-3 
1576.1 

1687.1 
1689., 

20 
40 

0.30 

o-s, 

0-33 
0.34 

20 
30 
40 

1-77 
1.85 

10 
9 

8995 ! 
9095 1 

^H 

'il 
;£3 

1363.5 
136VI 

1468.7 
1470.5 

1578.0 
1579.8 

1691,0 
1691.0 
1694.S 

60 

50 

1'93 
3.01 

8 

i 

9196 
9296 

^H 

:£4 

1367.0 

1471.3 

1581.7 

14  0 

0.36 

24  0 

3.10 

B 

9397 1 

^^^^H 

25 

13687 

'474^1 

i5«3-5 

1696.7 

Mi 
I'd 

o.,g 

1(» 

20 

3.18 

3.36 
345 
355 

5 

9497 

^^^1 

2S 

I37«>.4 

H75-9 

1585.3 

1698.6 

3f> 

0.39 

0.41 
0.43 
045 

30 

4 

9698 
9799 
9-9999899 , 

^^^^H 

27 
2« 
29 

1371.J 

n73? 

1375-6 

1477.7 
14*1.3 

1587.1 
1589.1 
1 590.9 

1700.5 
1702.5 
17044 

4t> 
50 

40 
50 

3 

2 

-  1 

^1 

30 

'377-3 

1483' 

'^91-7 

1706.3 

15  0 

20 

ao 

40 
60 

0,47 

25  0 

10 

20 

:^o 

3.64 

0 

1 
0.000  0000 1 

^^H 

31 
34 

»379o 
1380.8 

1486.7 

'S946 
1596.5 

1708.2 
1710.1 

0.49 

0.52 

3  74 
3.84 

+  1 

0101 

0101 

^^1 

33 
34 

•3^1-5 
1384.1 

,488.5 
1490.3 

,598.3 
1600.1 

1712.1 
1714-0 

0-54 

0.56 
0.59 

40 
50 

3.94 
4,05 
4.15 

3 
4 

0^01 
0401 

^H 

35 
36 
37 

39 
40 

1385.9 

,387.7 
1389.4 
,391.1 
1392.9 

'394-7 
,396.4 

1 39^-1 

1491.1 
'4939 
'49S-7 
'497-5 
H99-3 
1501.] 

i6oi.i 
1 604.0 
1605.9 
1607,7 
1609.6 

1611.5 

1715.9 
1717.9 
1719-8 
,711.7 
1723.6 

1715.6 

16  i> 
10 
20 
SO 
40 
50 

0.61 
0.64 
0.67 
0.69 
0,71 
0.75 

20  0 

10 
20 

:io 

40 
50 

4.16 

4-17 

44*^ 
4.60 

4.71 
4.83 

5 
0 

9 

10 
1 1 

0503 
0603 
0704  j 
0804 

0905  ! 

1 00  5  1 
1 106 

I 

41 

^2 

1501.9 

'  504.7 
1506.S 
1508.4 

1510.1 

16,3.3 
16,5.2 

'717.5 
1729.5 

17   0 

10 

0.78 

0.8] 

27  0 

10 

4.96 
5.C8 

<;.20 

5ir 
S.46 

12 
13 

1106 

1307   ' 
1407   I 
1508 
i6q8  \\ 

^H 

43 
41 

45 

,  399.9 
,401.7 

1403.4 

16,7.1 
1619.0 

1610.8 

1731.5 
'7334 

'735.3 

2\^ 

;io 

4\} 

0.S4 

O.S8 
0.9, 

211 
411 

14 

15 
10 

H 

40 
47 

40 

,405.1 

,406.9 
1408.7 
14,0.4 

1511.0 
1513.8 

15174 

1611.7 
161X.6 
1616.5 
1618.3 

'737.1 
'739.a 
1741.1 

'743-1 

5ii 

IS   0 

111 
I'O 

0.95 

0.98 
1.02, 
,06! 

50 

28  0 
m 
20 

5.60 

5-71 

S-«7i 
6.01 

17 

19 
20 

1709 
ii<09    : 
1910 

£0,0    1 

I 

30 

14,1.1 

1519.1 

1630.1 

'745-1 

::fi 

,.09 

:io 

6.15' 

21 

11, 1 

^^^^H 

51 

,4,3,9 

1511.0 

1631.1 

,747.0 

40 

1. 18 

40 

6.30 

22 

22,1 

^^^^H 

hZ 

14,5.7 

1511.9 

1634.0 

1749.0 

5n- 

50 

6-44 

23 

1312 

^^^^H 

&3 
ft4 

»4»7.4 
14191 

•514-7 
1516.5 

1635-9 
1637.7 

'750-9 
I751.S 

19  0 

1.21 
,.26 

29  0 

6.^9 
6-75 

24 
!J5 

1412 

1513 

^H 

55 

1410.9 

1518.3 

1639.6 

I7?Z.8 

2\y 

1.30' 

20 

6.90 

20 

1613     1 

.^^^^H 

50 

1412.7 

1530.1 

1641.5 

,to 

,35 

.^0 

7.06 

27 

1714 

^^^^H 

57 

,4144 

1531.0 

1643.3 

1758.7 
1760.7 

j*i' 

,.40! 

40 

7.11 

2H 

18,; 

^^^^H 

5fl 

,416.1 

1533.8 

1645,1 

50 

1  44 

50 

7.38 

29 

^915 

^^^^H 

59 

1417.9 

1535.6 

1647.1 

1761.6 

20  0 

'49 

30  <i 

755 

+  30 

0,000    3015      ; 

^H 

k 

i 

^^ 

fiSA 

• 

J 

^^^^1 

1 

Table  ?L    Logarithms  of  m 

*2  fiin'  1  t 

and  ». 

n 

1 

m  ^  — 7 : 

sm  ] 
log  m 

2   - 

I" 

1 

1 

■ 

t 

<r     1 

l" 

2» 

8-» 

4" 

(p. 

r* 

I- 

—  CO 

0.29303 

0.89509 

1.24727 
•»5ij8 

1.49714! 

,50076 

M 

1.84911 

1.98320 

1 

6.73673I 

.30739 

.90130. 

•85I7» 

.98524 

■ 

2 
3 

7-51879 
769097 

7.940«5| 

.32151 

•3354' 

•9094s, 
.91654 

.26163 
.26636 

-5043s 
•50793 

■pS 

■98711 

W37  1 

1 

4 

.34909 

•9n57 

.51150 

.70246 

.85890 

m^4^ 

' 

5 

8134671 

.36255 

.93055 

.27107 

.51505, 

.70531 
.70815 

.86110 
.86^S 
.86<oj 

-99147 

0 

8.29303I 

'375»« 
.38888 

*93747; 

.17575' 

.51859 

•WSSI 

7 

8.41692 

•94434 

.21<041 

.52211 

.71099 
•71382 
.71663 

'9^55 

•999S8 

a.09i4i  I 

e 

8.54291 

"♦0174 

95115 

.28504: 

.51561 

.86840 

9 

8.64521 

.41442 

•9S79I 

.28965 

.51911 

.87075 

lO 

8.71673 

.42692 

.96462 

•19413 

.53160 

-7>944 

-87310 

.0096, 

11 

8.819511 

'439*5 

•97'J7 

.Z9S79 

.53606 

.71223 

•87545 

.007*0 

1^ 

9*02898 

45140 
.46338 

.97788 
.98443 

.303J1 
.30783 

.53951 

.72502 

iU]X 

^ 

la 

.54196 

.71780 

-00967 

■ 

14 

475  >  9 

.99094 

.31231 

.54639 

.73057 

«M4 

^1167  ' 

■ 

IB 

9.08891 

« 

.99740 
i.oo35t 

.31679 

.54980 

•m 

•!!♦'* 

)    .01367 

■ 

111 

9.14407 

9.19763 

.32123 

.31566 

-55310 
•55659 
•55996 
.56331 

•!!'^ 

^    .01566 

■ 

IT 

.50971 

.01017 

*7l883 

:S!?fi 

.oiT^S 

■ 

IH 

9^47»7 

.52092 

.01640 
.01276 

.33006 

•74157 

^1964 

■ 

19 

9.29423 

.53198 

•33443 

■74419 

.89,9s 

.0^161 

■ 

20 

9-33879 
9  3»<I7 

,54191 

.02898 

.33878 

.56667 

.74701 

-!95»7 

^160 

■ 

21 

*5537o 
.56436 

.57489 

.03517 

.34311 

.57000 

.74^71 

.«98j$ 
.900I1 

*02fC*    1 

■ 

22 

9-4J'S7 
9.46018 

.04131 

•34743 

■57231 
•57663 

,75141 

,01- <; 

■ 

23 

.04740 

.35171 

.755" 

.90310 

1       'Ol^s^ 

V 

S4 

9-49715 

.58529 

•05345 

.35598 

'57993 

.75780 

.905 1« 

1  -nM 

25 

9.55261 
9.56667 
9-59945 

•59557 
60573 

.61577 

.OJ946 
.06541 
.07156 

.36022 

.58321 

,58*48 
•58974 

.76048 

.76314 
.765110 
.76*46 

.90762 

.909^ 

.9*2: 

'      oiUi 

28 

9-6J104 
9.66152 

.62570 

.07715 
.08310 

.37185 

•59199 

:iua; 

.«jy*4 

^ 

29 

'^3SS< 

.37701 

,59611 

,77110 

■ 

30 

9.69097 

,64521 

.08891 
.094I8 

.38116 

:m 

•7717} 

.91883 

UHlit 

■ 

31 

9.71945 

,66431 
.67370 

•385*9 

,77636 

.91105 

^J04 

■ 

1    ^^ 
1    33 

9-74703 
977376 

.10042 
.10611 

.38940 

.39348 

.60586 

,60904 

:?S?I2 

.IJ2  11' 

^ 

j    34 

9.79968 

.6^299 

.11177 

•39755 

*6tiaa 

.784^0 

05080 

^ 

35 

9J2486 

.69218 

.11730 
.12298 

.40160 

.6.338 
.61168 

.78680 

.9*990 

.OJITI 

■ 

36 

984933 

.70127 

.40563 

.7«93« 

.91200 

.^38*4 

J>iA62 

.05651 

■ 

37 

9-87313 
9J96i9 
9.91886 

.71027 

.11853 

.40964 

.79197 

^ 

38 
30 

.71018 

.72800 

.13404 
.1395a 

.41364 
.41761 

.62481 
.62793 

-79454 
•79710 

.000|1 

40 

9.9401 5 

!      996119 

.73673 

•14497 

41157 

.63103 

.802St 

,94082 

.o6imo 

41 

•74537 

.15038 

.  4  ■»  - '  f 

63413 

.94299 

.06409 

42 
43 

9.98321 
0.00366 

1        *7}393 

.76*40 

,i|576 
.loito 

•4 

.63712 
,64029 

.80476 
.80729 

*Wit5 
.H73t 

@ 

41 

0.02363 

.77080 

.16641 

•437*^ 

1     Mm 

.«o^i 

^9494^ 

1    *o*97« 

I    45 

0.OA315 

0.06224 

.779" 

.17169 

.44109 

.64641 

.ti234 

gtitfi 

0Tlv9 

46 

1         •7«714 

.17694 

^   ;  , ,  ;  : 

>'!:,*■  '^ 

" 

1    4T 

0.08092 

io358 

.182  It 

■  t ;    "  ~ 

■  r  -  -' 

48 

0.09921 

•18735 

•45^57 

.(•'^  ^  :3 

.tMy^6 

^ 

40 

0,M7I2 

:    .81158 

.19250 

45639 

.<N-^:,i 

,82136 

1 

n 

*    50 

0.15467 

.11952 

*19762 

.4601^ 

.66151 

•H4»4 

1    51 

O.15187 

0.16875 
0.18528 

.112738 

.20271 

•46395 

.66450 

.8173 » 

1    52 

.83^17 

.20778 

,46770 

.66748 

.;»979 

.    ' 

J 

53 

.«42gl» 

.21281 

47143 

.67045 

J|Sa$; 

.96S60 

1      .&A^41 

■ 

54 

0.20151 

.8^053 

.21782 

47S«S 

.67341 

.«J47« 

^yoffti 

1    .etl24 

■ 

5.-^ 

0.2 1745 

J5813 

.22280 

,47886 

,67636 

Im^ 

^ 

^ 

56 

on^4« 

ti'>^^ 

.4?M5 

i^r, 

.S1960 

: 

5T 

'       .«'u- 

z-  ■' 

•!4»«4 

•*r'*9:' 

o-iV- 

511 
59 

■^j  jj* 

m 

^l 

»n9»5 

OO 

11.19303 

1      &.«9509 

1.24727 

I497»4 

1.69096 

1.849 

-■:  ^ 

^ 

&5d 

1 

1 

■ 

Table  VL  Logarithms  of  fH 

and  )i. 

■ 

m 

^^^ 

Sain' 

^i< 

H 

^^Hf 

**    iin 

r* 

1 

b 

log  M                                 1 

1 

0 

S"* 

gm 

10- 

u* 

la-* 

IS- 

11* 

15-   1 

2,09917 

.10098 

2.20146 

ft.19196 

^•37574, 

245130 

2,52081 

2.585.6 

1.64  c  06 
.64603 

H 

1 

.10307 

.19441 
.29586 

•37705 
.37836 
•37967 

.45250 

.52192 

.58619 

^H 

H 

U 

,10278 

.20A67 
.20627 

•45371 

,51303 

'^Ir^ 

.64699 

^H 

^fc^^ 

3 

,10^58 

.10637 

.29730 

•4S49« 
.45611 

.51414 

.58825 

.64795 
.64491 

^^M 

^^^L| 

,   4 

.20787 

,29874 

.38098 

,52515 

.58918 

^1 

^^^F' 

5 

.10817 

.20946 

.30017 

.38129 

4573 » 

.52635 

.59031 

.64987 

^H 

^^^^ 

6 

.10995 

.21106 

.30161 

.38360 

45850 

•59134 
.59236 

,65083 

^H 

^m 

7 

.11174 

,21264 

.30304 

.38490 

•45970 

.518C6 

•65179 

^H 

^B 

8 

.11352 

.11423 

.30447 

.38619 

46089 

.52967 

•59339 

.65174  1 

^H 

■ 

9 

.11530 

.21581 

,30590 

•38749 

.46209 

•53077 

.59441 

•65370 

^1 

^^^ 

10 

.11707 

.21739 

.30731 

.38879 

.46328 

.53J87 

•5954! 

.65466 

^1 

^^^H 

|] 

.11884 

,21897 

.30874 

.31016 

.39009 

4f»44^ 

■53197 

.59645 

.65561 

^H 

^^^H 

.  VI 

.12061 

.21055 

.39118 
.39167 

.46565 

,53406 

•59747 

.65656 

^^1 

^ 

13 

.12237 

.12212 

.31158 

.46684 

.53516 

.59849 

:65S46 

^^1 

H 

14 

.12413 

.12369 

.31300 

.39396 

46802 

.53615 

•5995 » 

^1 

H 

16 

.ii5f9 

.22515 
.12681 

.31441 

•395*5 
.39654 

.39781 

.46910 

•53735 

,60052 

.65941 

^1 

^H 

le 

.1*764 

.31581 

.47038 

.53*544 

.60154 

,66036  1 

^H 

^1 

17 

.11939 

,12838 

.31713 

.47156 

•53953 

.60255 

.66131 

^H 

^m 

le 

.13188 

.11994 

.31864 

.399  "o 

47274 

.54062 

.60357 

.66225  1 

^H 

H 

19 

.13150 

.32004 

.40038 

47391 

•54170 

.60458 

.66320  ' 

^1 

H 

30 

.13461 

.13635 

.23304 

.31IJ4 
.31184 

.40166 

47509 

.54*79 

.60559 

,66414  ' 

^H 

^^^^ 

31 

.13^59 
.1360 
.13768 

^0294 

47616 

.54387 

.60660 ' 

.66509 

^^1 

^^^H 

32 

,13809 

•3*414 

40411 

.47860 

-54496 
.54604 

.60760 

.66603 

^^1 

^^^H 

23 

.13982 

^3*561 

•40548 
■40675 

.60861 

.66697 

^^^^1 

^^H 

1  ^"* 

.14154 

.13922 

.31703 

47977 

•547H 

.60961 

,66791 

^^^1 

^^B 

'  35 

.14326 

,24076 

.318A2 

.32980 

.40801 

.48094 

.54810 

.61061 

.66885 

^^^1 

^^^^ 

36 

.14498 
.14670 

.14130 
.243S1 

.40929 

,48210 

■549*8 

.61162 

.66979 

^^^^1 

H 

37 

.33010 
.33158 

•4»o;5 

483*7 

■55035 

.61263 

.67073  1 
.67166  ' 

^H 

H 

1  '^^ 

.14841 

48443 

•55143 

.61363 

^H 

H 

3I> 

»i50ii 

-33396 

•41307 

48559 

.55150 

.61463 

.67160 

^H 

|H 

1  30 

.15182 

.2484^ 

*33534 

41434 
41560 

48675 

■55358 

till 

•6744ft 

^H 

H 

1  31 

*i53S2 

.14994 
.25146 

.33671 

48790 

•55465 

^H 

H 

1  33 

•I55*a 

•33809 

41685 

.48906 

.55571 
.55679 
.55785 

.61762 

.67539 

^H 

■ 

33 
31 

.15691 
,15860 

.15197 
'»5449 

.33946 
.340J3 

418 II 
41936 

.49011 
49136 

.61861 
.61961 

,67631 
.67726 

■ 

^^H 

35 

.16029 

.15600 

.34220 

41061 

49151 

.55891 

.61060 

.67818 

^M 

^^^B 

3(1 

.16198 

.157  5  J 

*343S7 

.41186 

49366 

•55999 

.62150 
.61258 

,67911 

^H 

^^^^ 

37 

.16366 

.2J902 

.26052 

•34493 

.42310 

.49481 

,5610s 

,68004 

^H 

■^ 

m 

.16534 

.14766 

.42435 

.49596 

.56211 

.61357 

,68097 

^H 

M 

31) 

.16701 

.26102 

•4*559 

49711 

.56317 

.61456 

.68189 

^^1 

H 

40 

.16868 

,26351 

.34901 

.42683 

.49815 

.56423 

.61555 

.6828] 

^1 

^^^^ 

41 

.17035 

.16501 
.16651 

•35037 

.41807 

49939 

.56519 

.61654 

,6837^ 
.68466 

^H 

^^^^^h' 

42 

.17201 

.35171 

.42931 

•50053 

.56635 

.62752 

^^H 

^^^^f' 

43 

.17368 

.26800 

•35307 

43055 
43178 

,50167 

'^?Z-^? 

.62850 

il& 

^H 

44 

'»7S34 

.26949 

•35441 

,50181 

,56846 

.61949 

^M 

1  U 

.17700 

.17097 

•35577 

,43302 

-50394 

.56951 

,63047 

.68741 

,68^34 

^1 

46 

.17865 

,17246 

'357" 

•43415 
■43548 
.43670 

.50508 

.570^6 

.63145 

^H 

47 

.18030 

•»7394 

•35846 
•35980 
.36114 

.50621 

.57*^1 

,63143 

.68920 

^^M 

48 

.18194 

\lliil 

.50734 

,57266 

•^'^♦i 

,69017 

^H 

1  40 

.18359 

•43793 

.50847 

.57171 

.63438 

.69109 

^H 

50 
fil 

.18513 
,18687 

.17816 
.179S4 

■$% 

^43915 
•44057 

.50960 
.51073 

^57476 
.57580 
.57685 
.57789 

.63634 

.69201  , 
.69201 

.693J3  : 
,69474 

■ 

53 

,18850 
.19011 
.19170 

.28130 

.28277 

.36781 

•44159 
.44181 

.51185 
.51198 

iVZ 

1 

i  51 

.18423 

,44403 

.51410 

•57893 

.63915 

.69565 

^1 

&:» 

i   .1933^ 

.18569 

.36911 

♦37046 

^44646 

.51521 

.57997 

,64011 

.69656 

^1 

1  55 

,19500 
,1966a 

.28715 

■51634 
.51746 

.58101 

.64119 

i*^l^l 

^H 

i  57 

,i886t 

.37178 

,44767 
.44888 

.5H10? 

,64116 

.69838 

^H 

58 

.19824 

,19006 

.37310 

.51858 

.5K309 

,64313 

.69919 

^H 

1  ^^ 

.I99'«5 

.29151 

•37441 

,45009 

.51969 

,58412 

,64410 

.70019 

^H 

>IK» 

1.10146 

2.29196 

».37574 

1.45130 

*.5i4i«i 

».S85I6 

*.64So6 

1.70109 

■ 

^B 

1 

5 

Table  VI.    Logarithms  of  m 

and  w. 

1 

■*          sin  1 
lo«« 

2 

m 

f 

ii* 

11- 

is^ 

»* 

«- 

«• 

ft- 

»• 

■ 
0 

S.70109 

"iJllJi 

»,8o336 

&.8so»9 

».H4»M 

«-917i7 

*-977$5 

t^ii^l 

^^^^^^H 

t 

,70200 

.80416 

,85105 

Wl 

-9l7i4 

joil^; 

^ 

3 

.70151 

.703*1 

■mi 

,80496 

.85,$! 

•91»55 

.97t44 

^  1  *  T  * 

■ 

3 

,80576 
.80656 

•f5»S7 

.89698 

-919*1 

•9T95* 

.OtNCf 

■ 

4 

.70471 

•75711 

-»5in 

.89770 

-9199* 

,94CM7 

*Os864 

■ 

5 

,70561 
.70651 

.75««1 

.80736 

-85409 

.«98+» 

.94061 

«5 

,ot9B4 

^ 

a 

,80816 

.854«S 

Z»t 

•94"  29 

-Oi^^ 

7 

.70741 

•759*7 
.76051 

,80896 

Isjlt* 

,94198 

,98114 

,01051 

9 

.70*30 

.80976 

.90058 

.94166 

•9;*79 

,Otit4 

^^ 

f» 

.70920 

,76136 

,81056 

♦85711 

.90130 

•94115 

-9«144i 

jo»rr? 

^1 

10 

,71010 

,762*0 

,81135 

.85787 

.90103 

-■J4401 

^t9 

^^X^f 

^1 

II 

.7i27« 

-"?^2i 

.811,5 

m 

90174 

■-.'  ^  ^  '  » 

•9«475 

Ai^^i 

^^ 

1^ 
13 

,7638* 
7647* 

.8,195 
.81375 

9034^ 

•9<H17 

.94VJO 
.94608 

^ 

I 

11 

,71367 

,76556 

,4454 

.86089 

,90449 

,94676 

-9«*T^ 

JOI4M 

^1 

IS 

-71456 

.76640 

.8i4ta 

.86164 

.9076C 
.90651 

-94744 

9»TJ? 

-©2??l 
,02613 

^1 

10 

'71S45 

?6l^ 

.861  ^f) 

.94811 

.91800 

^H 

IT 

.71634 

.81691 

.86  :;  ^ 

90703 

.94880 

.9tMs 

^034?  5 

^1 

\n 

71723 

,76892 

:i;?i^ 

J 

10774 
90845 

iSr 

-o**f7 

^H 

m 

.71*.. 

•76976 

,U^.^ 

^$016 

*9"9iSi 

-©•799 

^1 

20 

.71900 

•77059 

.81918 

,86530 

■OT 

.950*4 

- 
^99oi» 

xoMt 

^1 

21 

-719*9 

•77141 

.77126 

.81007 

,?6^ti 

95*51 

^"5 

•«»9*l 

^^1 

22 

,72077 

,82086 

,S^ 

' ''  ■-■ :' ' 

95219 

*99«»9 

,QX04; 

^H 

23 

.72165 

-77109 

,81165 

.i*'^ 

'  i  il'i 

95187 

•99*S4 

-CT04' 

^1 

21 

•7*254 

•77391 

•82244 

,8 

>IlQO 

-95155 

*991<9 

JOit^ 

^M 

25 

•7234* 

•77476 

-81311 

,S- 

11171 

-954*1 

sa 

*GU't 

^M 

26 

-72430 

•77559 
-77641 
.77714 
•77«>7 

,81401 

Jr        ~ 

91342 

-95490 

-Ctl^J 

^H 

27 
2» 

.72694 

m 

,8t  1 3  c 
-87110 

?1413 
•91444 
•9«>55 

-95557 
•956*5 
-95^ 

.99512 
*9W4 
.99*4* 

1 

90 
SI 
32 

•72957 

.77890 

,11714 
.81791 
.81870 

.8-:-, 

9i6«j 
?i6i4 
917*4 

*9$S94 

1 

33 
31 

•73044 
,73132 

7«"5« 

,78^30 

.81948 
.83016 

-87580 

^•^17 
,9,907 

3aS 

-01  f  '^  •, 
-01-t 

I 

35 
36 

•732I} 

•73!o4 

,78302 

.83,04 
.83,81 

-i?ni 

-9«977 
.9SQ4i 

tsl 

f^ooo>4 

-0374? 
•oi46l 

■ 

37 
38 

:]V^ 

•7;4*7 

.13160 

-*1117 

-87803 
-87876 

J92it4 
91,84 

Wt 

•oifai 
-09970 

H 

39, 

^73567 

•*J4^4 

•»7949^ 

-9i*5« 

1 

-OfOft 

^1 

lO 

•73654 

.7f7t3 

.8349a 

^3it 

1    -n4«- 

-0409* 

^1 

41 
43 

.737*" 

-73'»7 

.78877 

iim 

TilU 

-004* 

-ij.  i  IM: 

■ 

43 
41 

-739U 
,74001 

.7»95* 
.79<M« 

.85725 
.83801 

^ 

.iO660O 

■ 

45 

.T4047 

.79111 

^3879 

.1^; 

9»^ 

=» 

-^Hyr* 

^1 

4t 

.74173 

.79201 

-{1957 

.8Mj 

-9*147 

.0*4<» 

^1 

47 

4i 

74159 
•74144 

■^li 

.84034 
.84111 

TS& 

X09t8. 

•040* 

,Q4«;i« 

H 

49 

•74412 

•79447 

.S4188 

.48411 

-9»9l^ 

-970a 

j04^I 

^1 

n 

T4jti 

•mi« 

»79*09 
•79690 

.«4244 
,84341 
,«44i« 

.ii9ei 

5«* 

•^7095 

^t6« 

^97*^7 

.00941 

JMtt4J 

-047«   1 

■ 

»3 

X 

:W 

.^4495 

.8*   - 

^1*11 

*97»91 

<»lt7l 

*©4J**1 

^^1 

M 

-«457t 

**.  , 

n'^x 

•971f9^ 

^*t4 

,£^'^^^ 

^^ 

S5 

-74947 

'?99tS 

^4M 

.89.1^ 

;     ,     .    ,   , 

..-,,- 

" 

^1 

M 

.750JI 

JiQOl4 

•*47i4 

^14>l 

-     ,    ,     ■ 

^1 

47 

-jut 

.80094 

,84801 

.f    :- 

,;sio 

9751* 

-«*4*4 

-vj  -  '  ;  ', 

^H 

3t 

.7flW 

-4oi7? 
-«025S 

4487* 
•»4951 

;ii*i 

.« 

^<«7» 

oiiCo 

je:T«i 

I 

J^ 

1-75171 

1.40334 

m.85019 

i^i944i 

V917t7 

2 

■ 

^ 

^ 

^ 

^48 

J 

Table  VI,    Logarithms  of  m  and  ;/. 

m 

2«inMi 

2  sin*  A  ( 

^^H 

m  :=  — r 

^  =  — r-v.T- 

^^^H 

ffin  1" 

sin  1" 

^^^^^M 

^^^1 

^^^^1 

log  m 

t 

34" 

«5- 

26- 

J7" 

«8- 

20- 

t 

— - — - 

t 

M       f 

loi{  n 

0 

J.05J06 

3.08848 

3.12252 

3.15516 

3.18681 

3.11715 

m     r 

1 

,05366 

.08906 

,12307 

.15580 

,18836 
.18887 

•»t775 

0  U 

—  cc 

20   l> 

^''lil 

^^^^^1 

2 
3 

.05416 
.05487 

,08964 
.09011 

.12363 
.12418 

.1182s 
,11875 

1  II 

2  *t 

4.9706 
6.1747' 

111 

20 

o.il$K6 
0.2029 

^^^^^^H 

4 

•05547 

.09079 

.11474 

.15740 

.11924 

3  M 

4  ii 

6.8791 

7.3788 

20 
40 

0,2170 
0.2311 

^^1 

& 

.05607 

.09137 

,11529 

•"5793 
•"5847 

.18939 

.21974 

5  II 

7,766s 

m 

0  2450 

^^^^H 

6 

.05667 

.09195 

.iaj85 

.12640 

.18990 

,11014 

21  0 

^^^1 

T 

.05717 

.09251 

.15900 

.19042 

.21073 

6  0 

8,0832 

0.2589 

^^^^H 

B 

.05787 

.09310 

.12695 

^»59S3 
.16007 

.16060 

.19093 

,211211 

7  ti' 

8.3509 

10 

0,2726 

^^^^H 

0 
10 

.05847 
.05907 

.09367 
.09415 

.12751 
,12806 

•«9HS 
.19196 

.211 71 1 

.11211 

K  *> 
10  <i 

8,v:<i9 

8,970,' 

20 
40 

o.2iI6a 
0.2997 
0.3111 
0.3264 

^^1 

11 

.0948* 

.1286] 

.16113 
.16166 

.19147 

.11172 

11  1^ 

9.1  560 

td\ 

^^^^1 

1% 

.09540 

.12916 

.19199 

.11321 1 

^^^^^^M 

13 

.06086 

•09597 
.09655 

.09711 

.12971 

.16210 

,19350 

.11371 

12  1) 

9  2871 

22  u 

0,3396 

^^H 

14 

.06146 
.06105 

.13026 
,13081 

.16373 
.16316 

.19401 
.19451 

.21420 
.11470' 

Hi 

:iii ' 

9.3111 

93347 
9  3>^a 

10 
20 

o-35^7 
0,3657 
0.3780 

16 
17 
IK 

.06165 
.06314 
.06^84 

.09883 

.13136 
,13191 

,13246 

.16379 
.16412 
.I64«c 
.l653« 

.19503 

Milt 

.12519 
.II56S 
.1261 S 

4n 

9.3810 
94037 

40 

50 

0.3915 
0,4042 

^^^^H 

lt> 

.06444 

.09941 

,13301 

.19657 

.12667 

13  it 

94262 

23  0 

0.4168 

^^^^H 

30 

.06503 

.09998 

.13356 

.16591 

.19708 

.11716 

1^1 1 

9  44^1 
9.4701 

10 
20 

0,4293 
0.4418 

^^^H 

21 

.06561 

.10055 

-134H 

.16641 
.16696 

.19759 

.21766 

'Ml 

9,4917 

SO 

0.4664. 
0.4786 

^^^^H 

22 

.0661Z 

.101 1  z 

.J34b6 

,19810 

.12815 

40 

9.51 301 

40 

^^^^^M 

23 

.06681 

.10160 
.10216 

.13521 

.16749 
,16802 

,19861 

.22864 

uu 

9  ?34* 

50 

^^^^U 

24 

.06740 

,13576 

.19912 

.22913 

2& 

,o68oQ 

.10283 

.13611 
,13686 

.16855 

.19962 

,21963 

1 1  (1 

I1» 

9^^49 
9  57^4 

24  0 

JO 

0.4907 
0.5027 

20 

.06859 
.06918 

.10340 

.16907 

.20013 

,13011 

2ii 

959^7 

'20 

0,5116 
0.5264 

27 

.10396 

.13740 

.16960 

.10064 

.23061 

:ui 

9,61  ^K 

30 

2i 

.06977 

,10453 

'«379S 

,17013 
.17066 

,20115 

.23110 

4(1 

9.6356 

40 

0.5381 

29 

,07036 

.10510 

.13850 

♦10166 

.23159 

;»l) 

9.6553 

&0 

0.5499 

30 

.07095 

.10C67 
.10623 

.13904 

.17118 

.10116 

,23208 

15  1> 

9.6747 

25  (» 

0,5615 

31 

,07154 

•'3959 

.17170 

.10267 

.25257 

111 

9-6939 

10 

0.5730 
0,5845 

32 

,07113 

.10680 

.14013 

.14068 

,17123 

.10318 

.23306 

2n 

9.7128 

20 

33 

,07271 

,10737 

.17175 

.10369 

•^3355 

;iki 

9.7316 

$i\ 

05959 
0.6072 

34 

.07331 

,10793 

.14121 

.17317 

.10419 

.23404 

4(1 

9.7501 
9.7686 

40 

33 

.07389 
.0744« 

.10S50 

,14177 

.17380 

.10470 

•»3453 

£»(' 

50 

0.6184 

341 

,10906 

.14131 
,14185 

•17433 
,I753« 

.10510 

.23501 

10  II 

9.7S67 

20  0 

0.6296 

37 

.07507 

.10963 

,loC7i 
.10621 

•*35So 

III, 

9.8047 

10 

0.6407 

3ft 

.07566 
.07615 

.11019 

.14340 

.2359g 
.23648 

'JV 

9.8225 

20 

0.607 
0,6626 

30 

.11076 

"4394 

.17590 

.10671 

ao 

9.8401 

30 

40 

.07683 

.11131 

.11188 

,14448 

.17641 

.10721 

.11697 

4U 

9.8^76 

40 

0.673s 

41 

.0774a 

.14501 

,17694 
,17746 

.10772J  .2374s 

5(1 

9.8749 

i>0 

0.6843 

12 

.07801 

.11245 

•H557 
.14611 

.20822  .23794 
.10873   .1384-^ 

17  (►' 

9  8920 

27  0 

0,6951 

1  43 

.07850 
,07918 

.11301 

•17799 

!(►, 

9.9089 

10 

0.70C7 
0.7164 

44 

"357 

.14665 

•t7«5i 

,10914 

.25891 

2i'f 

9-9257 

2U 

4& 
4d 

,07976 
.08035 

.11413 

,11469 

•14719 

•14773 

,17903 

.17955 
.18007 
.18059 

.10974 
.11014 

.23988 

4(t 

9.95»8 

ao 

40 

0,7269 

0.7374 
0.7478 

0.7582 
0,7685 

47 

48 

.08093 
.08151 

,11525 
.11581 

.11638 

.14827 
.14881 

.11075 
.11115 

.24037 
.24086 

50 
Ig  0 

997SI 
9'99>3 

to 

28  »j 

40 

.08110 

.14935 

.x8tii 

.11175 

•»4134 

10 

0.0071 , 

TO 

Ml 

.08168 

,11694 

.14989 

,18163 

,11125 

.14182 

I'O 

0.0231 

20 

""'^P 

51 

.08316 

.11750 

,1^041 
.1  5096 

.18115 

.11175, 

.14231 

ail 

0.038.' 

:io 

C.7889 

52 

.08384 

,11805 

.18267 

.11315 

,14279 

4\\ 

0.0544 
0.0698 

40 

0.7990 
0.8090 

53 

.08441 

.it86i 

.15150 

.18319 

.11375 

.2432X 

.VtJ  j 

DO 

54 

.08501 

.11917 

,15204 

.18371 

.11415 

•H37<' 

10  0 

0.08  5 1 

20  0 

0.8190 

55 

.08559 

.11973 

,15258 

.18412 

•-U75 

.14424 

1(» 

0  1003 

10 

0.8290 
0.8389 
0.8487 

57 

,08617 
,086751 

.12029 
.12085 

,15312 
•'5365 

.1847J 
.18526 

,21515 

,21575 
,21015 

•14473 
.24521 

20 

0.1153 
0,1302 

20 

'  58 

,087331 

.13140 

'IH»9 

,181178 

.24>69 

4U 

0.1450 

40 

o.8^85 

50 

.08791 1 

.12196 

.15471 

,18629 

,1167s 

.14617 

:Ai 

0.1597 

1,0,     o,>b»2  I 

1 

L 

110 

3.08848! 

3.12151 

3.15516 

3.18681 

1.»«7i5 

3.14665 

20  (» 

a,  174^1 

30  0  0.8789  1 

689 

^ 

Table  VII.    limits  oi  Circum-meridian  Altitudes, 
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1.380 

^^^H 

21 

4-787 

3.619 

4-975 

2.|44! 
2.621 

2.22J 

till 

1.976 

'•r? 

1.598 

1.447 

^^^H 

22 

4.a«5 

3.707 

3.057 

2.045 

1.838 

1.663 

i.5»i 

^^^^1 

23 

4-979 

3-79» 
3874 

3136 

4-«3S 

2.111 

t.902 

1.725 

I.J74 

1.631 

1.688 

^^^^H 

24 

5.069 

^*ij 

4435 

2. 176 

1.964 

;:«! 

^^^^1 

2:> 

5'5S 

3953 

3.286 

2.501 

2.239 

2.024 

^^^H 

20 

SM« 

4.029 

3-357 

4.902 

Ull 

2.29U 

2.3sJ 

2.082 

1.900 

1*743 

^^^H 

27 

5317 

4.103 

3-446 

2.967 

2.139 

»-95S 
2.008 

^^^^K 

21* 

ri?t 

4.174 

3-494 

3,030 

2.686 

2.415 

l:'^ 

^^^^1 

29 

4.242 

3-J56 
3619 

3.091 

4-744 
2.801 

2.471 

2.060 

1.898 

^^^^H 

30 

5  539 

4309 

3.150 

2.525 

2.300 

2.111 

1.948 

^^^H 

91 

5.6o» 

4-373 

3.680 

3.408 

2.856 

2.630 
2.680 

2,351 

2, 1 60 

1.996 

^^^H 

32 

5675 

4-435 
4-496 

3-73? 
3-79* 

3.264 

2,909 

2.401 

2.208 

3.041 

3.Q88 

^^^^H 

33 

5  74° 

3-319 

2.961 

*-449 
2.496 

3.2  55 

^^^^1 

31 

5.K03 

4^555 
4.613 

3.852 

3-374 

3.01a 

4*749 

3.301 

3.133 

^^^^H 

3a 

5-«64 

3.906 

3-444 

3.061 

1*777 

4.543 

a*345 

3.176 

^^^H 

30 

S9»4 

4.669 

3-959 

3-474 

3.111 

4.S24 

2.C88 
2.033 

2.389 

2.219 

^^^H 

37 

S-9«» 
6.037 

4^713 
4-776 

4011 

3-5^3 

3.158 

2.870 

2.432 

2.260 

^^^^1 

38 

4.06  J 

3-574 
3-619 

3.205 

2.91  J 
2.95} 

2.675 

**474 

3.301 

^^^^H 

39 

6.092 

4.876 

4111 

3.250 

2,717 

4.51s 

4^  34" 
3.380 

^^^^^1 

,       10 

6.J4S 

4'«59 

3-665 

3*494 

3.001 

4.759 

4-555 

^^^H 

41 

6.197 

4-947 

4.206 

3.710 

3.338 

3.043 
3.0^4 

2.800 

4.J95 
3.634 

3.419 

^^^1 

42 

6.247 

4-975 

4-152 

3*755 
3-798 

33»* 

4.840 

4*457 

^^^^H 

43 

6.297 

5.022 

4-497 

3,411 

3*'H 

3.879 

2.672 

4*494 

^^^^H 

44 

6.34s 

5,068 

4-34* 
4-384 

3.840 
3.881 

3.463 

3.164 

a-9'7 

2.700 
2-746 

2.566 

^^^^H 

45 

6,392 

5.113 

3503 

3.203 

»-955 

'^^^H 

m 

6.4t8 
6.483 

5'«S7 

4^446 

3.923 

3  543 

3.241 

2.991 

2.781 

2.601 

^^^H 

47 

5,200 

4.468 

3.963 

3.619 

3,278 

3.029 

2.817 

im 

^^^^1 

4S 

6.527 

5.242 
5.233 

4.508 

4^002 

3-3»S 

3.064 

2.851 
2.886 

^^^^H 

4U 

6.612 

4.548 
4-5»7 

4.040 

3.656 

nil 

3*099 

3.701 
1736  ; 

^^^^H 

54} 

,       5P3 

4.078 

3-693 

3**34 

3.910 

^^^^1 

51 

6.653 

5362 

4*636 

4-11$ 

3*7;8 

34*1 

3.16S 

nil 

U'^ 

^^^1 

52 

6,694 

5.401 

4.663 

tw. 

3-764 
j       3-8^7 

3-456 
3.489 

3.201 

^^^^1 

33 

5-734 

5-442 

4.700 

lilt 

3.018 

3.851 
3.862 

^^^^1 

54 

tv^ 

5-478 

4*736 

4-144 

3-543 

IX 

^^^^^ 

53 

6.811 

5S«S 

4*774 

4*457 

3-555 

3.498 

2.892 

^^^1 

50 

6.848 
6,885 

555' 
5*5»7 
5.622 

4-807 

4.191 

3.900 

3.J88 
3619 

3-3J9 

3.1U 

2.922 

^^^1 

57 

4.842 

4*345 

S-996 

3.360 

3.141 

2.90 
3.980 

^^^^1 

m 

6.921 

4,876 

4-357 

3,650 
3.681 

5.390 

3.171 

^^^^1 

50 

6,957 

5,656 

4909 

4.390 

11^1 

3.200 

3.009 

^^^^H 

do 

6.991 

5.690 

4.942 

4-441 

4.027 

3711 

3.229 

3-037 

^^1 

■ 

OI?T 

1 

1 

TABLE  X.  A. 

Pfiirce' 

8  GriterioE, 

1 

■ 

Log  T, 

^^ 

^^ 

2 

n 

i 

i 

1 

t 

t 

I 

5 

e 

% 

8 

i 

93979 
9.1707 
0.0231 
S.9134 

8.8259 

1 

f 

il 

95853 

93979 
9,1693 

9.1707 

!| 

4 

9,6744 
9,5119 

9-3979 

1 

5 

9V7183 
9-5853 

I!Z^!I* 

5 

9.6361 

7 

8,753^ 

9.0906 

9.3080 

9.4810 

9.7911' 

»•*"•••* 

6 

Jl.6910 

9,0131 
8,9648 
8^9134 

9.1338 

9-3979 

9.3187 
9.1693 

95403 

9.4630 
93979 

9-6744: 

9.8130 

.„.,„« 

0 

8.6365 
8,5882 

9.1707 
9.11ST 

9S«S3 
9S>*9 

9,7041 
9.6110 

9-7151 

10 

98431 

11 

8.5447 

8,867s 

9.0669 

9,117a 

9*34<7 

9-45H 

9*5517 

9*6«oi 
9'S»5| 

95i9» 

9  7^^  3 

vz 

8.5051 

Pi5^ 

8.9834 

9'»707 

9.1911 

9-3979 

9-4943 

9  ftiti  1 

VJ 

846X9 

8,7881 

9.1188 

91477 

9.3506 

94»33 

14 

5*4355 

8.7532 

8.9470 

9.0906 

9.1074 

9.3080 

91979 

9.4810 

9  5v>r 

15 

8.40+4 

8.7210 

8,9134 

9-0555 

9.1707 

9.1693 

9-3570 

9-4174 

9  51^9 

le 

8-3754 

8.6910 

8.8821 

20131 

I9230 
8,9648 

8.9353 

9*1368 

9'»338i 

93«97 

94m 
9.3619 

9«l7*o 

IT 

8.3483 

8.6629 

8.8532 

910JS 
9,0762 

9.1011 

9.1854 

9'4|i« 

18 

8.3227 

8.6365 

8,8159 

9.1707 

9-1537 

9.31*7 

9  l*5* 

10 

8.2986 

iH'J 

8,8003 

90489 

9.1423 

9,1966 

9.1080 
9.1691 

211 

82757 

8,5881 

8,7761 

8,9134 

9,0131 

9.1157 

9-1159 

21 

8.2540 

8,5659 

8,7531 

8.8898 

8,9988 

9.0669 

91707 

9-»4M 

^%Gto 

^ 

22 

S'^333 
8.113b 

8,5447 

8,73' 5 

!|675: 

8,9758 

91463 

9.1171 

9t*t^ 

■ 

23 

«5HS 

8,7107 

8.8461 

8,9540 

9.0445 

9,1131 

9'«93S 

9i"« 

■ 

24 

8!i766 

8.5051 

8.4867 

8.6910 

sit^l 

5.933» 

9.0131, 

9.101a 

9*1707 

9i;:> 

■ 

25 

8.6711 

8.9134 

9.0018 

9.0803 

9-«49» 

9?is- 

■ 

2G 

8,1592 

8.4689 

lim 

8.7881 

8,g9j4 

8,8763 
8,8S8« 

l:» 

9.0604 

9*1  i8t 

M    t  ■.■      - 

■ 

27 

81415 

8.4519 

8.7703 

9,0414 

91091 
90906 

*\     1    -       - 

■ 

28 

8.1164 

8-43S4 

8.6198 

8.75P 
8.73^8 

8.9470 

9.013; 

9.4  ■.iC      n 

" 

211 

8,1109 

84197 

8.6057 
8.5882 

8.8411 

8.9x99 

9.0056 
8.9888 

907*7 

9  133 J  ' 

du 

8.0959 

8.4044 

8.7110 

8.8159 

8.9134 

9055s 

9^11;?  j 

31 
32 

8.0814 
«.o67A 
8.05  3» 

83897 
83754 

8.5731 
8.5587 

8.7057 
86910 

8.8104 

ih 

8.8975 

8.8K11 

89716 

8.9571 

9-0390 
9,oiii 

^Su 

33 

8.3617 

«.5447 

8.6767 

8,867s 

8.9410 

9^fil 

34 

8.0407 

8.3483 

8.5311 

8,6629 

8.8531 

8.9175 

3d 

8.0279 

83353 

8.5179 

8.6495 

8>7S3i 

8.8393 

8.9134 

901*1 

30 

8.0155 

8,3117 

8,5051 

86365 

8,7400 

8.8*59 

l:ffi 

l.9«4* 

9  0t3t 

37 

80034 

8,3105 
8.2986 
8.2870 

8.4807 

8.6139 

8,717» 

8.8119 

!-««j 

tni 

^ 

3§ 

7  99i7 

8,6117 

id 

8,7148 

8,8003 

8.117JT 

Mj«j 

■ 

30 

7.9801 

8.4689 

8,7017 

8.7881 

S.»6ij 

!-9»»7 

»♦»»« 

■ 

4U 

7.9691 

8.1757 

8.4575 

8.6910 

8.7761 

««49» 

M»M 

»tT«» 

■ 

41 

795^1 

8.1647 

84463 

85769 

8.6795 
8.6684 

8,7645 

;.g,T4 

g 

t.«<n 

■ 

42 

7-9477 

8,1540 

8.435S 

8.5659 

8,7532 

»**rr 

■ 

43 

79373 

8,1435 

8.4149 

8.5551 

8.6575 

8.7411 

>9-,M 

■ 

41 

7.9171 

8,1333 

8.4145 

8.5447 

8.6469 

8.73*5 

g.8o„ 

i-,ui 

■ 

U 

7-9' 74 

8,1133 

8.4044 

8*5145 

8.6365 

8.7110 

«T9J1 

»««?♦ 

■ 

4a 

7.9077 

8.1136 

8.394s 

8,5145 

8,6164 

8.7107' 

id 

li^ 

iJri 

■ 

47 

7«9«1 

8. 1040 

8.3849 

8.5147 

8.6165 

8.7007 

H»^ 

■ 

4)4 

7.8890 

8,iQ47 
8*!  7^2 

Hilt 

8,5051 

8.6069 

86910 
8,6814 

«»§«» 

4D 

7.8800 

i:J«! 

8.5881 

*-7$1^ 

tliH 

f^ri; 

^^1 

50 

7.8711 

8.3571 

8.6711 

87il8 

$.$4M 

1.8616 

■ 

51 

7.8614 

8,1678 

8.348} 
8.3396 

8.4777 

8.5791 

8.6619 

§7|4f 

t^ffi 

itns 

■ 

52 

78539 
7«456 

«.IS9* 

8.4689 

I1??l 

8,6519 

lint 

tUi* 

■ 

53 

8.1508 

8,3311 

8.4603 

8.64U 

I.TT9> 

i$u* 

■ 

51 

78374 

8,141s 

«3»»7 

845'9 
84436 

85530 

J.7079 

S:^r, 

t  It59 

■ 

55 

7.8193 

«'«344 

8.314s 

85447 

8.6181 

86993 

Min 

^ 

5A 

7.8»!4 

8.1164 

8,1186 

8!l98l 

8-4355 

8.5365 

8.6198 

8.6ii8 

!'7f1l 

rioi7  • 

57 

7.Kil7 

84175 

8.5184 

86117 

J:?ta 

^^i 

511 

7,8060 

8,1109 

8,1908 
8.3831 

8,4197 

8,5118 

8,6037 

ItUl 

imi ' 

5I> 

7,7986 

8.1033 

8,4110 

IM 

<*7tti 

Oil 



7.7911 

8.0959 

8,1757 

8.4044 

8.5051 

8.6590 

8.7»t« 

t  r-*i 

m 

J 

1 

1 

1 

TABLE  X,  A.    Peirce'a  Criterion.      ^^^^^^^^^^B 

^^^H 

n 

■ 

1 

1 

2 

8 

4 

5 

6 

% 

8 

0 

1 

61 

7.78AO 
7.77*8 

8,o8S6 

8.1684 

8,3970 
8.3897 

8-4977: 

8.5806 

8,6514 

8.7111 

8.7684 

&Z 

8,0814 

8.i6ti 

8.4003 
8.4830 

8.5732 

litn 

lilH 

8.7607 

^^^1 

1      53 

7-7698 

80744 

8.2540 

8,3825 

l:m 

8.7532 

^^^H 

64 

7.7619 

8.0674 
8,0606 

8.2470 

i-m 

8-4759 

8.6293 

8.6910 
S.6I38 

S-7458 
8.73S6 

^^^^M 

65 

7.7561 

8.2401 

8.4689 

8.5516' 

8.6121 

^^H 

66 

7-749  S 

8.0538 

lllll 

8.3617 

8.4620 

8.5447 

8.6151 

8,6767 

8.7315 

^^H 

;     67 

7-74*9 

8.0472 

8.3549 
8.3481 
8.3418 

1*^551 
8.4485 

8.5378 

8.6081  8.6697 

8-7144 

^^^1 

:    m 

77364 

8.0407 

8,iioo 

8.53,1 

8.601  c      8.6629 

8-7«75  , 

^^^K 

m 

7.7300 

8,0341 

8,2136 

8.4410 

8.514s 

1:113! 

8.6562 

8.7107 

^^^H 

to 

7*7137 

8.0279 

8.2072 

8-3353 

8.4355 

8-5179 

8,6495 

8.7040 

^^H 

71 

77«75 

8.0117 

8,2009 

8,3190 

8,4191 

8.5115 

g.SSi7 

li% 

8,6975 

^^H 

TZ 

77  «H 

8.015s 

8;!l86 

8.3217 

8.4218 

8,4989 

*-57S3 

8,6910 
8.6846 
8.6783 

^^^^1 

\      73 

7,7054 

8,0094 

$.3166 

8.4166 

8.5690 

8.6302 

^^^H 

74 

76994 
7.6936 

8.0034 

8.182c 
8.1766 

8.3106 

8.4105 

8.4027 
8.4867 

8.C61S 

8.6239 

^^^H 

75 

1     79975 

8.304s 

8.4044 

8.55*7 

8.6178 

8.6721 

^^H 

76 

7.6878 

7*9917 
7,9859 

8.1707 

8.1986 

8.398J 

8,3926 

,     8.3868 

8.4807 

8.5506 

8.6117 

8.6659 

^^H 

77 

7,6«io 

8,1649 

8,1928 

'41% 

im 

8.6057 
8.5998 

8.6599 

^^^1 

78 

7]67ol 

7,9803 

8.1591 

8.2870 

nil', 

^^^H 

T9 

7-9747 

8.1480 

8,2813 

8.3811 

8,4631 

8.5330 

lim 

^^^1 

80 

76653 

7.9691 

8.1757 

8-3754 

8-4575 

8.5173 

8.6421 

^^H 

81 

7-659? 
7.6546 

7-96J7 
7.9583 

8,1415 

8,1701 

8.3699 

8.4519 

8.5116 

8.5825 

8.6j6s 

^^H 

8i 

8,1371 

8.1647 

8-4463 

8'5'6i 

8.5769 

8.6J09 

^^^1 

83 

7,6493 

7'95a9 

8.1317 

8.2593 

8.4409 

8.5106 

8.5714 

l^V,l 

^^^H 

m 

71% 

7-9477 

8.1264 

8.2457 

8-4355 

5'S°5' 

8.5659 

^^^1 

'    m 

7-94*5 

8,1212 

8.4301 1 

8.4998 

8.5605 

8.6144 

^^H 

86 

7-6337 
7.62§7 

7-9373 

8.1 160 

8.i3«4 

8.3431 

8.4149 

IW 

8,5551 

8.6090 

^^H 

87 

7.9311 

8,1109 

8.1058 

8.331S 

8,4197 

8,5499 

8.6037 

8.59*5 

^^^^ 

88 

7.6117 
7.6187 

7-9*71 

!'*333 

8.2283 

8,4145 

8.4841 

8.5447 

^^^H 

9& 

7.9113 

8.1008 

8.3277 

8.4094 

8.4790 

8.5395 

1:1211 

^^^H 

90 

76139 

7-9»74 

8.0959 

8.2233 

8.3117 

8.4044 

8.4739 

8-534S 

^1 

Log^. 

■ 

m 

• 

1 

% 

8 

4 

5 

6 

X 

8 

9 

1 

1^ 

9,5015 

9.4901 
9.4769 

9.4969 

9.4947 

9,4914 

9.4901 

9.4880 

9-4857 

9.483; 
9.461! 

;   9-4811 

la 

94791 

94747 

9.4715 

9.4704 

9.4681 

9,4661 

9.4639 

:    9-4597 

r  9.4388 

^^^K 

1.2 

94S7S 

9-4554 

9-4533 

9  4S»i 

9,4421 
9,4286 

9.4470 

9,4450 

9-4419 
9.4116 

9.4408 

^^^1 

1*3 

94367 

9-4:S47 

9.4317 

9.4306 

9,4266 

9.4146 

9.42o( 

>  9.4186 

^^^1 

1*4 

9.4167 

9-4H7 

9.4117 

9.4108 

9.4088 

9.4069 

9.4050 

9.4030 

9.4011 

9.3991 

^^H 

1*5 

9'3973 
9.5786 
9.3604 

9-3954 

9,3767 

9-3935 

9.3916 

9.3897 

9.3878 

9.3860 

^-^f-^I 

9.3811 

I  9.3804 

^^H 

1.6 

9-3749 
9.3569 

9-3731 

9,3712 

9-3694    9-3676 
9,3516    9.3498 

9,36c8 
93481 

9-364< 
9-34^^ 

}  9.3612 

^^^1 

1.7 

9-3587 

9-355' 

9-3534 

[  9.3446 

^^^H 

1.8 

9,3419 

9.3412 

9.339J 
9.3216 

9-3377,    9-3360 

93341;    9-3116 
9.3176     9.3160 

91310 

93191 

\  9  3176 

^^^1 

1*9 

9-3»S9 

9,3241 

9-31091    9-3'93 

9*  3  HI 

9.3127 

r    9.3111 

^^^t 

2^ 

9.3095 

9.3078 

9,3061 

9-3046!   9-3030 
9.2888    9,2872 

9.3014     9.1098 
9,2857     9.18x1 
9,2704'    9.2689 
91556     9-1541 

9.1Q81 
9.2816 

9-i96< 
9.1HI] 

i    9,1951 

^^H 

2.1 

9-^935 
9.1780 

9.1919 

9.2904 

91795 

^^^^M 

3JI 

9.2765 

9,2750 

91734 
9-1585 

9.2719 

9.2674 

9.165^ 

i   9.1644 
I    9.2498 

^^^1 

ta 

9.2630 
9.2483 

91615 

9,2600 

9-1571 

9.2517 
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Abieration,  of  &  BUr  in  Ihe  direction  of 
the  obBerrer'i  motioD,  fouti^i,  I.,  G29 ; 
ftunuftl  ftbenrfttion  of  a  star  in  Umgi- 
tade  ABfl  laiituder  founds  6^0;  in  right 
ascetiaion  and  declination^  638;  (iAir{*»'ii 
tables,  035;  of  iho  Bun»  (jS8;  diurnal 
aben^dtion  in  right  aacension  and  de* 
clination^  found*  *iH8;  velocity  of  lights 
tJ40;  planetary,  <i41 ;  couatant  of,  G8':»; 
eETcct  upon  the  angular  distance  of  two 
stars,  found,  IL,  -lt>0;  effect  upon  the 
jMJsilion  angle  of  two  siars,  407.  Aber- 
ralion  of  lenses,  spherical  and  chro- 
matte,  II.,  18. 

AIRT,  I..  323;   IL,  302,  381. 

Alidadc»  IL.  32 ;  ellipticity  of  the  piTot»47, 

AlmucanLanst  defined,  L,  19, 

Altaximulh,  IL,  315. 

A  J  tit  ude»  defined,  L,20;  parallels  of, !.» 10. 

Altitude  and  azimuth  as  Qo-ordtnatt%  L, 

18, 
Altitude  and  aximuih  instrnment,  II.,  315; 

aximatha   observed    with,    3U);    zenith 

distaooes,  32*3;  correction  for  defective 

illumination,  333. 
Amicf.  II.,  449. 
Atnplitudtj,   defined,    L,   20;    of   a   star, 

found  when  the  star  is  in  the  horizon, 

I.,  38. 
AR<iEiMNnER,  L,  93,  132,  111,  150,  646, 

im,  im;  IT.,  38K 
Axis  of  the  heavens,  defined*  L,  2L 
Azimuth,  defined,   I,,  20;    azimutli    of  a 

star,    found    from   its    declination    and 

hour  angle,  and   thu    Inlitudo    of    the 

obserTer,  31 ;    found  when    the  atar  ia 
the  six  hour  circle,   36,    when  the 
ar  is  at  it»  greatest   elongation,  37^ 

from  its  lenith  distance,  39. 

BAruK,  L,  824,  342, 

Baily,  1,,  93,  li-SD. 

Bkcheh.  II.,  104, 

Brer,  L,  543. 

Bbrtranp,  XL.  409. 

BassKL,  I.,  85,  87,  92,  93,  96,  97,  131,  132, 
134,  13fJ,  145,  158,  159,  100,  U\,  105, 
lfl7.  108,  171,  395,  40t\  439,  44ft.  456, 
401,  507,  512.  5^0,  574.  575.  578,  ()f>0, 
611,  015,  t;38,  040,  fittl,  050,  051.  052, 
Or55,  602,  005,  tiOH,  6(*3,  094,  097,  098, 
702;  II.,  35,  50.  59,  01,  143,  144,  171, 
17f5,  178,  183,  192,  197,  199,  228,  234, 
238,  205,  208,  209,  271,  283,  289,  293, 
294,  295.   290,  301,  302,  SfH,  307, 

.   840,  375,  388,  405,  4<)6.  407,  414, 
449,  450,  453,  469,  499,  494. 


Bjot,  L,  169;  IL,  9, 

BoHNKKUsiiaKii,  IL,  08,  409. 

Bond,  L,  324;  II„  79,  87,  92,869,  460. 

BonDA,  U  398;  IL,  125, 

Borun^R,  L,  130,  138;  II,,  403, 

BowniTCK,  I.,  153,  280,  209,  270,  300,307» 
308,  310;   IL,  125, 
I  Bballey,  L.  130,  138,  160,  101,  167,  606, 

ti92„  7()0,  702,  7^5,  706;  IL,  489. 
'  Bbi'*ins,  L,  130. 

BRiiNNQW,  IL,  437,  4-10,  446. 

BrRfKHABnr,  L,  448,  080. 

BuscH,  L,  092,  700,  701. 

CAOJtOLi,  L,  280. 

Caillet,  L,  205,  208. 

Celestinl  latitude  and  longitude  as  eo-ordi* 
nates,  L,  24. 

l.!cle«tiftl  sphere,  I.,  17- 

Chronograph,  electro,  L,  342  et  seq, ;  IT., 
80. 

Chronometers,  winding,  11. ,  77;  trans- 
porting, 78;  correction  for  temperature, 
79;  comparison  of,  79,  hy  coincident 
beats,  80;  probable  error  of  an  inter- 
polated value  of  a  correction,  83. 

Chronometric  eipeditiona,  I.,  323. 

Circles.  See  graduated  circles,  laeridinn 
circles,  &c. 

Circummerldian  altitudes,  L,  28^  (b^ 
time);  more  accurately  reduced,  288; 
of  the  Sun,  Gauss's  method^  244;  limils 
of  the  methods,  251. 

Clahk,  II, ,  450. 

Clocka,  IL,  84;  clock  correction,  I.,  198, 
IL,  174;  rate,  L,  193. 

CormisfiTON,  IL,  9. 

CoFFi.x,  L,  628;  IL,  296,  297. 

Colures,  defined,  L,  23. 

Compass,  varintion  of,  L,  429, 

Conwsa&nce  (La)  des  Temps,  I.,  68. 

Constants,  astronomical,  determined  bjr 
observation,  L,  071 ;  con;4tAnt*4  ofreflvc- 
tion,  671;  of  solar  parallax.  073;  of 
lunar  parallax,  C»8t>;  of  aberration,  fi88, 
089 ;  ofnulation,  098;  of  precession,  701, 

Co-ordinates,  rectangular.  L,  43,  trans- 
formation  of,  48;  spherical,  18,  trans' 
formation  of,  27 ;  di^ereatial  variatioits 
of,  50. 

Cusps  in  a  solar  eclipse,  11.,  482. 

DAMOisKAtr,  L,  574.  575.  686. 

D\r.^a\\  TL,  120,  127. 

Bav,  sidereal,  L,  52,  solar,  53. 
!  Bkatt,  IL,  349.  359. 

'  Declination,  circles  of,   parallels  of,  dL>- 
I      fined,  I.,  21;  of  a  star,  found  frum  i(a 
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altitude  and  aiimnth,  and  the  latitude 
of  the  observer,  27;  found  Arom  the 
star's  latitude  and  longitude,  and  the 
obliquity  of  the  ecliptic,  42 ;  of  the  sun 
at  the  time  of  his  transit  orer  a  given 
meridian,  71 ;  of  the  moon  or  a  planet 
at  the  time  of  transit  over  a  given  me- 
ridian, 78;  reduction  of,  115;  of  stars, 
found  bj  transits  over  the  prime  ver- 
tical, II.,  271;  absolute  declination  of 
the  fixed  stars,  determined,  I.,  665. 

I>eclination  and  hour  angle  as  co-ordi- 
nates, I.,  21. 

Declination  and  right  ascension  as  co- 
ordinates, I.,  22. 

Dbl.\xbbi,  I.,  177,  289,  689,  692, 

Dr  L.\nge,  I.,  891. 

Derivatives  of  a  tabulated  function,  I.«  89. 

Dip,  of  the  boriion,  I..  172,  178 :  of  the 
sea  at  a  given  distance  Arom  the  ob- 
server, found,  179. 

DOLLOND,  II.,  408. 

DosATi,  I..  126. 

DorwKs,  I.,  815,  816. 

Earth,  figure  and  dimensions  of,  I,  95; 
compression  of,  96 ;  eccentricity  of  the 
meridian,  9(» ;  radius  found  for  a  given 
latitude,  99:  length  of  normal  termi- 
nating in  the  axis,  found  for  a  given 
latitude — distance  fh>m  the  centre  to 
the  intersection  of  the  normal  with  the 
axis — ^radius  of  curvature  of  meridian, 
101;  reduction  of  observations  to  the 
centre,  108. 

Eclipses  of  Jupiter's  tatellitca,  I.,  889. 

Eclipees,  toimr^  prediction  for  the  earth 
generallv,  I.,  486;  Aindamental  equa- 
tions— investigation  of  tlie  condition  of 
beginning  or  ending  of  a  solar  eclipoe 
at  a  given  place  on  the  earth's  surface, 
489 :  position  of  the  axis  of  the  shadow, 
f  *  -^  T  ^ea  ii»#,  441  *  *hn*»tr^ 


the  observation  of  a  solar  eelipae,  518; 
longitude  corrected,  521;  obaervmtions 
upon  the  sun's  cusps,  II.,  482;  Immar, 
I.,  542.     See  Occultations. 

Ecliptic,  defined,  I.,  22;  obliquity  of^  de- 
fined, 28,  found,  659. 

Ellis,  II.,  194,  195. 

ExoBT,  I.,  889. 

Encke,  I.,  91,  96,  100,  448,  598,640;  n., 
469,  475. 

Ephemeris,  American,  French,  German,  I., 
68 ;  PaiBca's  method  of  correcting,  858. 

Equation  of  time,  I.,  54,  71 ;  of  equal  al- 
titudes, 200;  personal  equation,  II.,  189. 

Equator,  celestial,  defined,  L,  21. 

Equatorial  telescope,  II.,  867;  general 
theory  of,  870;  instrumental  declination 
and  hour  angle  of  an  observed  point, 
found,  871;  flexure,  878;  instruBMntal 
declination  and  hour  angle,  reduced  to 
the  celestial  declination  and  hour  angle, 
875;  adjustment  of,  879. 

Equinoctial,  defined,  I.,  21;  p<Mata,  do- 
fined,  28;  determined,  665. 

Equinoxes,  defined,  I.,  28. 
I  Ebtkl,  n.,  182,  815,  816,  829. 

'  Fncrsox,  I.,  126. 
Fixed   stars,  proper  motion  of,  I.,  630; 
heliocentric  or  annual  parallax  oC,  de- 
fined,   648,    found    in   longitiide    and 
>      latitude,  644,  found  in  right  aseensioa 
and  declination,  645;  sean  and  app*> 
rent  places  of,  645. 
FnAXKLis,  Sir  Jobs.  I..  58S. 
FnArxHorsB,  IL,  867,  868. 

Galloway,  L,  706. 
'  Gaxbet,  n.,  125. 

Gauss,  I.,  81.  84, 199,  244,  246,  282,  286, 
800,  889,  627.  628,  6S5,  M8v  €74,  705: 
II.,  23.  66,  148.  469. 
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llFrf.MicHr'i,  T.»  CM. 

llorizoQ,  definecJ,  1.,  18;  dip  of,  defined, 
172;  di[)  fouuU^  173;  dbttincc  of,  at  sea, 
found,  178, 

Hour  single*  defined.  I.,  21;  numcficftl 
exprtsssiou  of,  27  ;  of  ft  star,  found  from 
jtB  nUitiide  II nd  azimuth,  aud  the  \n\\- 
tnde  of  rlic  observer,  27;  fuund  when 
Uic  slar  is  at  \ls  li^reatewt  clorjgtitjon.  37 ; 
when  tbe  star  ie»  on  the  prime  veriical 
of  A  given  place,  37;  when  Ihe  star  is 
In  the  horiion,  38;  from  ttj*  tetiith  dis- 
titnee,  3V*;   found  at  a  given  time,  <^4, 

Hour  circles,  defined,  L^  21. 

HirBBARtt,  I.,  C2d,  Ool, 

Hllssk,  I,,  21 L 

Interpolation,  flimplef  t.»  6D;  by  second 
diflTerenceSt  TH;  by  diifercnces  of  any 
order,  7^;  Bitflt*KL'H  formuht*  85;  into 
the  mitldle,  87;  formula  arrftuged  ac- 
cording to  (ho  powers  of  the  fractional 
part  of  the  argument,  S% 

Jabrhuch,  Berliner  A  stronomi  ache  Sj  L,  68. 

Johnson,  I,,  TOG. 

Jupiter's  aatellitee,  tclipaeji  of,  L,  389, 

KAtflKR,  I.,  S91, 
Kank,  L,  583. 
KiEiTH,  L.  G28. 
Kkkuall,  1.,  352. 
Kei'LRr,  I,,  592,  673. 
Kesskl,  II.,  285,  268. 
KNORftK,  11.,  102. 
KftAMP,  I.»  153,  158. 

ItACAthhn,  L,  583.  700, 

Lao&aniik,  L.  U8,  5U3,  506. 

Lalanpe,  !.,  93,  428. 

LAMiicitT,  I.,  542. 

Laplace,  L,  148.  153,  156,  109:  IL,  4m. 

IiiiiilUfle,  cele^lial — circles  of — parallels 
of,  I.,  24;  geographicftl.  25;  of  a  star, 
fuynJ  from  it«  declination  and  right 
as<?on^«ion,  and  the  oblii|iiitj  of  the 
ecliptic,  39;  reduction  of,  for  the  com- 
preHsiou  of  the  earth,  97;  distinction 
between  geodetic  and  a^?tronomical,  1 03 ; 
astronotnicftl  la(  il  ude  found  by  meridian 
altitudes,  or  Jtenith  distances,  223;  hy 
a  t<ingl(f  altitude  ai  a  given  time,  220; 
by  reduction  to  the  merilian  when  the 
time  is  given.  233;  by  circumineridian 
allitydeM,  235;  by  the  pole  star,  258; 
by  two  altitudes  of  the  same  star,  or 
different  stars,  and  the  elapsed  litoc 
between  the  ob^ier  vat  ions.  257;  by  two 
a1(ftude!4  of  the  sun,  2fJ(j;  by  two  eqiml 
lilt  Etudes  of  the  same  star,  or  of  I  be 
Bun.  270;  by  two  altitudes  of  the  ^ame 
or  different  :«tArs,  with  the  difference  of 
their  azimuths  277;    by  two  different 


stars  observed  at  Ihe  same  altitude 
when  the  time  h  given,  277;  by  three 
or  more  different  stars  observed  at  the 
same  altitude  when  the  time  is  not 
given,  280;  by  C a (; solids  formulae,  286; 
by  the  transits  of  stars  over  vertical 
circles,  21)3:  by  altiiude?  near  the  mo* 
ridian  when  the  time  is  not  known,  29(i; 
by  the  rale  of  cliange  of  altitudes  near 
the  prime  vertical,  3(>v];  found  at  sea, 
by  meridian  altitude*',  304;  by  reduc- 
tion to  the  meridian  when  the  time  is 
given — by  two  altitudes  near  the  me- 
ridian when  the  time  h  not  known,  307; 
by  three  altitudes  near  the  meridian 
when  the  time  is  not  known,  309;  by  a 
single  altitude  at  a  given  lime,  310;  by 
the  change  of  altitude  near  the  prime 
Tertical — by  the  f}ole  5tar,  311 ;  by  iwo 
altitudes  with  the  elapsed  time,  313; 
Doi  wEs's  method  of  "doublealtitmles/* 
315;  determined  by  a  transit  instru- 
iwent  in  the  prime  vertical,  11.,  238,  242, 
252,  254,  260, 265;  by  Talcotts  method, 
342. 

Least  squares,  method  of,  Apfe.noix,  IL, 
469,' 

Li30E?itJiiK,  IL,  460. 

Level,  IL,  TO;  value  of  a  division  founds 
radius  of  curvature — effect.*  of  changes 
of  temperature,  75;  radius  of  ourva- 
turc  of  different  parts  of  the  tube,  76; 
level  constant,  153. 

Le  VERniKB.  L,  578,  GOL 

LlAGHE,  1 1.,  469. 

LiKussoN,  L,  333;  IL,  79. 

Light,  velocity  of,  I.,  640. 

LtNtiBNAtT,  L,  Ci»2;   IL,  469. 

LiTTBOW,  L,  300,  302;  IL,  9. 

Lloyd,  II.,  9. 

Locke,  IL,  St) 

Longitude,  celestial,  defined,  L,  24;  ot  a 
lar,  fuund  from  its  ^lecliojilion  and 
right  ascension,  and  the  obliquity  of 
the  ecliptic,  39;  terrestrial  longitude, 
found  by  astronomlea!  observations — 
by  portable  chronometers,  SIT;  by  ter- 
restrial signals,  837;  by  celestial  sig- 
nals, 339;  by  the  electric  telegraph, 
341;  by  moon  cultiiinations.  350;  by 
azimuths  of  the  moon,  or  transits  of  the 
moon  and  a  star  over  the  «ame  vertical 
circle,  371  ;  by  nltitudes  of  the  moon, 
882;  by  lunar  di«trince«,  393:  by  nn 
eclipse  of  the  unn,  51 8  ;  by  oeeultatians, 
550;  terrestrial  longitude  found  at  sba, 
by  chrnnotneters,  420;  by  lunar  dis* 
tance*;,  422;  by  the  eclipses  of  dupiter's 
satellites — by  the  moon's  altitude,  423; 
by  the  occult  at  ions  of  stars  by  the 
moon,  424;  hy  the  observed  contact  of 
ihe  mfinn's  limb  with  the  limb  of  a 
planet,  578, 
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Lanur  distance,  found  at  a  £!▼«&  time,  L, 

76;  longitude  found  by,  S9tL 
LuKDAHL,  I.,  698,  701,  706. 
Lyman,  II.,  866. 

Madlbk,  I.,  870,  542,  548,  606,  708,  706. 

Mahlkb,  II.,  867. 

MAnriNS,  II.,  106,  119,  127,  180. 

Matbr,  I.,  542;  II.,  145. 

Measurement  of  angles,  II.,  29. 

Meridian,  celestial,  defined,  I.,  19. 

Meridian  circle,  II.,  282;  reduction  to 
the  meridian,  289 ;  obsenration  bj  re- 
flection, 293;  flexure,  802;  obeerrations 
of  the  declination  of  the  moon,  804; 
declination  of  a  planet,  or  the  sun,  809 ; 
correction  of  the  obsenred  declination 
of  a  planet's  or  the  moon*s  limb  for 
spheroidal  figure  and  defectiTe  illumi- 
nation, 810. 

Meridian  line,  defined,  I.,  19;  direction 
found  bj  the  meridian  passage  of  a  star, 
by  shadows,  429;  by  single  Mltitudes  of 
a  star,  480;  by  equal  altitudes  of  a  star, 
481 ;    by  the  angular  distance  of  the  . 
sun  fVom  any  terrestrial  object,  482 ;  by 
two  measures  of  the  distance  of  the  sun 
from  a  terrestrial  object,  484 ;  by  the  ; 
asimuth  of  a  star  at  a  giTen  time,  484 : 
by  the  greatest  riongatioa  of  a  dreum-  { 
polar  star,  484.  i 

Meridian  mark,  XL,  187. 

Msaa,  II.,  867.  { 

Micrometer,  filar,  II.,  59,  891 ;  ralue  of  a 
rcTolution,  found,  60,  860;    effect  of  | 
temperature  upon  the  value  of  a  rerolu-  ' 
tion,  68;  position  micrometer,  69;  ring  , 
micrometer,  486;  other  microae(crs«  449.  . 

Micrometric  obeerrations  —  filar  microm-  ' 
eter — distance  and  pooiiion  angle  of  . 
two  stars,  found,  II.,  891:   correction 


declination  for  a  giTen  star  at  a  giTcn 
time,  found,  625;  general  tabl«s  for, 
explained,  626;  constant  of;  624,  698; 
effect  upon  the  position  angle  of  two 
stars,  found,  IL,  467. 

Obliquity  of  the  ecliptic.     See  ecliptic 

Ooeultations,  of  fixed  starsby  themoon,!., 
549;  longitude  found  by,  550, 578:  pre- 
diction for  a  giTen  place,  557;  limiting 
parallels  of  latitude  found,  561:  of 
planets,  565;  form  of  a  planet's  disc. 
566;  curre  of  illumination  of  a  planet's 
surlhce,  found,  569;  of  Jupiter,  57a, 
Saturn,  Saturn's  Bing,  Mars,  Venus, 
and  Mercury,  576,  Neptune,  Uranus. 
588;  of  fixed  stars  by  a  planet,  601; 
of  Jupiter's  satellites,  84a 

Olubs,  I.,  107;  IL,  16. 

Olvfsxx,  L,  686. 

OrnxMAXS,  I.,  891,  448,  551,  555. 

Pafb.  I.,  601, 

Parallactic  angle,  defined,  L,  80;  of  a  star 
on  the  prime  Tertical  of  a  giTen  place, 
found,  87:  found  Arom  a  star's  lenith 
distance,  89. 

Parallax,  defined,  I.,  l(H;  found  in  alti- 
tude or  xeoith  distance,  the  earth  re- 
garded as  a  sphere,  105;  of  a  star,  in 
xenith  distance  and  aximntb,  when  the 
geocentric  xenith  distance  and  asimnth 
are  given  and  the  earth  is  regarded  as 
a  spheroid.  107 :  of  a  star  in  xenith  dis- 
tance and  aiimufh,  when  the  apparent 
xenith  dutance  and  asimnth  are  given, 
the  earth  regarded  as  a  spheroid,  112: 
reduced,  reduction  oC  113;  of  the 
planets  or  the  sun.  113 ;  in  senith  dis- 
tance, for  the  point  in  which  the  nonaal 
meets  the  earth's  axis,  116:  in  senith 
distance  for  the  aamt  point,  when  the 
aiKparait  icniih  distaftc«  is  ^wtm.  US; 
of  a  itar ! 
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PiTiiBR.  C.  A.  F.»  I.,  fi06,  624,  625,  626» 
627,  050,  651,  (;^2,  *}ii2,  titJ5,  698,  Ot8, 
699,  701;   Ih,  50,  318,  311*,  497, 

Pkterbkn,  L,  25ti,  6U1 ;  II.,  440. 

PiA««t,  L.  94,  702. 

PiaTOH,  II.,  106,  119,  127,  130. 

Pl&netd.  oGculintions  of,  L,  665. 

Plumb  line,  abnormftl  deTmtion^  of,  L, 
102. 

PciTsaox,  IL,  469. 

Polar  *li»*taiicet  defined,  L,  22. 

Portable  trnn.^it  inalrurneiit  (seo  trftnBit 
instrumeat)  us  ft  tetiitti  teleflcope,  U., 
366. 

POTTKR,  IT.,  9. 

Precession,  luni- solar*  plftaetary,  I.,  604; 
change  in  tbe  obliquily  of  I  lie  ecliptic, 
60^j;  general  prccossion  in  longitude, 
and  th«  poaltion  of  the  menn  ecliptic, 
found,  605;  in  longirtide  and  lAtltude 
of  a  gtven  itar,  from  llie  epoch  1800, 
found,  608;  hot  ween  any  two  given 
dates,  610;  annual  precession  in  longi- 

Ltude   for  n  given   date,   611;    in   right 
mscenjtion  and  declination,  between  any 
two  given  dates.  613;  annual  precession 
in  right  ascension  and  declination,  616; 
poflition  of  the  pole  of  the  equator  at  a 
given  time,  found,  618;  constant  of,  701 ; 
«ffect  upon  the  position  angle  of  two 
stars,  found,  11. ,  467. 
Prechtel,  IL,  9. 
Prime  vertical,  defiued,  L,  19. 
Prismatic  circle,  II.,  127. 
Proper  motion  of  the  fixed  stars,  L,  620; 
reduced    from  one   epoch    to   another, 
621 ;  on  a  great  circle,  623. 
Proportional  logarithms,  L,  75. 
Piiss.iST,  L,  217,  260. 

R\M9ncfi,  n.,  23.  449. 

RArisft,  I„  422,  305;  IT.,  104. 

BeduGtion  of  a  planet's  place,  L,  657. 

Beduciion  to  the  meridian  for  eiroum- 
loeridian  altitudes,  I.,  236,  238;  for 
meridian  circle  observations,  II.,  289. 

Refraction,  general  laws  of,  I.,  127;  as* 
tronomicali,  128;  tables  of,  explained, 
180.  169;  formula  investigated,  134; 
differential  eiuation  of,  136;  ^impaon's 
or  BotTQuaa's  formula,  Beadlby's, 
138;  first  hypothesis,  136;  second  hy- 
pothesis,  143;  of  a  star  in  right  ascension 
and  declination,  found,  171;  constants 
of,  determined,  671;  effect  in  tranait 
observations,  IL,  186. 

Rbonault,  I.,  141,  148,  IGO,  161. 

Repeating  circle,  IL,  119. 

Rkp80lp»  it.,  157.  272,  283,  308. 

Bight  ascension,  defined,  I.,  23;  of  a  star, 
found  from  the  star's  hour  angle,  39, 
from  its  latitude  and  longitude,  and  the 
obliijuity  of  tbe  ecliptic,  42;  of  the  sun 


at  the  time  of  his  transU  over  a  given 
meridjan,  71;  of  tbe  moon  or  a  planet 
at  the  time  of  transit  over  a  given  me- 
ridian, 73 :  of  the  fixed  stars,  deduced 
fVom  transits.  II.,  175;  of  the  moon, 
deduced  from  an  observed  transit,  214, 
Determination  of  tbe  absolute  R.  A.  of 
fixed  stars.  1.,  665. 

Ring  micrometer,  IL,  486;  correction  for 
Curvaluire,  438 ;  correction  for  the  proper 
motion  of  one  of  the  ohjectti,  441; 
radiun  of  tbe  ring,  found,  445;  correc- 
tion for  refraction,  461, 

RlTTENHOlTSE,  IL,  66,  187, 

RocnoN,  II.,  445), 
RuDBiRQ,  L,  143,  160, 
RijM  ■£:£»,  Lf  93. 

Safford,  I.,  512. 

Sahtisi,  L,  94. 

aAwiT-^cH,  IT,,  9,  212,  221,  264. 

Saxton,  II.,  87,  91. 

SCHOTT,  I.,  583. 

ScMi'MAciiKR,  I..  34,  266,  627,  635;  IL, 
130. 

Semidi  a  meters  of  celestial  bodies,  L,  180; 
augmentation  of,  IS^i  contraction  of 
the  vertical  scmidiameter  of  the  sun  or 
moon,  produced  by  refraction,  found, 
184;  contraction  of  any  inclined  semi- 
diameter,  produced  by  refraction,  Wd: 
contraction  of  horizontal,  187;  planets' 
mean,  687. 

Sextant,  11,,  92;  adjustments,  95,  96; 
index  correction,  by  a  star,  by  the  Kun, 
98;  method  of  observation,  99;  altitude 
from  artifiotal  boriKon,  1J31,  from  the 
sea  hod  ion,  lOH;  equal  akitude^,  104; 
how  to  examine  the  colored  glasses, 
106;  parallax,  107;  errors  of  the  index 
glass,  108;  error  of  tha  sight  line,  112; 
eccentricity,,  117. 

SiMPsoK,  L.  138.  _ 

Six  hour  circle,  defined,  T.,  26. 

Solstices,  defined,  I.,  23. 

Spherical  astronomy,  defined,  I,,  18. 

Star  catttloguea,  I.,  9L 

Steinweii.,  IL,  132.  234,  268. 

Strntva,  I.,  93.  324,  826,  828,  829,  881, 
332,  576,  578,  606,  632,  640.  092,  706, 
707;  IL,  84,  157,  192,  262,  272.  275, 
282,  283,  318,  367,  881,  385,  450. 

Sumner's  method  of  finding  a  ship^  place 
at  sea,  L,  424. 

Sun,  right  ascension  of,  I.,  71 ;  meridian 
xenith  distances  of,  228;  mean  rootiou 
of,  652;  epoch  of  mean  longitude  of, 
653;  motion  in  space,  703 ;  observations 
upon  tbe  cusps  in  a  aolar  oelipiie,  IL. 
482. 

Talcott.  I..  226;  IL,  340,  366,  867;  his 
method  of  finding  the  latitude,  342. 
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TeloMope,  11..  9;  ma^ifying  power,  12; 
Held  of  view,  14;  hrigtjtnuiii»  nt'lmAges, 
und  iuieiiMty  of  tbeir  light,  15;  apher- 
ical  Mid  cbroDiatic  uberratiou,  IB; 
acbrowatic  «jo  pieces,  :iO;  dingonAl 
eye  pieces,  22;  mMgnifymg  power 
measured,  first  meihud,  2:i;  second 
method,  23;  third  luethod,  25;  fourth 
nietbod,  20;  reflcctiog,  27;  finding,  28; 
zeoith,  II.,  34t);  equatorial,  S67- 

Time,  apparent,  mt*nn,  BiJcreal,  solar,  I., 
fji\;  civil,  astro  no  mica  I,  51;  coDversions 
of.  i">4,  TiT,  A9,  Cilt  t>2,  650;  local  mean, 
found,  *jo;  equation  of,  64,  71;  local, 
Greenwich,  defined,  &6;  Greenwich, 
eorrespondlug  to  a  giTea  right  ascen- 
tion  of  I  he  luoon  on  a  given  daj,  found, 
7*>;  correfiponding  to  a  given  lunar 
distance  on  a  given  day,  found,  77; 
foyud  by  astronomical  ob^errations, 
193;  by  tranaitB,  190;  by  equal  altitudes 
of  a  star,  VM;  by  equal  akttudeH  of  the 
iun  before  and  allcr  noon,  1 98,  before 
and  after  midtiigliit,  2^1 :  correction  for 
small  inei|ualltie8  in  the  altitudes,  2()2; 
probable  error  of  oh^ervatiiiu  of  ct^ual 
altilildefit  2C)r>;  found  by  a  single  nlti- 
fade,  or  lenith  dismnce,  20t};  mean  of 
timea  reduced  to  mean  of  zeuilb  dis- 
tanoes,  21+j;  found  by  the  disappenr- 
ance  of  a  Btar  behind  a  terrestrial 
objcKTt,  217;  true  and  appnrent  rising 
or  setting  of  n  star— beginning  and 
ending  of  twilight,  218;  found  at  mRA, 
by  a  single  altitude,  219;  by  equal 
altitudes.  220;  found  with  n  portable 
iranatt  insirument  in  I  he  nieridian,  IL, 
200,  out  of  the  meridian,  215. 

Transit,  L,  52;  lime  of  the  moon's  or  a 
planet's  truni^it  ov'er  a  given  tneridian. 
found,  72. 

Tranait  cirolo.  11.,  282, 

Transit  instrument,  II.,  131;  method  of 
observation,  138;  general  formulae, 
iai»;  in  the  meridian,  llt>;  thread  in- 
tervals,  14G;  reduction  to  the  middle 
thresid,  1 49 ;  reduciion  to  the  mean  of 
the  threads,  l^jl ;  level  constant,  153; 
inequality  of  pivots,  155;  colli  mation 
constrtnl,  IC/i;  aximiitb  constant,  169; 
portable,  in  ihe  meridian.  2(10;  in  auy 
vertical  plane,  200,  adaptation  aa  a 
tenith  telescope,  11,,  vlGO. 

Transit  instrument  in  the  prime  vertical ; 
geographical  latitude  determined,  IL, 
2as,  242,  260,  252,  254,  2<>5;  adjustment 
in  the  prime  vertical,  239;  correction 
for  inclination  of  the  axis,  241 ;  deoliua- 
lions  determined,  271. 


Transits,  of  the  moon,  XL,  176:  of  tli#  taa 
or  a  plauet,  182:  correction  of  Hm 
tran.sii  when  the  planet's  defeciire  Uatli 
ha«  been  observed,  185;  effect  of  f«> 
fraction,  186;  probable  err  r  .,<  .^K-^.^rm- 
tion,  194;  of  .Jupiter^ 
Ihe  planel*8  dii*c,  and  ot  - 
satellites,  I.,  340;  of  Veiiu»  anii  Mcr* 
cury  over  the  sun's  disc,  5U1. 

TnocnHTON,  11. ,  119.  127. 

Twilight,  time  of  beginning  and  endtn^i 
I„  218. 

TWINIKG,  I.,  002. 

Vale,  IL,  25. 
Vroa,  L,  21L 
Vernier.  XL,  80. 
Vgknibr,  Petkr,  1L,  30. 
Vertical  circles,  lines,  and  planes,  deiiic4« 
L,  19. 

WAiKKA,  I.,  342,  855,  3C4;  II.,  8M,  4QS. 

WABNHToarr,  I„  24.  250,  627,  68S. 

Wkispe.  I.,  98. 

WiClIllAKK.  11..  436. 

WuLikHs,  L,  93,  052. 

Wbioiit,  L,  504. 

WvaD£XAK.H«  L,  344;  IL.  186. 

Year,  length  of.  1.,  652;  ficlitiotia,  ''-'1 . 
beginning  of  fictitious,  found,  661. 


Zach,  L,  302. 

Ziccu,  r.  W],  211,  052. 

Zeniih,  defined,  L,  19. 

Zenith  di^laucu,  defined.  I.,$0;  of  a  fftar, 
found    from   iti«  declination   and    banr 
angle,  and  the  latitude  of  the  »l««i.<r^i  r 
31;   found  when  the  star  \n 
hour  circle,  8tl ;  found  when  ' 
at   its  greatest   elongation.  oT.    {uu^ 
when  the  star  i»  on  the  pHm#  vi^Jr^l, 
37;  reduction  of  olwerve^J  i        ' 
tances  to  the  centre  of  the  c 
change  of,  in  a  giv**!!   iritrrr  i 
2n:  mean  of  Ihe  leniHi   i- 
duced  to  the  mean  of  tin-  ku/c>„  •!  I ; 
of  the  sun.  22»  (mh?  11.,  S2fi). 

Zenith  telescope,  IL,  340;  correetiom  Ibr 
refraction,  344.  for  l#»vfl,  for  Rit«T<K 
meter,  346;  reduction  lo  ihe  toeriiiai,^ 
selection  of  »tarB.  317;  difCixaai«A  «f 
the  rej<Ti)ts,  350;  value  uf  a  tfiviMOS  cf 
the  level,  35H;  value  of  a  rev<»|itli««  vCj 
the  micrometer,  3tM):  txIrmH 
observations  f^r  ItttnuJ^,  ^(M 
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